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Abstract

Over the last few decades, memory storage, data gathering, and computational capa-

bilities have been significantly improved. Machine learning algorithms had to evolve to

handle large quantities of data in a high dimension.

Ensemble methods are learning algorithms that construct a set of classifiers whose predic-

tions are combined, usually by voting or an averaged weighting scheme, when classifying

new instances.

In this paper, we describe a new ensemble classification algorithm, based on Kernel PCA.

First, we reduce the dimension by Kernel PCA, in order to make use of the dimensionality

reduction benefits, and to achieve the required diversity for the ensemble construction.

Second, we train the ensemble members based on the dimension reduced data. Test

samples are classified by first embedding them into the dimension reduced spaces of the

ensemble members and then applying the ensemble members to the embedded sample.
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Chapter 1

Ensembles Of Classifiers

Ensemble of classifiers conceptualize the wisdom of the crowd principle, which claims

that a group of individual‘s collective opinion, is better than a single expert’s opinion,

when it is used for problem solving, decision making, innovation and prediction [1].

Ensemble methods are learning algorithms that train a group of classifiers, and predict

a new sample by conducting a vote or, by weighting the classifiers predictions.

The idea of implementing the wisdom of the crowd principle to machine learning models

has been in use for a long time; Since the 1990s many researchers have investigated this

method of combining, by voting or aggregating, results of multiple base classifiers to a

single outcome in many areas like: Data mining, Machine learning, Neural Networks,

Pattern Recognition and Statistics [2][3][4].

Many researchers achieved significant performance improvements over single classifiers

using ensemble methods [5][6] along with empirical researches that demonstrated supe-

riority over single classifiers [7][8][9][10]. Besides the performance, ensemble methods

have a huge advantage in Big Data since they can be executed in parallel and reduce

the execution time when they are applied to [11][12].

Successful implementations of ensemble methods can be found in a wide range of areas

such as Image and Video processing [13][14][15][16], Intelligent Transportation systems

[17][18], Bioinformatics [19][20][21][22], Remote sensing [23][24] Manufacturing [25], Fi-

nance [26], to name a few.

1.1 The Ensemble of Classifiers Framework

An ensemble of classifiers consists of a set of individually trained classifiers which can

be any kind of induction algorithms like Decision Trees, Nearest Neighbour, Neural

1



Ensembles Of Classifiers 2

Network etc.. Typical pipeline of an Ensemble for classification is composed of three

stages: selection and application of a diversity strategy to the data, training the base

classifiers and answer derivation by voting or aggregate.

Figure 1.1 illustrates the basic ensemble architecture.

Figure 1.1: Basic Ensemble Architecture

There are many methods for constructing ensembles of classifiers. Most of them use a

single induction algorithm to produce the ensemble members. This type of ensembles

is known as single-model ensembles or ensembles of weak learners as opposed to multi-

model ensembles that use several induction algorithms. The proposed method in this

paper falls into the former category. Schapire [27] proved that weak learners‘ accuracy

can be at least as good as strong learners, this research motivates using ensembles of

weak learners. This method yielded some of the famous ensemble methods such as

AdaBoost [28], Bagging [29], etc.

An effective ensemble classifier should adhere to two contradicting principles: Accuracy

and Diversity [30]. Accuracy requires each individual classifier to have a better error

rate than a classifier that randomly classifies a new sample. Diversity means that the

generalization errors of the ensemble members should be uncorrelated. In other words,

combination of several classifiers is only useful if they disagree on some inputs [7][31].

Several approaches have been proposed to achieve diversity for classifier ensembles. In

our proposed algorithm, we introduce a novel method for the manipulation of the data

by using Kernel PCA, in order to obtain the required diversity.
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There are two popular and widely used ensemble learning techniques for creating accu-

rate and diverse ensembles: Bagging [29] and Boosting [27][28]. These methods achieve

the diversity by constructing a different training set for each of the ensemble members.

Bagging uses subsampling while Boosting uses weighting.

1.2 Bootstrap Aggregation - Bagging

Bagging [29] is one of the earliest, simplest and effective single-model ensemble clas-

sifiers. The Bagging algorithm achieves the required diversity by generating different

subsets (bootstraps) for the ensemble members. Each bootstrap is constructed by ran-

domly choosing, with replications data instances, from the original training set. After

generating the bootstraps, a base classifier model, like decision tree, is trained using

each training set. The final result is calculated by applying voting (for classification) or

averaging (for regression) to the results of the individual ensemble member.

Standard Bagging implementation, generates bootstraps whose size equals to that of

the original training dataset. Because of the replications, any sample may appear in a

bootstrap more than once, whereas some samples may not appear at all.

