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Section 1

Introduction

Let G = (V, E) be a complete undirected graph with vertex set V and edge
set E, where |V| = n, such that each edge has a positive length. The Trav-
elling Salesman Problem (7TSP) is to compute the shortest possible path
that visits each vertex exactly once. This problem is NP-hard, and it is a
well studied problem in graph optimization.

For TSP, Christofides shows in [4] an O(n?) approximation algorithm. The
algorithm works on graphs in which the length of the edges satisfies the tri-
angle inequality condition, and is a 3/2-approximation algorithm for solving
TSP.

Hoogeveen investigates in [11] modifications of Christofides’ approximation
for the problem of finding a shortest Hamiltonian path. Hoogeveen considers
three variants of this problem, depending on the number of prespecified end-
points of the path: zero, one, or two. The algorithm is based on the theorem
that a graph contains a Hamiltonian path if and only if exactly two of its
vertices have an odd degree. Therefore, if there are prespecified endpoints,
they should be included in the set of vertices with odd degree. Hoogeveen
algorithm is a 3/2-approximation algorithm for solving T'SP with zero or one
prespecified endpoints, and a 5/3-approximation algorithm for solving TSP
with two prespecified endpoints.

Frederickson, Hecht and Kim present in [7] an approximation algorithm for
Stacker Crane Problem, that is a variation of T'SP.

Let G = (V, E) be a complete undirected graph with vertex set V' and
edge set E, such that each edge has a positive length. Let H =< V,§ >
be a hypergraph, where V| = n,|S| = m, § = {S1,..., 5.} is a set of
not necessarily disjoint clusters, S; C V, Vi € {1,...,m}. The Clustered
Travelling Salesman Problem (CTSP) is to compute the shortest possi-
ble path that visits each vertex exactly once, such that the vertices of each



cluster are visited consecutively.

The Feasibility Clustered Travelling Salesman Problem (FCTSP) is
to verify whether there exists a simple path that visits each vertex exactly
once, such that the vertices of each cluster are visited consecutively. In the
case of non-disjoint clusters, the two problems, CTSP and FCTSP, might
not have a feasible solution.

A lot of work has been done for CTSP, where the clusters are disjoint. In
[1] Anily, Bramel and Hertz consider the Ordered Clustered Travelling Sales-
man Problem (OCTSP) with disjoint clusters. In this problem, the order
of the clusters in the tour (cycle) is prespecified. The authors show a 5/3-
approximation algorithm for this problem, which runs in O(n?®) time. The
algorithm is an adaptation of Christofides’ approximation for T'SP [4], and
can also be applied to the path version of OCTSP.

In [8] Guttmann-Beck, Hassin, Khuller and Raghavachari deal with several
variants of the C'T'SP with disjoint clusters, depending on whether or not the
starting and ending vertices of a cluster have been specified. The authors
describe several polynomial time approximation algorithms with a bounded
performance ratio.

For hypergraphs with clusters that are not necessarily disjoint, Guttmann-
Beck, Knaan and Stern present in [9] a 4-approximation algorithm for CT'SP.
The algorithm uses the PQ-Tree data structure. For special cases of the prob-
lem, the authors present algorithms with better approximation ratio.
Moreover, the authors prove the following theorem:

Theorem 1.0.1. (Guttmann-Beck, Knaan and Stern, [9]) Let H =<V, S >
be a hypergraph with vertex set V- and S = {S1,...,Sn} is a set of not nec-
essarily disjoint clusters, S; C'V, Vi € {1,...,m}, such that its intersection
graph is connected. If for each cluster S;, when i & {j,k}, Si € (S; U Sk),
then H has a feasible solution of FCTSP only if the intersection graph is a
path.

An intersection graph of a hypergraph H =< V| S > is defined to be the
graph in which every cluster in H is represented by a node in the intersec-
tion graph, and there is an edge between two nodes in the intersection graph
if and only if the intersection of the corresponding clusters in H is not empty.

FCTSP is also known as Consecutive Ones Property (COP). A 0-1
(binary) matrix has COP if and only if there is a permutation of its rows
so that the ones are consecutive in each column. The hypergraph given for
FCTSP can be represented by a binary matrix, where each row represents
a vertex and each column represents a cluster. The value of each cell is
one if and only if the vertex represented by the current row belongs to the
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cluster represented by the current column. It can easily be shown that this
matrix has COP if and only if the given hypergraph has a feasible solution
of FCTSP.

Booth and Lueker introduce in [2] a data structure called a PQ-Tree. Given
aset U ={aj,as,...,a,}, the elements of U are represented as leaves in the
PQ-Tree. Given a subset S C U, the authors describe a procedure which uses
a sequence of templates to create a PQ-Tree, in which the leaves included in
S occur consecutively. Using this procedure, Booth and Lueker also present
in [2] an algorithm which finds a feasible solution of COP; if such a solution
exists, in linear time. Since FCTSP is an equivalent problem to COP, this
algorithm can also be used to determine if the given hypergraph has a feasible
solution of FCTSP, and if yes - to find a feasible solution. Let H =< V. § >
be a hypergraph with vertex set V and S = {51, ..., S, } is a set of not nec-
essarily disjoint clusters, S; €V, Vi € {1,...,m}. The complexity of Booth
and Lueker’s Algorithm is O(n+m+ ), ..., |Si]), where n = |V|,m = |S|.
Tucker characterizes in [17] matrices with COP, by characterizing forbidden
submatrices that cannot appear in matrices with that property. Lindzey and
McConnell introduce in [12] linear-time algorithm to find a Tucker forbidden
submatrix in a binary matrix that does not have COP.

For a less restricted problem, consider the Feasibility of Clustered Span-

ning Tree by Paths. Let H =< V.S > be a hypergraph with vertex set V'
and S = {S1,...,Sn} is a set of not necessarily disjoint clusters, S; C V|
Vi € {1,...,m}. The problem is to find a spanning tree on V' which satisfies
that each cluster induces a path, when it exists. Swaminathan and Wagner
in [16] introduce a polynomial time algorithm, which constructs a solution,
if one exists.
Another less restricted problem, considers the Feasibility of Clustered Span-
ning Tree by Trees, where the clusters are not necessarily disjoint. Let
H =< V.§ > be a hypergraph. The problem is to find a spanning tree
on V which satisfies that each cluster induces a subtree, when it exists. It is
proved in [5], [6], [I5] and summarized by T. A. McKee and F. R. McMorris
in [I4], that a hypergraph has a feasible solution of Clustered Spanning Tree
by Trees if and only if it satisfies the Helly property and its intersection graph
is chordal. A hypergraph satisfies the Helly property if the following holds:
For any set of clusters, if every pair of clusters has a common vertex, then
all the clusters of the set have a common vertex. Guttmann-Beck, Sorek and
Stern provide in [I0] a novel and efficient algorithm which finds a feasible
solution tree for H when it exists, or states that no feasible solution exists.
The algorithm constructs a weighted graph and checks a special property on
a maximum spanning tree for this graph.