Each bootstrap sample contains approximately 63.2% unique samples from the training

set. The probability of a sample being selected randomly from the training set to a

bootstrap of size n, is 1− (1− 1/n)n. For large n, this is about 1− 1/e = 63.2% [32].

Bagging can easily run in parallel i.e. the ensemble members can be trained in parallel.

This method has been successfully applied to a wide range of problems such as Spam

detection [33] and analysis of Gene expressions [34], to name a few.

Algorithm 1 summarizes the Bagging algorithm.

Algorithm 1 Bagging Algorithm

Input:
D = {d1,d2, ...,dN}- Training set
B- Number of bootstrap samples
L- Base learning algorithm
Output :
C*- bagging ensemble classifier

1: for i=1 to B do
2: Si ←bootstrap sample of size n, from D
3: Ci ←Train a base classifier L(Si)
4: end for
5: C∗(x) = argmaxy

∑B
i (Ci(x) = y)
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1.2.1 Random Forest

Random Forest [35] is an extension of Bagging, uses modified decision trees as the

inductions algorithm. The first projects the training set of each member onto a random

subset of the original feature. The second uses a random procedure to split the subset

of instances at each node.

Random Forest can be used for both classification and regression problems. In order to

classify a new instance in case of regression, Random Forest averages the results of all

individual decision trees, while in case of classification, random forest will use a majority

vote.

In addition to the diversity obtained from constructing each tree by using a different

subset of the data, Random Forest also change how the classification or the regression

trees are constructed.

Random Forest is one of the most popular and most powerful machine learning algo-

rithms. It has excellent performance, even without hyper-parameter tuning, over fitting

control, application versatility. It can be found in many areas in daily life such as remote

sensing and geographic data [36], bioinformatics [37], banking [38], stock market [39][40]

etc.

1.2.2 Rotation Forest

Another state-of-the-art algorithm is the Rotation Forest [41] whose members, similarly

to Random Forest, are decision trees. However, it uses a different algorithm to construct

the individual training sets. Rotation Forest achieves diversity by constructing each

training set using the following steps. First, it applies bootstrap sampling to the training

set. Then it randomly splits the original set of features into subsets. Then each subset

is rotated using PCA [42].

1.3 Boosting

Boosting [43][44] is a family of machine learning algorithms that are able to convert a

set of weak learners to strong learners. The idea of boosting is to train weak learners

sequentially, each trying to correct its predecessor.

Bagging followed the research by Kearns and Valiant [45] research, who investigated the

theoretical question, whether the complexity classes of weakly learnable and strongly



Ensembles Of Classifiers 5

learnable problems, are equal or in other words, Is a set of weak learners equivalent to a

single strong learner [46]. Schapire proved that the answer to their question is positive,

and confirmed it through boosting.

Boosting achieves its diversity by manipulating the training set like Bagging [10]. How-

ever, the major difference between them is that it trains the ensemble members in a se-

quence, on a weighted version of the data, instead of randomly choosing data instances,

the instances are chosen based on a distribution that is updated in each iteration ac-

cording to the classification results of each member. The classification of a new sample

takes into account the classification/misclassification rates of the individual members.

Algorithm 2 presents the general Boosting procedure.

Algorithm 2 Boosting Algorithm

Input:
D- Sample distribution
R- Number of learning rounds
L- Base learning algorithm
Output : C- Boosting ensemble classifier

1: D1 ← D - Initialize first distribution
2: for i=1 to R do
3: Ci ← L(Di)- Train a base learner from distribution Di

4: εi ← Ci(x) 6= f(x)- Evaluate the error of Ci

5: Di+1 ← AdjustDistribution(Di, εi)
6: end for
7: C(x) = CombineOutputs(h1(x), ...., hi(x))

The most common implementation of the Boosting approach is the award winning Ad-

aboost [28], which stands for adaptive boosting.

1.3.1 AdaBoost

The Adaptive Boosting (AdaBoost) algorithm [10] is a popular ensemble method that

uses an iterative process. AdaBoost, by Yoav Freund and Robert Schapire won the

Gödel Prize, an annual prize for outstanding papers in the area of theoretical computer

science in 2003. Similar to Bagging, AdaBoost can be used for both classification and

regression problem.

Adaboost combines multiple weak learners, such as decision trees and decision stumps

into a single strong learner. The main idea behind this algorithm is to be more sensitive,

through weights, to samples that are harder to classify. The weights represent the

distribution of the training instances. A higher the weight the higher the chance of

being selected to the training set of the next member.
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The iterative process works as follow, at the first iteration, all samples have the same

weight i.e. have the same chance of being selected. In each iteration the weights are

updated. The weight of samples that were incorrectly classified, will (boosted) be in-

creased compared to than those that were correctly classified, in order to have higher

focus on them in the next iteration by increasing the chance of choosing them. The

member classifier is built using a bootstrap sample based on the updated weights, which

are no longer equal, and so on. At the end of the iterative process, the final result is

defined as a weighted sum of the member results where the weights are defined according

the error rate of the individual members.

1.3.2 Gradient Boosting

Gradient Boosting is another boosting algorithm for both regression and classification.

Just like AdaBoost, Gradient Boosting iteratively constructs a strong learner from an

ensemble of weak learners, where each member corrects the errors of its predecessor.

The different between those to boosting algorithms is how they create the weak learners

during the iterative process.

Gradient boosting visualizes the boosting problem as an optimisation problem, i.e it

defines the classification/regression error as a loss function and minimizes it. This idea

was first introduced by Leo Breiman [47]. Two years later, Friedman, J. H published

the explicit regression gradient boosting algorithms [48][49].

In each iteration a member is constructed and the loss function is calculated. The loss

represents the differetns between the actual value and the predicted value. In each

iteration the predictions are updated to minimize the residuals.



Chapter 2

Kernels

2.1 Kernels and kernel trick

Kernel methods are a class of algorithms that are use for pattern recognition and anal-

ysis. The main goal of pattern analysis is to discover and learn types of relations, such

as classifications, clusters, principal components and correlations, among samples in a

data set. The kernel approach was first introduced by Aizerman et al [50] for pattern

recognition using potential functions. However, it was first utilized for machine learning

in [51]. From the 2000s kernel methods have become rather popular and widely used by

learning algorithms. These methods have rigorous foundations and therefore they are

popular in many domains.

There are many machine learning algorithms that can only handle linear datasets. How-

ever, in most cases the data sets are nonlinear. Kernel methods implicitly embed the

data into a higher dimensional space, in order to convert non-linear structures into linear

structures. These methods are tailored for algorithms that use inner products. Instead

of employing the inner products in the original space the inner product is calculated in

some high dimensional space where the dataset is ”hopefully” linearly separable. This

is achieved by calculating a kernel function

K(xi, xj) =< φ(xi), φ(xj) > (2.1)

where φ : RD → E is the mapping of the original data points into the high dimensional

space. Equation (2.1) is known as the kernel trick [52]. Namely, every kernel K that

obeys certain rules, corresponds to a mapping into a high-dimensional space. Therefore,

there is no need to explicitly find the mapping - only to calculate the kernel.

7
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A kernel is required to be symmetric and positive (semi-) definite, i.e. for all xi,xj ∈
RD,K(xi,xj) = K(xj,xi), and for all nonzero y ∈ Rn,y′Ky ≥ 0 is positive-semidefinite.

The Kernel trick is a powerful tool that easily provides a non-linear version of all algo-

rithms that are described solely in terms of inner products between two vectors. The

Kernel trick stems from the assumption that data with a non-linear structure can have

a linear structure when they are embedded into a high dimensional space.

The chosen algorithm can be employed in the high dimensional space without explicitly

projecting the data into this space, but rather by simply computing the inner products

between the vectors of all pairs of data in the original space. This trick is highly used

because it is allows to project the data into an infinite-dimensional feature space which

is unfeasible to compute.

Kernel methods [53] are a powerful tool in machine learning. They have been successfully

applied to many data types e.g. graphs [54][55], text categorization [56], images and

bioinformatics [57]. Additionally, kernel methods achieved excellent results in natural

language processing [58].

2.2 Popular kernels

There are three commonly used kernels: The RBF kernel, the Polynomial kernel and

the Sigmoid.

2.2.1 The Radial Basis Function - RBF

The Radial Basis Function kernel which is also known as Gaussian kernel, or RBF, have

been successfully applied to many pattern classification tasks. It is one of the most pop-

ular and versatile kernels in Euclidean spaces, and is extensively used in various kernel

learning algorithms. The RBF kernel maps the data points to an infinite dimensional

Hilbert space, and therefore can produce a very rich representation of the data. As we

mentioned above a kernel function can be used in many cases as a measure of similarity

between vectors. The RBF kernel provides a similarity measure between two vectors

based on their Euclidean distance. If the Euclidean distance is small, the Gaussian

tends to 1 and when the vector are far apart, the Gaussian tends to zero. Formally, the

Gaussian takes the following form:

k(x, y) = − exp(σ ‖x− y‖2)
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The adjustable parameter σ endows a neighborhood notion for the similarity measure.

When σ is large, the kernel will act almost linearly and produce values that are near 1.