Several applications for FCTSP in the field of robotics are described in

[13]. A possible application is handling customer orders in a warehouse sys-
tem. The orders may contain several commodities, being picked up by a
motorized truck or a robot. The robot can handle several orders at the same
time, with a restriction that each order must be handled consecutively. The
problem is to find a shortest possible route for picking all the orders, by cal-
culating the optimal sequence of the orders, and a minimum route in each
order. In FCTSP, we can present a hypergraph such that each order is rep-
resented by a cluster and each commodity is represented by a vertex.
Another application described in [I3]| is managing Numerically Controlled
machines. A number of coordinates are given, where one or more operations
with different tools must be performed. The restrictions are that the Numer-
ically Controlled machine can handle one tool at a time, and once a tool is
in use all of the operations with that tool must be performed consecutively,
since the cost of changing a tool is expensive. The problem is to find an
optimal order of using the tools, and the minimum route for completing the
operations of each tool.
Another possible application is in the area of bioinformatics, the construc-
tion of physical maps of chromosomes, described in [3]. Each chromosome is
mapped by probes that correspond to unique points on the chromosome, and
clones that correspond to intervals of the chromosome. Using an hybridiza-
tion experiment, it can be determined if a clone contains a specific probe.
The problem is to reconstruct the probes in a manner satisfying that all the
probes which hybridize to one clone appear consecutively in the solution.
Here, each clone is represented by a cluster and each probe is represented by
a vertex.

1.1 Owur Results

In our research we focus on hypergraphs with non-disjoint clusters, where
there is no feasible solution of FCTSP. For those instances with no feasi-
ble solution, we investigate the removal of vertices from clusters, in order to
achieve a feasible solution for the new set of clusters. We present several
algorithms which find a removal list of vertices from appropriate clusters, in
order to gain feasibility.

In the first part of our research we investigate special and different charac-
teristics of the given hypergraph and its intersection graph. We show that
there are clusters with specific attributes which we can ignore while solv-



ing the problem, and we can easily add them afterwards to get a feasible
solution for the hypergraph. We look at structures of graph families for
the intersection graph, including intersection graphs that are simple paths,
chordless cycles, trees, stars, caterpillar trees, bipartite graphs, cliques and
graphs that contain a cut edge or a cut node. We introduce algorithms which
run in polynomial time and achieve minimum cardinality of vertices removal
from clusters of the hypergraph, according to the structure of the intersection
graph, in order to gain feasibility. These algorithms are used to remove the
appropriate vertices in order to gain a new hypergraph which has a feasible
solution. For the new hypergraph that has a feasible solution, in order to
find a feasible solution, we can use the algorithm of Booth and Lueker [2].
In the second part of our research we introduce algorithms that are based
on PQ-Trees by the algorithm of Booth and Lueker. Those algorithms find
a removal list for any given hypergraph, regardless of the structure of its
intersection graph. In this part, we design algorithms that run in linear time
on any hypergraph.

Organization

In this work, Section 2 introduces definitions that will be used later.
Section 3 introduces minimum cardinality feasible removal list algorithms
for special structures and families of the intersection graph. Section 4
presents extensions of Booth and Lueker’s algorithm, that are used to find a
feasible removal list for a given hypergraph. Section 5 summarizes this work
and gives some possible future research.



Section 2

Definitions

Definition 2.0.1. Hypergraph Representation: Let H =< VS > be
a hypergraph, where & = {S1,...,5,} is a set of not necessarily disjoint
clusters, S; CV, Vi e {1,...,m}.

The hypergraph is represented by a binary matrix, denoted by My, of size
nxm,n = |V|,m = |S|, where each row represents a vertex v € V' and each
column represents a cluster S; € S. The value of each cell in My is 1 if and
only if v € §;, that is, the vertex represented by the current row belongs to
the cluster represented by the current column.

Definition 2.0.2. Intersection Graph: Let H =< V, S > be a hypergraph
with vertex set V', and & = {S1,...,S,,} is a set of not necessarily disjoint
clusters, S; C V., Vi e {1,...,m}.

The intersection graph of H, denoted by Gt (S) = (Vint, Eint), is defined to
be the graph in which every cluster S; in H is represented by a node s; in
Gint: Vit = {51,...,5n}, and there is an edge (s;,s;) € Ej, if and only if
S;NS; #0.

Gint(S) is represented by:

e Mg - An adjacency matrix, of size m x m, m = |S|, where each row
and each column represents a node in G;,,:(S). The value of cell [s;, s/]
in Mg is equal to |S; N.S;|. The value of a cell is greater than zero if
and only if there exists an edge between the corresponding nodes, s;
and s;, in G, (S). Note that Mg is a symmetric matrix.

e Vp - A degree vector, of size m = |S|. The value of Vp|[s,] is the degree

of node s; in G (S).

e Vs - A clusters’ sizes vector, of size m = |S|. The value of Vg[s,] is |5;].



Property 2.0.3. Let H =<V, S > be a hypergraph with intersection graph
Gint(S). A leaf s; in Gy (S) corresponds to a cluster S; which intersects with
exactly one cluster.

Property 2.0.4. Let H =< V,§ > be a hypergraph. We assume that for
i # j, Si # 5;. If two clusters are the same, we can remove one of those
clusters.

Definition 2.0.5. nc(v): Let H =< V, S > be a hypergraph. The number
of clusters that vertex v belongs to is denoted by nc(v).

Definition 2.0.6. Induced Hypergraph: Let H =< V,§ > be a hyper-
graph with vertex set V' and S a set of clusters, and let S’ C S be a set
of clusters. The induced hypergraph H[S'] =< V(§’),S’ > is a hypergraph
with vertex set V(S') such that V(8') = (Jg,cs Si, and whose cluster set is
S’

Property 2.0.7. Let H =<V, S > be a hypergraph, with intersection graph
Gint(S). The induced graph Gint(S)[Ug,cs Sil; for 8" C S, is the intersection
graph of H[S'], and therefore can be denoted by Gint(S').

Definition 2.0.8. Induced solution: Let H =< V,§ > be a hypergraph
with a feasible solution P of FCTSP. P[X], for X C V, is the collection of
subpaths induced on the vertices of X. P[S'], for S’ C S, is the collection of
subpaths induced on the vertices of the clusters in §'.