A small σ will produce a kernel that is highly sensitive to noise in the training data. σ

also defines the width of the Gaussian bell-shaped curve. Larger values correspond to

a narrow bell while higher values correspond to a broad bell. Figure 2.1 illustrated the

influence of σ on the Gaussian bell-shape.

Figure 2.1: Gaussian bell

(a) Gaussian bell with large σ. (b) Gaussian bell with small σ .

2.2.2 Polynomial kernel

The Polynomial kernel is a simple kernel and is commonly used in Support Vector

Machines . It is defined as:

k(x, y) = (γxT y + c)d

The free parameters are d the polynomial degree, which is the order of the kernel, γ

known as slope and c >= 0 which is a constant that responsible to trade off the influence

of the higher and lower order terms. When c = 0 the kernel is a homogeneous polynomial

[59], a polynomial whose all nonzero terms have the same degree.

Although any degree is applicable, the most commonly used degree is d = 2 [60] since

higher degrees tend to cause overfitting. In general, polynomial kernels are applied to

normalized data, because otherwise they result in kernels that are numerically unsta-

ble. Polynomial kernels are successfully applied in Speech Recognition [61] and natural

language processing [62].

2.2.3 The Sigmoid kernel

The Sigmoid kernel or the Hyperbolic Tangent kernel owes its popularity to artificial

neural networks where it is often used as an activation function. However, it is not

widely used since the kernel matrix may not be positive semi-definite, and therefore its

behavior is unexpected. In 1995, Vapnik first published the idea that kernel matrices
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may not be positive semi-definite for all values of the free parameters [63]. The SVM

algorithm uses the sigmoid kernel most of the time as a proxy for neural networks,

Furthermore, a SVM model with a sigmoid kernel function is equivalent to a two-layer,

perceptron neural network. The Sigmoid kernel is expressed as:

k(x, y) = tanh(γxT y + c)

The kernel is composed of two free parameters, γ and c. A common value for c is 1
N ,

where N is the dimension of the original data. The parameter c can be viewed as a

shifting parameter that controls the threshold of mapping, and the parameter γ is a

scaling factor [64].



Chapter 3

Dimensionality Reduction

Real-world data, such as videos, images, speech signals and text, resides in high-dimensional

space. High-dimensional datasets introduce many mathematical challenges. These chal-

lenges include the ”curse of dimensionality” [65], for traditional algorithms using machine

learning and pattern recognition applications. In order to handle such high dimensional

datasets in machine learning algorithms, their dimensionality needs to be reduced. Di-

mensionality reduction resolves this problem as well as improves the efficiency and ac-

curacy of data analysis.

Dimensionality reduction, in the context of machine learning, refers to the process of

embedding data in a D-dimensional space into a d-dimensional space where d � D,

while ensuring that the low-dimensional embedding concisely conveys similar informa-

tion. In other words, it is a transformation of data in high-dimensional into an equally

informative representation of reduced dimensionality. The reduced data, should still

represent the correlation between the samples, therefore this dimension is the minimum

number of parameters that are needed to account for the observed properties of the data

[66].

By reducing the dimensionality of the data, both the time and space complexities of

algorithms that are employed are reduced. This facilitates the application of algorithms

whose execution is not feasible in the original space. Furthermore, it can decorrelate

the data and remove unnecessary features. Finally, it can reduce noise and therefore

improve the performance and accuracy. To allow visualization of the dataset, the target

dimension is usually set to 2 or 3.

Dimensionality reduction can be classified into two major categories, feature selection

and feature extraction [67]. Feature selection uses a subset of the original features to

create a data model. The major strategies for feature selection are: filter, wrapper

11
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and embedded [68][69]. Feature extraction, unlike feature selection, produces a new set

of features, that are a function (usually non-linear) of the original features. Common

feature etraction methods include PCA 3.1, Kernel PCA 3.2 and Isomap 3.3. In the

following we describe some of the most popular dimensionality reduction techniques. A

review of the most commonly used dimensionality reduction methods can be found in

[70].

3.1 Principal Component Analysis - PCA

Principal component analysis (PCA) [71][42] is probably the most widely used linear

technique for dimensionality reduction. It reduces the dimension by embedding the

data into a linear subspace of a lower dimension. The algorithm finds the directions

of the maximum variance in the high-dimensionality data, and projects the data onto

these directions to retain as much of the variance as possible.

The linear subspace can be specified by vectors, which are orthogonal, linear transforma-

tions of the original data points, named principal components. The principal components

are extracted in such a way that the first principal component describe the direction of

the maximum variance in the dataset, the second principal component is direction of the

next highest variance in the dataset, and is uncorrelated to the first one, and so on. The

number of principle components can be grater than the size of the original dimension.

However, the assumption is that only n << N (N the number of principle components)

are needed to represent most of the information in the dataset.

PCA is mostly used as a tool in exploratory data analysis and for making predictive

models. It works well when the data approximately lies near a hyperplane. However,

PCA fails when the structure of the data is not linear.

Algorithm 3 summarizes the PCA algorithm.

Algorithm 3 PCA Algorithm

Input: X = {x1,x2, ...,xN} ,xi ∈ RD- Training set
d- new lower dimension, d � D

1: x̃ = 1
N

∑N
i=1 xi - Compute the mean

2: Cov(x) = 1
N

∑N
i=1 (xi − x̃i)(xi − x̃i)T

3: Find decomposition of Cov(x), obtaining ξ1, ξ2, ...., ξD- the eigenvectors and their
corresponding eigenvalues λ1 ≥ λ2 ≥ ... ≥ λD ≥ 0

4: y = (ξT1 (x− x̃), ξT2 (x− x̃), ...., ξTd (x− x̃))T ∈ Rd - The new lower dimension presen-
tation ∀x ∈ Rd .

5: Output : x ≈ x̃+ (ξT1 (x− x̃))ξ1 + (ξT2 (x− x̃))ξ2 + ....+ (ξTd (x− x̃))ξd
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3.2 The Kernel PCA (KPCA) Dimensionality Reduction

Algorithm

Kernel PCA [72] is a nonlinear extension of the PCA algorithm. PCA is a powerful

technique for linear dimensionality reduction and feature extraction. However, it is not

effective for data whose structure is not linear. KPCA makes use of the ”kernel trick” by

implicitly projecting linearly inseparable data onto a higher dimensional space, where the

data becomes linearly separable. KPCA was first proposed by B. Schölkopf. [72]. It has

been utilized in a wide range of problems such as face recognition [73] and handwritten

digits recognition [74]. The next paragraphs will describe the Kernel PCA algorithm.

Suppose we are given a nonempty set of vectors {x1, ...,xn} ,xi ∈ RD. The set is mapped

by φ : RD → E , to a high dimensional feature space E, so the mapping data can be

written as φ(x1), ..., φ(xn),xi ∈ E.

The target space may be infinite dimensional. We use the ”kernel trick” which is a

function that calculates the dot product in E, for all xi,xj ∈ RD under φ, k(xi,xj) =

φ(xi)φ(xj)
T . Kernel PCA computes the principal components of the mapped data.

Lets assume that the projected data have zero mean.

1

n

n∑
i=1

φ(xi) = 0 (3.1)

The formula of the covariance matrix for PCA, after the projection is:

C =
1

n

n∑
i=1

φ(xi)(xi)
T (3.2)

In order to find the principal components of the data in E, we calculate the eigenvectors

and eigenvalues of the covariance matrix C.

Cv = λv (3.3)

By substituting (3.2) into (3.3) and dividing by λ, v can be expressed as:

v =

n∑
i=1

aiφ(xi) (3.4)



Dimensionality Reduction 14

We note that for λ 6= 0, all the solutions for v must be a part of the span of φ(x1), ..., φ(xn)

Finding the eigenvectors is equivalent to finding the coefficients ai. Substituting (3.2)

and (3.4) into (3.3) we get:

1

n

n∑
i=1

φ(xi)φ(xi)
T

n∑
l=1

ajlφ(xl) = λj

n∑
l=1

ajlφ(xl) (3.5)

Rewrite (3.5) as:

1

n

n∑
i=1

φ(xi)
n∑

l=1

ajlφ(xi)
Tφ(xl) = λj

n∑
i=1

ajlφ(xl) (3.6)

We define the kernel function, k(xi,xj) = φ(xj)
Tφ(xi) and multiply both sides of (3.6)

by φ(xk)T

1

n

n∑
i=1

k(xk,xi)

n∑
l=1

ajlk(xi,xl) = λj

n∑
l=1

ajlk(xk,xl) (3.7)

Let K be the matrix Ki,j = k(xi,xj). By substituting K into (3.7) and rearranging it,

we get:

K2aj = nλjKaj (3.8)

To solve aj we have to solve the eigenvalue problem of (3.9) for nonzero eigenvalues.