Definition 2.0.9. Containing Cluster: Let H =< V.S > be a hyper-
graph. Cluster S; € S is a containing cluster, if every S; € (S \ {5i})
satisfies S; C S;.

Definition 2.0.10. Contained Cluster: Let H =< V,§ > be a hy-
pergraph. Cluster S; € S is a contained cluster, if there exists a cluster
S; € (S\{Si}) such that S; C S;, and for any other cluster Sy € (S\{S5;,S;}),

Definition 2.0.11. Contained Component: Let H =< V,S > be a hy-
pergraph. A contained component is a collection of clusters &’ C S whose
clusters create one connected component in Gy, (S) such that V(S') C S;,

S;eS\S, and VS; € §', S, € S\ (S'U{S;}) satisfy S; NSy, = 0.

Definition 2.0.12. Pairwise Uncontained Clusters: Clusters Si, 5, ..., S
satisfy the Pairwise Uncontained Clusters property, denoted by PUC, if
Vi # j # k satisty S, € S;US;. That is, Vi # j # k there exists v € Sy, such
that v ¢ S; U S;.



Definition 2.0.13. Helly Property: Let S = {Si,...,5,} be a family
of subsets. & satisfies the Helly Property if the following holds: For every
S' C S, if every pair members of &’ has a common element, then all the
members of &’ have a common element. In other words, if every S;,5; € &’

satisfy S; M.S; # (), then g . i # 0.

Definition 2.0.14. Removal List: Let H =< V,§ > be a hypergraph.
A removal list L for H is a list containing pairs (Vertex, Cluster), where
each pair in the list indicates which vertex to remove from the corresponding
cluster in H. Adding ({v1,...,v;},5;) to L is a shortened writing which
denotes adding pairs (v, S;),..., (v;,S;) to L. |L| = The total number of
pairs in L. The hypergraph received after removing L from H is denoted by
H \ L, and its intersection graph is denoted by G, (S \ L).

Definition 2.0.15. Feasible Removal List: Let H =< V. § > be a hy-
pergraph, and L a removal list for H. L is a feasible removal list if H \ L has
a feasible solution of FCTSP.

Definition 2.0.16. Minimum Cardinality Feasible Removal List: Let
H =< VS > be a hypergraph, and L a feasible removal list for H. The
target function that we will look at is the minimum cardinality, that is, min-
imizing the total number of changes that are made.

We define - minChanges(S;) = The number of vertices deleted from cluster
S;. If the same vertex is deleted several times, each change is counted sepa-
rately.

m
The target function for minimum cardinality is min Z minChanges(S;).
i=1
L* is a minimum cardinality feasible removal list if L* = argmin {|L]| |
(vEV,S;ES)
L is a feasible removal list}.
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Section 3

Intersection Graph Algorithms

In this section we present theorems and algorithms that are based on the
structure of the intersection graph. We first introduce general theorems re-
garding hypergraphs and their intersection graph. Then we consider struc-
tures of common graph families for the intersection graph, and present several
algorithms which find a removal list for the hypergraph, in order to achieve
feasibility. After applying these algorithms on the hypergraph, we can use
the algorithm of Booth and Lueker [2] to find a feasible solution for the
new hypergraph. At the end of this section, we characterize conditions for a
feasible solution with a specific cluster at an end of it.

3.1 General Theorems

In this section we first present conditions for a feasible solution of induced
hypergraphs. Then we consider cases in which the hypergraph has containing
clusters, contained clusters or contained components. We show that in these
cases, we can solve the problem without the containing cluster, contained
cluster or contained component, and then add them to the solution, in order
to get a feasible solution for the hypergraph. At the end of the section we
present Theorem that deals with a special structure of the intersection
graph for which there is no feasible solution. These results will be used in
the following sections, and can also be used while checking if there exists a
feasible solution of FCTSP.

Theorem 3.1.1. Let H =< V| S > be a hypergraph. Creating an intersection
graph for H can be done in O(nm?) time complezity, where n = |V|,m = |S].
Proof. First we initialize every cell in Mg, Vp, Vs to zero, in O(m?) time
complexity.

For every row in My which represents a vertex v € V:
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e We increment the value of Vs[s;], for every S; which contains v, in
O(m) time complexity for every v € V. Therefore, calculating Vs can
be done in O(nm) time complexity.

e We increment the value of Vpls;], for every two clusters S;, S; which
contain v and satisfy M¢([s;, s;] = 0. This represents adding a new edge
to the intersection graph. The time complexity of this step is O(m?)
for every v € V, and therefore, calculating Vp can be done in O(nm?)
time complexity.

e We increment the value of M|s;, s;], for every two clusters S;, S; which
contain v, in O(m?) time complexity for every v € V. Therefore,
calculating Mg can be done in O(nm?) time complexity.

Hence, the total time complexity of creating an intersection graph for H is
O(nm?). O

Lemma 3.1.2. Let H =< V. § > be a hypergraph whose intersection graph
Gint(S) contains at least two disjoint connected components. If every con-
nected component has a feasible solution of FCTSP, then H has a feasible
solution of FCTSP.

Proof. Since each connected component has a feasible solution, we can con-
nect paths that are feasible solutions for each one of the connected compo-
nents in a proper way to create a path that is a feasible solution for H. [

Following Theorem [3.1.2] in the algorithms described in this section, we
assume that the intersection graph is connected.

Lemma 3.1.3. Let H =< VS > be a hypergraph with a feasible solution
P of FCTSP. For every X = (g s Si, 8" € S in H, P[X] is a consecutive
subpath.

Proof. Suppose that X = g s S5, € S, and let {v,u} C X. In this
case, VS5; € &' it follows that {v,u} C S;. Since P is a feasible solution
of FCTSP, P contains a path between v and w, such that V.S; € & all the
vertices in the path are in S;. Therefore, P contains a path between v and
u, such that all the vertices in this path are in X. This follows for every
{v,u} € X. Hence, P[X] is a consecutive subpath. O

Lemma 3.1.4. Let H =< VS > be a hypergraph with a feasible solution
P of FCTSP. For every 8" C S, if Gini(S') is connected, then P[S'] is a
consecutive path.

12



Proof. Let k be the number of clusters in §&’. The proof is by induction on
k.

For k = 1, denote S; € §'. since P is a feasible solution, P[S}] is consecutive.
Suppose the assumption of the lemma is correct for £ — 1, and now prove it
for k. Denote S1,S5,,...,5, € S".

Without loss of generality, remove S, from &’. Denote §” = S\ {Sx}. If §” is
connected, then vertices v € Sy that satisfy nc(v) = 1 appear consecutively
and adjacent to the intersections of Sj with other clusters. If §” is not
connected, since the assumption of the lemma is correct for £ — 1, then for
each connected component C' € §”, P[C] is a consecutive path. For each
C € 8", there exists at least one cluster S; € C such that S; NSy # 0, follows
from the connectivity of G, (S’). Since P is a feasible solution, P[Sy] is
consecutive, and therefore all the intersections of S with other clusters are
connected only by vertices of Si. Hence, &’ is a collection of consecutive
paths that are connected by Sk, and thus P[S'] is a consecutive path. O

Theorem 3.1.5. Let H =< V,§ > be a hypergraph. If H has a feasible
solution P of FCTSP, then for every 8" C S, P[S'] is a feasible solution for
H[S].

Proof. Assume that the intersection graph of H is connected. Denote by
P’' = P[S’] the induced solution for H[S’]. According to Lemma P'is
a consecutive path. The induced solution does not change the order of the
vertices in the solution, therefore, P'[S;] = P[S;]. That is, for every S; € &',
the entire subpath is in P’ and is consecutive, and therefore every cluster
in P’ is consecutive. Hence, P[S’] is a feasible solution for H[S']. If the
intersection graph is not connected, this proof is correct for every connected
component, and hence, by Theorem [3.1.2] the theorem is proved. O]

Corollary 3.1.6. Let H =<V, S > be a hypergraph. If there exists S' C S
such that H[S'] does not have a feasible solution of FCTSP, then H does not
have a feasible solution of FCTSP.

Lemma 3.1.7. Let H =<V, S > be a hypergraph that has a feasible solution
P of FCTSP. For every set of vertices U C S;, such that Yu € U, nc(u) = 1,
and a removal list L = {(U, S;) | S; € S}, P[V \ U] is a feasible solution for
H\ L.

Proof. P is a feasible solution, therefore P[S;] is a consecutive path, and
P[U] is a collection of subpaths of this path. Remove from P[S;] all the
subpaths of P[U] and concatenate the remaining subpaths into one path.
Denote by P’ the induced solution of P[V \ U]. Clearly, P'[S; \ U] is a
consecutive path. Since U N'S; = (), for every j # i, it also holds that

13



P'[S;] = P[S;]. Therefore, every cluster in P’ is consecutive. Hence, P[V\ U]
is a feasible solution for hypergraph H \ L. O]

Theorem 3.1.8. Let H =< V.S > be a hypergraph, and let S; € S be a
containing cluster in H. H[S\ {S;}] has a feasible solution of FCTSP if and
only if H has a feasible solution of FCTSP.

Proof. Suppose H[S \ {S;}] has a feasible solution of FCTSP. Denote &' =
S\A{Si},H =< V',&§ > V' = Ug,es 5j, and P’ a feasible solution for
H'. Arrange all the vertices of S; \ Usje s S; in a path, denote this path
by P”. Concatenate P’ and P”, denote the new path by P. For every
S; € S8’ P[S;] = P'[S;], and therefore is a consecutive subpath. P is a
path spanning all the vertices of S;, and since V.S; € &', S; C S;, P[S)] is a
consecutive subpath. Therefore, P is a feasible solution for H.

The correctness of the opposite direction is obtained directly from Theorem
3. 1.5 m

Theorem 3.1.9. Let H =< V. § > be a hypergraph, and let S; € S be a
contained cluster in H. H[S \ {S;}] has a feasible solution of FCTSP if and
only if H has a feasible solution of FCTSP.

Proof. Suppose H[S \ {S;}] has a feasible solution of FCTSP, denote this
solution by P’. Since S; is a contained cluster, there exists Sy € S such that
S; C Sk. Remove the vertices of S;N.S; from P’ except for vertex v € (SxN.S;)
that appears first in P’, denote the new path by P”. S; intersects only with
Sk, that is, the vertices of S;N.S; belong to these two clusters only. Therefore,
the order of the vertices of S; € (S\{S;, Sk}) in P” is the same as their order
in P’. According to Lemma [3.1.7, P” is a feasible solution.

Replace v in P” with a subpath that spans all the vertices of \S;, denote this
path by P. S; = S N S;, that is, all the vertices of the added subpath are
contained in Sg, therefore, Sy is consecutive in P. P is a path spanning all
the vertices of S;, and 5; is concatenated consecutively to it. Furthermore,
for S; € (S\{Si, Sk}), P[S;] = P'[S;], and therefore is a consecutive subpath.
Therefore, P is a feasible solution for H.

The correctness of the opposite direction is obtained directly from Theorem

0. 1.0l [l

Theorem 3.1.10. Let H =< V,§ > be a hypergraph, and let 8" C S be a
contained component in H, and suppose there is a feasible solution for H|S'].
H[S \ §'] has a feasible solution of FCTSP if and only if H has a feasible
solution of FCTSP.

14



Proof. Suppose H[S \ &'] has a feasible solution of FCTSP, denote this
solution by P’. Since &’ is a contained component, there exists Sy € S such
that VS; € &', S; C S,. VS; € &, remove the vertices of S, N S; from
P’ except for vertex v € (Sk N (Ug,es Si) that appears first in P’, denote
the new path by P”. VS, € &', S; intersects only with S, or with other
clusters of the contained component. Therefore, the order of the vertices of
S; € (S\ (S"U{Sk})) in P” is the same as their order in P'. According to
Lemma [3.1.7, P” is a feasible solution.

Replace v in P” with a subpath that spans all the vertices of the contained
component §’. Denote this path by P. VS; € &', S; C Si, that is, all the
vertices of the added subpath are contained in Sy, therefore, Sy is consecutive
in P. P is a path spanning all the vertices of &', and according to the
assumptions of the theorem, the subpath added instead of v is a feasible
solution for H[S']. Furthermore, for S; € (S\ (8" U{Sk})), P[S;] = P'[S]],
and therefore is a consecutive subpath. Therefore, P is a feasible solution
for H.

The correctness of the opposite direction is obtained directly from Theorem
B.13 O

Following Theorems [3.1.8] [3.1.9] [3.1.10] in the algorithms described in
this section, we assume that H does not include containing clusters, con-
tained clusters and contained components.

The following theorem focuses on a special structure of the intersection
graph with no feasible solution for the hypergraph.