Kaj = nλjaj (3.9)

Removing K from both sides of the equation (3.8), affects only the eigenvectors with

zero eigenvalue, which will not be principle components anyway.

vT
j vj = 1⇒

n∑
k,l=1

ajlajkφ(xl)
Tφ(xk) = 1⇒ aj

TKaj = 1 (3.10)

Multiply (3.9) by (aj) and using (3.10) we get:

λjnaT
j aj = 1,∀j (3.11)
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The dimensionality reduction of the data is achieved by projecting the data onto the first

m eigenvectors vj when they are ordered in decreasing order according to the magnitude

of the eigenvalues as follows:

φ(x)Tvj =

n∑
i=1

ajiφ(x)Tφ(xi) =

n∑
i=1

ajiK(x,xi) (3.12)

At the beginning we assumed that the projected data have zero mean. However, if the

data is not centered in D we can use the centralized version of K̃:

K̃ = K − 1NK −K1N + 1NK1N (3.13)

To summarize, the Kernel PCA dimensionality reduction algorithm is composed of the

following steps:

1. Choose a kernel function and compute the kernel matrix.

2. Center the kernel matrix.

3. Solve the eigenvalue problem of the centered matrix.

4. Project the data onto the first m eigenvectors vj

3.3 ISOMAP

The ISOMAP algorithm [75] is fundamental dimensionality reduction algorithm. ISOMAP

constructs a low-dimensional representation which best preserves the pair-wise geodesic

distances among the data points.The geodesic distance is the weight of the shortest path

which goes through points in the dataset. ISOMAP calculated the pair-wise geodesic

distances matrix and then it applies the MDS algorithm to this matrix.

Multidimensional Scaling (MDS)[76] is another widely used approach that maps dataset

from the original high dimensional space to a lower dimensional space, but does so by

preserving all pair-wise distances among the points in the data. MDS finds a low dimen-

sional representation of a dataset given a proximity matrix (similarity or dissimilarity)

of the dataset.

ISOMAP algorithm has been successfully applied to many domains such as face recog-

nition [77], video and image analyses [78] and more.



Chapter 4

Ensemble classifiers via Kernel

PCA

4.1 The proposed algorithm

We present a new framework for the construction of ensemble classifiers using KPCA.

Our algorithm consists of two stages. The first one reduces the dimension of the data

by applying KPCA, in various manners to obtain a set of different dimension-reduced

versions of the original dataset. The second trains the ensemble members using a single

induction algorithm. We use the Nearest Neighbors [79] and the CART Decision Tree [80]

induction algorithms, however, other induction algorithms can be used. Each member

is trained based on a unique dimension-reduced version of the original dataset.

Fig. 4.1 illustrates the training process of our algorithm.

Figure 4.1: Training pipeline

16
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Test samples are classified by first embedding them into the dimension reduced spaces

of the ensemble members and then applying each ensemble member to the embedded

sample. The final classification is obtained via voting. The classification process of a

test sample is depicted in Fig. 4.2

Figure 4.2: Prediction pipeline

Cross-validation is a statistical well known method which is a resampling procedure used

to evaluate machine learning models on a limited data sample. In order to estimate the

skill of the proposed algorithm we used Cross-validation.

Figure 4.3: The testing process
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4.2 Different versions of the proposed algorithm

All the experiments we conducted shared the following details (these settings were em-

pirically derived after we tested a wide range of experimental settings): (a) the number

of ensemble members was set to ten; (b) the reduced dimension was set to either ten or

to half of the dimension of the original space. All experiments were ran using stratified

10-fold cross validation. The key difference between the experiments was the kernel we

used. As mentioned Sec in 1.1, accuracy and diversity are critical components for con-

structing an effective ensemble classifier. Applying KPCA can achieve both. We tested

three kernels: the RBF, the Polynomial and the Sigmoid. The kernel parameter values

were selected using a data-driven scheme that was tailored for each kernel.

4.2.1 The RBF kernel

The first experiment investigated the RBF kernel which has one free parameter σ as

mentioned in Sec 2.2.1. In order to create a diverse and accrue ensemble, we chose for

each member in the ensemble a different value for σ. The σ was chosen as follows: first,

we calculated the average of all pair-wise Euclidean distances. We denote it by avg.

Next, we drew a number between 1.0 to 3.0 from a uniform distribution, number r.

Finally, we set σ to be 1.0/avgr

4.2.2 The Polynomial kernel

The Polynomial kernel (Sec. 2.2.2), has three immutable parameters: d, γ and c. The

values for these parameters were obtained in the following manner: first, we calculated

the average- avg and the maximum-max of all pair-wise Euclidean distances. The degree

d was set to 3 in all the experiments and γ was chosen to be 1
0.5max . The diversity was

obtained through randomization of the constant c. Specifically, after we calculated avg

we multiplied it by a random number that is uniformly drawn in the range [0.5, 1.5].