Theorem 3.1.11. Let H =<V, 8 > be a hypergraph with intersection graph
Gint(S). If there exists clusters {S;, S}, Sj,, Sjs } € S such that:

1. SinS;, #0,8NS;, #0,5NS;, #0
2.5, €S5i,5, €S, S, £S;
8. S, NS, =0,5,n8,=0,8,NS;,=0

Then H does not have a feasible solution of FCTSP.
(See Figure|3.1| for the induced intersection graph on {S;, S}, S}y, Sj, }-)

Si

.7

Figure 3.1: The intersection graph of {S;, S;,,S},, 5, }-
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Proof. Denote by X1 =5;NS;,, Xy =5N5,,, X5 =S5,Nn8,,. Suppose by
contradiction that H has a feasible solution P. According to Theorem [3.1.3]
the induced solutions for X, X5, X3 are consecutive subpaths, denote these
subpaths by Py, Py, P, respectively. Since S;NS;, # 0, 5,05, # 0,5,NS;, #
(0, then Py, P», P; are non-empty. Also, since S;, N S;, = 0,5;, N S;, =
0,55 NS;, =0, then Py, Py, Py are pairwise vertex disjoint.

Without loss of generality, assume that subpaths Py, P», P3 are ordered, not
necessarily consecutively, in P. X7, X5, X3 are contained in 5;, and according
to Theorem [3.1.3] P[S;] is a consecutive subpath. Therefore, every vertex v
that appears between P;, P», P in P, satisfies v € S;.

By condition 2, consider vertex ¢ € (Sj, \ S;). Vertex t cannot appear in
PIS;]. According to the assumptions of the theorem, there exists u € X; that
satisfies u ¢ S;,, and there exists w € X3 that satisfies w ¢ S;,, therefore,
S;, is not consecutive in the solution, as shown in Figure . Contradicting

the fact that P is a feasible solution of FCTSP. ]
Sj, \Si
Py - P P3
| | | | L1 | |
I I | L | L] | |

P[S;]

Figure 3.2: Subpath P[S;] in P, showing where S}, \ S; should appear in a
feasible solution.

3.2 Path Graphs

This section introduces hypergraphs whose intersection graphs are simple
paths (see Definition . For these hypergraphs we show that a feasible
solution of FCTSP always exists, and present Algorithm FindPath (see Fig-
ure where the input is a hypergraph whose intersection graph is a simple
path, and its output is a feasible solution of FCTSP.

Definition 3.2.1. Simple path: A path which traverses each node exactly
once. This is one connected component such that two nodes have degree 1,
and are at the ends of the path, and every other node has degree 2.

16



Lemma 3.2.2. Let H =<V, S8 > be a hypergraph. If its intersection graph
Gint(S) is a simple path, then there are no cliques of size > 3 in Gy (S).

Proof. Suppose by contradiction that G;,.(S) is a path graph and there is
a clique of size > 3 in G;;,:(S). Denote the nodes of the clique by s;,, i, Sis-
The degree of every node of the clique > 2, since each node is connected to
the other two nodes of the clique. We consider two cases:

e G;,:(S) is a path with exactly three nodes. In this case, all the nodes of
Gint(S), Sy, Sip and s;,, are part of the clique. Therefore, the degree of
every node in Gy,(S) is 2, contradicting the definition of a path graph.

e (;(S) is a path with more than three nodes. In this case, since G, (S)
is a connected graph, there exists a fourth node s; which is connected
to at least one node of the clique, s;,,s;, or s;,. Suppose, without loss
of generality, that s; is connected to s;,. In this case, s;, is connected to
three other nodes s;,, s;,,s;. Hence, s;, has degree > 3, contradicting
the definition of a path graph.

]

Corollary 3.2.3. Let H =<V, S > be a hypergraph. If its intersection graph
Gint(S) is a simple path, then Yv € V,nc(v) < 2.

Proof. If v € V such that nc(v) > 3, then there exist S;,, S;,, Si; € S, such
that v € S;; N S;, N S;,. In this case, Gy (S) includes a clique of size 3 on
the corresponding nodes, contradicting Lemma |3.2.2] [

Lemma 3.2.4. Let H =< V,§ > be a hypergraph with a feasible solu-
tion P of FCTSP, whose intersection graph G(S) contains a simple path
S1— 82— ...— 8. Foreveryv € S;;,u € S;,, v € {1,...,k}, the subpath
between v and u in P contains only vertices from U;.C:l Si; -

Proof. The proof is by induction on z.

For x =1, the path between v and u in P contains only vertices from S;,.
Suppose the assumption of the lemma is correct for x — 1, and now prove it
for x.

Let v € S;, u € S;,. Since G, (S) contains the edge (s;, ,,si,), it follows
that S; _,NS;, # 0. Let w € S;,_, NS;,. Since the assumption of the lemma
is correct for x — 1, P contains a path between v and w, denote it by P,
such that P, C P [Uf;ll Si,]. Since P is a feasible solution, it contains a path
between w and u, denote it by P, such that P, C P[S;,]. The union of
P, and P, creates a path, contained in P, between v and u. Since P is a
path, according to Property this is the only path between v and wu.
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The vertices in P; and P, are contained in Uf:_jl Si; U S;,, and thus the path

between v and u uses only vertices from Ule Si; - [

Algorithm 1 FindPath: An Algorithm to find a feasible solution for a
hypergraph whose intersection graph is a simple path
function FINDPATH()

Input:

A hypergraph H =< V, S > whose intersection graph G;,,(S) is a simple
path.

The clusters of the simple path are denoted according to their order in
the path, by Sy,5,...,5,.

Output:

A feasible solution P of FCTSP for H.

begin
Initialize an empty path P.
Add to P a path spanning the vertices in S; \ Ss.

for:=1,.... m—2:
Concatenate to the end of P a path spanning the vertices in
SiNSit.

Concatenate to the end of P a path spanning the vertices in
Sit1 \ (S; U Sita).
end for
Concatenate to the end of P a path spanning the vertices in S,,_1M.S,,.
Concatenate to the end of P a path spanning the vertices in S, \ Sp,_1.
return P.
end function

Figure 3.3: Algorithm FindPath

Theorem 3.2.5. Let H =<V, S > be a hypergraph. If its intersection graph
Gint(S) is a simple path, then H has a feasible solution of FCTSP.

Proof. We Prove that Algorithm FindPath in Figure finds a feasible
solution P for H. According to Lemma Vv € V,nc(v) < 2. Therefore,
we can divide H into the following disjoint subclusters:

{51\ S2,51 N S2, 5\ (S1US3),8 N S3,53\ (S2USy),...}.

The algorithm constructs the path P according to this division. It is easy to
see that P spans all the vertices of H.