4.2.3 The Sigmoid kernel

The Sigmoid kernel (Sec. 2.2.3) contains two free parameters γ and c. These parameters

generally have the best result when γ > 0 and c < 0 [64]. Here, we also calculated the

average- avg of all pair-wise Euclidean distances in order to determine the γ value. We

set γ to 1.0/avg5. In order to achieve the required diversity, c was uniformly drawn

between -1 and 0..
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4.2.4 Combinations of kernels

Each kernel is tailored to a specific geometry of dataset. However, sometimes the ge-

ometry is composed of different geometries. Accordingly, we investigated combinations

of kernels to address such cases. There is an infinite number of kernel combinations

that yield a kernel which is valid for KPCA i.e. symmetric and positive semi-definite

[67]. In particular, sum and product of two kernels is a valid kernel. We tried three

combinations: (a) the sum of the RBF and the Polynomial kernels; (b) the sum of the

RBF and the Sigmoid kernels; (c) the product of the RBF and Polynomial kernels.



Chapter 5

Experimental Results

5.1 Data sets

We evaluated our approach using 19 popular data sets from the UCI Machine Learning

Repository website [81], which contains benchmark datasets that are commonly used

to evaluate machine learning algorithms. We compared the results to four ensemble

algorithms: Bagging, Adaboost, Gradient Boosting and Random Forest. None of the

datasets contained missing values. No prior knowledge of the datasets and their domains

were used in the experiment. The list of datasets and their properties are summarized

in Table 5.1.

5.2 Experimental Framework and Runtime environment

We ran the proposed algorithm on a Windows server, with 64 GB installed memory

(RAM) and eight processors. We implemented the proposed algorithm using Python and

the Scikit-learn [82] package. Scikit-learn harnesses the Python environment to provide

state-of-the-art implementations of many well-known machine learning algorithms, while

maintaining an easy-to-use interface tightly integrated into the Python language.

20
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Table 5.1: Data sets details
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5.3 Results

Tables 5.2, 5.3, 5.4, 5.5, 5.6 and 5.7 present the results of the proposed algorithms. In

each of the tables, the first column specifies the name of the tested dataset and the

second to last contains the accuracy of each experiments. The last row is the average

accuracy of each algorithm.

We use to following acronyms in tables 5.2-5.7: RBF stands for the ensemble that reduces

the dimension using the RBF kernel. Poly stands for the ensemble that reduces the

dimension using the polynomial kernel. NN is Nearest Neighbour induction algorithm

and DT is Decision Tree (CART) induction algorithm. 10d represents experiments

conducted with a reduced dimension of ten, 0.5d represents experiments where the target

dimension was half the size of the original dimension. The name of each algorithm

contains the kernel name followed by the induction algorithm that was used and the

target dimension. For example, Poly NN 0.5d stands for the ensemble classifier which

uses the nearest neighbor induction algorithm and reduced the dimension using the

Polynomial kernel to half of the original dimension.

Table 5.2 shows the results of using the RBF kernel.

Table 5.2: Results of the ensemble classifier that uses the Nearest Neighbor or the
Decision Tree (CART) induction algorithms and the RBF kernel.
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Table 5.3 shows the results obtained by using the Polynomial kernel.

Table 5.3: Results of the ensemble classifier that uses the Nearest Neighbor or the
Decision Tree (CART) induction algorithms and the Polynomial kernel.

Table 5.4 presents the results of using the Sigmoid kernel.

Table 5.4: Results of the ensemble classifier that uses the Nearest Neighbor or the
Decision Tree (CART) induction algorithms and the Sigmoid kernel.
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Tables 5.5- 5.7 present the results of the ensemble classifiers that use a combination of

kernels. Table 5.5 shows the results of using a kernel which is the sum of the RBF and

Polynomial kernels.

Table 5.5: Results of the ensemble classifier that uses the Nearest Neighbor or the
Decision Tree (CART) induction algorithms and the sum of the RBF and Polynomial

kernels.

Table 5.6 presents the results obtained by using a kernel which is the sum of the RBF

and Sigmoid kernels.

Table 5.6: Results of the ensemble classifier that uses the Nearest Neighbor or the
Decision Tree (CART) induction algorithms and the sum of the RBF and Sigmoid

kernels.
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Table 5.7 shows the results of using a kernel which is the product of the RBF and

Polynomial kernels.

Table 5.7: Results of the ensemble classifier that uses the Nearest Neighbor or the De-
cision Tree (CART) induction algorithms and the product of the RBF and Polynomial

kernels.

5.3.1 Results comparison

The results of the experimental study indicate that dimensionality reduction via Kernel

PCA is a promising approach for the construction of ensembles of classifiers. We com-

pared the various algorithms according to the steps described in [83]. First, for each

dataset, we ranked the algorithm in descending order according to their accuracy. Next,

we compared the algorithms according to their average rank. The ensemble classifier

that achieved the best average rank was the one that used the RBF kernel, the (CART)

decision tree and whose target dimension was ten (Table 5.8).

Using the adjusted Friedman test we rejected the null hypothesis that all methods ob-

tain the same classification accuracy with a confidence level of 95% χ2
(23) = 73.031, p−

value < 0.0001. Following the rejection of the null hypothesis, we employed the

Holm–Bonferroni post-hoc test which compared the RBF DT (10d) algorithm with the

other proposed ensemble classifiers (Tables 5.2-5.7). Table 5.8 summarizes this compar-

ison. An asterisk marks the proposed algorithms that were significantly outperformed

by the RBF DT (10d) algorithm. However, we could not reject at confidence level 95%

the null hypothesis that the algorithms without asterisk and the RBF DT (10d) have

the same accuracy.
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Table 5.8: The proposed algorithms rank

Ensemble classifiers via Kernel PCA rank, the best performing algorithm has the

lowest average rank. The asterisk means the rejection the Holm–Bonferroni hypothesis

with confidence level of 95%

After we found the proposed method with the best performance, RBF DT (10d), we

compared it with four well known ensemble algorithms: Bagging, AdaBoost, Random

Forest and Gradient Boosting. All the algorithms were ran with the default values

of their parameters. The results of the comparison are given in Table 5.9. We com-

pared these algorithms according to their average rank as we did with the proposed

algorithms. The average ranking is given in table 5.10. The RBF DT (10d) algorithm

achieved the best rank. The null hypothesis that all methods have the same classifica-

tion accuracy was rejected by the adjusted Friedman test with a confidence level of 95%

χ2
(4) = 13.63, p − value < 0.009. Since the null hypothesis was rejected, we employed
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the Holm–Bonferroni post-hoc test to compare between the the RBF DT (10d) algo-

rithm and the other classifiers. Bagging and AdaBoost were significantly inferior to the

RBF DT (10d) algorithm. The null hypothesis that the Random Forest and Gradient

Boosting algorithms have the same accuracy as RBF DT (10d) could not be rejected at

confidence level of 90% .

Table 5.9: Comparison between the RBF DT (10d) algorithm and the Bagging,
AdaBoost, Random Forest and Gradient Boosting algorithms.

Table 5.10: The rank of 5.9 algorithms

The best performing algorithm has the lowest average rank. The asterisk means the

rejection of the Holm–Bonferroni hypothesis with confidence level of 90%

In order to compare all the ensemble classifiers via Kernel PCA versions, Bagging,

AdaBoost, Random Forest and Gradient Boosting across all inducers and datasets we

used the same stages as applied above. The null hypothesis that all methods have the

same accuracy was rejected by the adjusted Friedman test with a confidence level of

95% χ2
(27) = 73.45, p − value < 0.0001. Following the rejection of the null hypothesis,

we employed the Holm–Bonferroni post-hoc test 5.11.
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Table 5.11: The rank of all experiments. The asterisk means the rejection of the
Holm–Bonferroni hypothesis with confidence level of 90%
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Figure 5.1: Ranks results graph

The bottom and top of each box are the 25th and 75th percentile (the lower and upper

quartiles respectively). The inner line in each box is the 50th percentile (the median).

The inner point is the average and the outer point is an outlier (single data point).

The vertical lines that extend to the smallest and larges ranks are not outliers.
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Conclusin and future work

In this paper we presented a new technique for construction of ensembles of classifiers

using Kernel PCA. Different dimension-reduced versions of the original training set are

constructed using KPCA. The differences among the versions are achieved by running

KPCA with different parameter values. Test samples are classified by first embedding

them into the dimension reduced spaces of the ensemble members and then applying

the ensemble member to the embedded samples. The algorithm is trivially parallel by

running each member independently.

We investigated several kernels and used a data driven formula for the kernels free

parameters: the RBF kernel, the Polynomial kernel and the Sigmoid kernel. We also

investigated combinations of these kernels.

Out of all the models we investigated, the RBF kernel along with the decision tree classi-

fier achieved the best results which are significantly superior compared to the algorithms

we used for comparison. We chose the reduced dimension to be either 10 or half the size

of the original dimension. However, other values should be investigated or alternatively,

find the best dimension for each chosen set of kernel parameter values. Furthermore, we

can create unlimited hybrid kernels based on mathematical operations on kernels, com-

binations and transformations. Finally, other induction algorithms can be investigated

as well as a multi-model ensemble based on the proposed approach. This is currently

being investigated by the authors. We are confident that this research constitutes the

proverbial tip of the iceberg, with the vast potential behind this idea, still submerged,

waiting to be discovered.
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