In addition, every cluster appears consecutively in the path:
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e The first cluster S;: This cluster is divided to two subclusters S \ Sy
and S; N Sy, that appear consecutively in the path.

e S; € S\ {51, Sn}: This cluster is divided to three subclusters S; N S;_1,
Si\ (S;-1US;11) and S; NS4 1, that appear consecutively in the path,
as shown in Figure [3.4]

e The last cluster S,,: This cluster is divided to two subclusters S,,_1NS,,
and Sy, \ S;,_1, that appear consecutively in the path.

Hence, the algorithm constructs a feasible solution of FCTSP for H. m

1 5‘!.+l
.//.____“_\ *—eo Gﬂ

SinSi—y  Si\Si—1USit1) SN Sia
Figure 3.4: The subclusters of cluster S; in the proof of Theorem [3.2.5]

Theorem 3.2.6. Verifying whether the intersection graph of a hypergraph
H =< V.8 > is a simple path can be performed in O(m) time complexity,
where m = |S|.

Proof. In order to verify that G;,,(S) is a simple path, we parse Vp in O(m)
time complexity, and verify that there are exactly two nodes with degree 1,
and all other nodes have degree 2. The next step is to verify that G (S)
is connected, using DFS algorithm. The general time complexity of DFS
algorithm is O(|V| + |E|). However, in our graph, we already know that
|E| = O(]V]) = O(m), and therefore performing DFS on this graph requires
O(m) time complexity. Hence, the total time complexity of verifying that
Gint(S) is a simple path is O(m). O

Theorem 3.2.7. The time complexity of Algorithm FindPath is O(m?+nm),
n=1|V],m=|S|.

Proof. In order to find node s;, we parse Vp in O(m) time complexity, and
search for a node which has degree 1. In order to find ss, that is, the node
which is a neighbour of s1, we process the row of s; in Mg, looking for a cell
which has a positive value. This can be done in O(m) time complexity. After
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that, we calculate Sy \ Se and S; N .Sy, by processing the columns of Sj, S5 in
My, and looking for cells with value 1 only in the column of S; or in both
columns, respectively. The time complexity of this step is O(n). Similarly,
we find for every cluster S;;1, i € {1,...,m — 2}, the clusters it intersects
with, S; and S;,», using M, and process the columns of S;, S;y1, Siio in My
in order to calculate S; N S;11 and S;q1 \ (S; U Sit2). The time complexity
for calculating which subclusters are relevant to each cluster is O(m), and
the time complexity for calculating the vertices in each subcluster is O(n).
Since there are m clusters to process, the total time complexity of Algorithm
FindPath is O(m(m + n)) = O(m?* + nm). O

3.3 Chordless Cycle Graphs

This section introduces hypergraphs whose intersection graphs are chordless
cycles (see Definition and Figure . For these hypergraphs we show
that if the size of the cycle of the intersection graph is m > 4, then there is
no feasible solution of FCTSP. We present Algorithm DelCycle (see Figure
where the input is a hypergraph whose intersection graph is a chordless
cycle of size m > 4, and its output is a minimum cardinality feasible removal
list.

A cycle graph with exactly 3 nodes is also a clique of size 3, and will be
handled by the algorithm for a clique of size m = 3. Therefore, the following
section will only deal with chordless cycle graphs with at least 4 nodes.

Definition 3.3.1. Chordless cycle: A connected path where every node
has degree 2.

Figure 3.5: An example of a chordless cycle graph with m = 6.

Property 3.3.2. Removing any edge from a chordless cycle, creates a simple
path.

Lemma 3.3.3. Let H =< V,§ > be a hypergraph. If its intersection graph
Gint(S) is a chordless cycle, then each cluster in H has a non-empty inter-
section with exactly two other clusters.
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Proof. This lemma is derived directly from the definition of a chordless
cycle. O]

Property 3.3.4. Let H =<V, S > be a hypergraph. If its intersection graph
Gint(S) is a chordless cycle of size m > 4, then there are no cliques of size

Corollary 3.3.5. Let H =< V| S > be a hypergraph. If its intersection graph
Gint(S) is a chordless cycle of size m > 4, then Yv € V, ne(v) < 2.

Proof. If v € V such that nc(v) > 3, then there exist S;,, S;,, Si; € S, such
that v € S;; N S;, N S;,. In this case, Gy (S) includes a clique of size 3 on
the corresponding nodes, contradicting Lemma [3.3.4] O

Corollary 3.3.6. Let H =< V| S > be a hypergraph. If its intersection graph
Gint(S) is a chordless cycle of size m > 4, then there are no S;, S; € S such
that Sj Q Sz

Proof. Suppose by contradiction that there exists a cluster \S; that is con-
tained in another cluster S;. According to Corollary [3.3.3] each cluster in H
intersects with exactly two other clusters. Therefore, S; intersects with some
other cluster Si. Since S; C S;, S; NSk C S;, and therefore S;N.S; NSy, # 0,
contradicting Lemma |3.3.4] ]

Theorem 3.3.7. Let H =<V, § > be a hypergraph. If its intersection graph
Gint(S) is a chordless cycle of size m > 4, then H does not have a feasible
solution of FC'TSP.

Proof. Suppose by contradiction that H has a feasible solution P of FCTSP.
According to the assumption of the theorem, G;,,(S) is a chordless cycle. Let

the nodes in the cycle be s; — so — ... — s, — s1. Denote the labels of the
clusters by Si,...,S,, according to the order of the corresponding nodes in
Gint(S).

Let 8" = {51, 52, 53}. According to Theorem|3.1.5{ P[S’] is a feasible solution
for H[S'], denote this solution by P’'. G;n:(S’) is a simple path s; — s9 — s3.
According to Lemma|3.1.4 P’ is a consecutive subpath. According to Lemma
3.2.4] for every v € Sy, u € Ss, the subpath in P’ between v and u contains
only vertices from S, Ss,S5. Since S; N S3 = (), P’ contains at least one
vertex from S,.

Let 8" = {S1,m,Sm-1,.-.,54,53}. According to Theorem , P[S"]
is a feasible solution for H[S”], denote this solution by P”. G;,(S") is a
simple path s; — S, — Sm—1 — ... — 84 — s3. According to Lemma [3.1.4]
P" is a consecutive subpath. According to Lemma [3.2.4] for every v €
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S1,u € S3, the subpath in P” between v and u contains only vertices from
S1,Sms Sm_1,-..,54,53. Since S; NS = (), P” contains at least one vertex
from S, U...US,,.

SoN(S4U...US,,) = 0, therefore P’ and P” are two disjoint subpaths, except
for the two endpoints. Hence, there are two disjoint subpaths between v and
u in P, contradicting Property of a simple path. O

Lemma 3.3.8. Let H =<V, S8 > be a hypergraph, whose intersection graph
Gint(S) is a chordless cycle of size m > 4. Removing edge (S;,, Si,) from the
cycle in Gy (S) requires removing intersection S;, N S;, from H.

Proof. According to Corollary [3.3.5] each intersection of clusters from H is
the intersection of exactly 2 clusters. In addition, according to Definition
2.0.2] there is an edge (s;,, 8i,) € Gine(S) if and only if S;, N S;, # 0. There-
fore, removing an edge from the cycle in G;,,;(S) requires choosing i # j such
that S;, NS, # 0, and removing S;, N S;, either from S;, or from S, . O]

Algorithm 2 DelCycle: An Algorithm to find a minimum cardinality fea-
sible removal list for a hypergraph whose intersection graph is a chordless
cycle

function DELCYCLE()

Input:

A hypergraph H =< V, S > whose intersection graph G;,(S) is a
chordless cycle of size m > 4.

The clusters of the chordless cycle are denoted according to their order in
the cycle, by S, S, ..., Sm.

Output:

A minimum cardinality feasible removal list L for H.

begin
for each cluster S; € S :
Calculate S;"' = S; N S(i41) mod m-
end for
Find i* = argmin{|S;"|}.

1<i<m
L - (Si*m, Sz*)
return L.
end function

Figure 3.6: Algorithm DelCycle
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Example 3.3.9. Let H =<V, S > be a hypergraph, whose intersection graph
Gint(S) is a chordless cycle of size m = 4. Figure shows an example for
Algorithm DelCycle. Intersection Sy NSy is with minimum cardinality, and
therefore Sy NSy will be removed from Sy. Note that Sy N ST may be removed
from Si instead of Sy.

After the removal, P = (1,2,12,3,4,5,13,14,6,7,8,9,10,11,15) is a feasible
solution of FCTSP. The removed section is marked by red in the figure.

28
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Figure 3.7: Example |3.3.9,

Theorem 3.3.10. Let H =< V,§ > be a hypergraph, whose intersection
graph G (S) is a chordless cycle of size m > 4. Algorithm DelCycle finds a
feasible remowal list for H.

Proof. Algorithm DelCycle finds a removal list which removes exactly one
edge from G;,4(S). According to Property removing one edge from the
cycle changes the intersection graph into a simple path. Hence, according to
Theorem [3.2.5] H \ L has a feasible solution of FCTSP. O

Theorem 3.3.11. Let H =< V,§ > be a hypergraph, whose intersection
graph G (S) is a chordless cycle of size m > 4. Algorithm DelCycle finds a
mainimum cardinality feasible remowal list for H.

Proof. According to Theorem [3.3.7] H has no feasible solution of FCTSP
when the intersection graph is a chordless cycle of size m > 4. Therefore,
every feasible removal list has to contain at least one edge from the inter-
section graph. According to Lemma [3.3.8] that requires choosing i # j,
i,j € {1,...,m}, such that S; NS; # 0 and removing S; N S; either from
S; or from S;. Algorithm DelCycle finds such a pair with minimum cardi-
nality of S; N S;, for those pairs that verify S; N'S; # (. Therefore, the
algorithm finds a minimum cardinality feasible removal list for H, where the
intersection graph of it is a chordless cycle of size m > 4. O
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Theorem 3.3.12. Verifying whether the intersection graph of a hypergraph
H =< V,8 > is a chordless cycle can be performed in O(m) time complexity,
where m = |S|.

Proof. In order to verify that G;,(S) is a chordless cycle, we parse Vp in
O(m) time complexity, and verify that the degree of each node is 2. The
next step is to verify that Gy,;(S) is connected, using DFS algorithm. In our
graph, we already know that |E| < 2m = O(m), and therefore performing
DFS on this graph requires O(m) time complexity. Hence, the total time
complexity of verifying that Gin(S) is a chordless cycle is O(m). O

Theorem 3.3.13. The time complexity of Algorithm DelCycle is O(m?+n),
n=1V],m=|S|.

Proof. Since each cell in Mg stores the size of the appropriate intersection,
finding an intersection with a minimum cardinality can be done by scanning
Mg, looking for a cell with a minimum positive value, in O(m?) time com-
plexity. Denote by S;, S; 11 the clusters of the minimum intersection. In order
to find the vertices in this intersection, we process the columns of 5;,.5;,1 in
My, looking for columns with value 1 in both columns, which can be done
in O(n) time complexity. Hence, the total time complexity of Algorithm
DelCycle is O(m? + n). O

Remark 3.3.14. In the following sections, we will also consider removing
Si\ S; from S;. Howewver, in the case of an intersection graph which is a
chordless cycle, there is always a minimum removal list which is not S; \ S;.
Since every cluster in H intersects with exactly two other clusters, then for
every cluster S; € S, S; N S;_1 CS; \ Siy1 and S; N S;11 € S;\ S;_1. Hence,
removing S; N S;11 or S; N S;_1 is at least as good as removing S; \ Siy1 or

S\ Si_y.

3.4 Tree Graphs

This section introduces hypergraphs whose intersection graphs are trees (see
Definition and Figure [3.8). For these hypergraphs we show that if
the intersection graph is a tree that is not a simple path with no contained
clusters, then there is no feasible solution of FCTSP. We will use this theorem
in the following sections, that include special cases of trees.

Definition 3.4.1. Tree: A connected component that does not contain any
cycles.
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Figure 3.8: An example of a tree graph.

Property 3.4.2. Removing an edge from a tree splits it into two connected
components, each one of them is a tree.

Property 3.4.3. In a tree (or a simple path), there is exactly one path
between every pair of nodes.

Property 3.4.4. Let H =<V, S > be a hypergraph. If its intersection graph
Gint(S) is a tree, then there are no cliques of size > 3 in G (S).

Corollary 3.4.5. Let H =<V, S8 > be a hypergraph. If its intersection graph
Gint(8S) is a tree, then Yv € V,nc(v) < 2.

Proof. Suppose by contradiction that Jv € V' such that nc(v) > 3. There-
fore, there exist S;,,5;,, 5, € S, such that v € S;, NS, N.S;,. In this case,
Gint(S) includes a clique of size 3 on the corresponding nodes, contradicting

Lemma [3.4.4 O

Corollary 3.4.6. Let H =<V, S > be a hypergraph whose intersection graph
Gint(S) is a tree. If there are no contained clusters in H, then there are no

S, S; € S such that S; C 5;.

Proof. Suppose by contradiction that there exist clusters S;,5; € S such
that S; € S;. Since there are no contained clusters in H, according to
Definition [2.0.10} there exists some other cluster Sy € (S\ {S;,5;}) such
that S; NSk # 0. Since S; C S;, S;NS, C S;, and therefore S;NS; NSy, # 0,
contradicting Lemma O

Lemma 3.4.7. Let H =< V,§ > be a hypergraph whose intersection graph
Gint(S) is a tree. If Gini(S) is not a simple path, there exists a node in
Gint(S) with degree > 3.

Proof. If G;,(S) does not have a node with degree 3, it is a simple path,
according to Definition [3.2.1] O

Theorem 3.4.8. Let H =<V, 8 > be a hypergraph whose intersection graph
Gint(S) 1s a tree. If G (S) is not a simple path, and there are no contained
clusters in Gy (S), then H does not have a feasible solution of FCTSP.
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Proof. According to Lemma [3.4.7] there exists a node s; with degree > 3
in Gint(S). s; has at least 3 neighbours, s;,sj,,s;,. Hence, S; N S; #
0,5, NS;, # 0,5 NS;, # 0. Since there are no contained clusters, and
according to Corollary , Sy € Si, S5, € Si,Sj, € S;. Since G (S) is a
tree and does not contain cycles of size 3, then according to Lemma |[3.4.4
S, NS, =0,8,n8;, =0,5,nS;, = 0. Hence, according to Theorem
B.I.1T} H does not have a feasible solution of FCTSP. O

Example 3.4.9. Let H =<V, S > be a hypergraph whose intersection graph
Gint(S) is a tree. Note that if H has contained clusters then it might have
a feasible solution of FCTSP even though G (S) is a tree that is not a
simple path. An example is given in Figure [3.9. For this hypergraph, P =
(5,4,2,1,3,6) is a feasible solution of FCTSP.

H Gine
S, ={1,2,3}
S, =1{2,4,5}
S; ={3,6}
Sy = {4} ]
Ss = {5} >4

Figure 3.9: Example [3.4.9

3.4.1 Star Graphs

This section introduces hypergraphs whose intersection graphs are stars (see
Definition and Figure . A star is a special case of a tree. Since
a star is a special case of a tree, according to Theorem [3.4.8] if there are no
contained clusters, when the intersection graph of H is a star with k& > 3
leaves, it has no feasible solution of FCTSP. We present Algorithm DelStar
(see Figure where the input is a hypergraph whose intersection graph
is a star, and its output is a minimum cardinality feasible removal list.

A star with k& < 2 leaves is also a simple path, and was handled in a previous
section. Therefore, the following section will only deal with stars with at
least 3 leaves.

Definition 3.4.10. Star: A tree with one internal node and k leaves, for
k> 1. A star is K, (see Definition [3.5.1]).
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Figure 3.10: An example of a star graph with k = 5 leaves.

Algorithm 3 DelStar: An Algorithm to find a minimum cardinality feasible
removal list for a hypergraph whose intersection graph is a star

function DELSTAR()

Input:

A hypergraph H =< V| § > whose intersection graph

Gint(S) = (Vipt, Eint) s a star with k leaves. Denote by s* the center of
the star.

Output:

A minimum cardinality feasible removal list L for H.

begin
Initialize an empty list L.
Initialize a list Leaves = Vi, \ s*.
for each s; € Leaves :
Calculate S = S; N S*.
Calculate S;” = S; \ S*.
end for
fori=1,....k—2:
Find j* = argmin {S;", S;”}.

s;€ Leaves
if ]Sj*” < Sj*D :
Add (Sj*m, Sj+) to L.
else
Add (Sj*D, Sj+) to L.
end if
Remove node s;+ from Leaves.
end for
return L.
end function

Figure 3.11: Algorithm DelStar
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Example 3.4.11. Let H =< V,§ > be a hypergraph, whose intersection
graph G (S) is a star with k = 4. Figure shows an example for Al-
gorithm DelStar. A minimum cardinality removal list is removing Sy \ S*
from Sy, transforming Sy to a contained cluster, and also removing Sy N S*
from Sy, transforming Sy to a singleton node. After the removal, P =
(14,15,12,13,1,2,4,8,9,10,11,5,6,7) is a feasible solution of FCTSP. Note
that after the vertices remouval, vertex 3 is not contained in any of the clusters
and therefore is not in the solution path. The removed sections are marked
by red in the figure.

Figure 3.12: Example [3.4.11}

Lemma 3.4.12. Let H =<V, § > be a hypergraph, whose intersection graph
Gint(S) is a star. If the number of leaves in Gy (S) is k < 2, then Gy (S)
1s a simple path.

Proof. If there are 2 leaves, then the degree of s* is 2. Furthermore, the
degree of each leaf is 1. Therefore, according to Definition [3.2.1, G;,4(S) is a
simple path, where s* is at the center of this path. O

Theorem 3.4.13. Let H =< V,§ > be a hypergraph, whose intersection
graph G (S) is a star. Algorithm DelStar finds a feasible removal list for
H.

Proof. Let G;:(S \ L) be the intersection graph for H \ L, where L is the
output of Algorithm DelStar. At the end of the algorithm, & — 2 nodes in
Gint(S\ L) meet one of the following conditions:

1. For every S; € S such that S; N'S* was removed from S, node s;
becomes a singleton node, not connected to any other node in G (S '\

L). Note that (S;\ (S;NS*))NS; =0 for every S; € (S\ {5;}).
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2. For every S; € S such that S; \ S* was removed from S;, node s;
becomes a contained cluster. Note that (S;\ (S;\ S*)) N S; = 0 for
every S; € (S\ {S;,5*}) and (S; \ (S;\ S*)) C S*.

Therefore, at the end of the algorithm, G;(S \ L) contains at most three
nodes that do not correspond to contained clusters or singleton clusters.
These three nodes include s* and two more nodes that were leaves in G, (S).
Therefore, according to Lemma [3.4.12] G;,(S \ L) is a simple path, and
according to Theorems |3.1.2} [3.1.9 [3.2.5, H \ L has a feasible solution of
FCTSP. ]

Theorem 3.4.14. Let H =< V,§ > be a hypergraph, whose intersection
graph Gin(S) is a star. Algorithm DelStar finds a minimum cardinality
feasible remowal list for H.

Proof. According to Lemma [3.4.12) and to Theorem [3.4.8] if there are no
contained clusters in G;(S), and if H has a feasible solution, then the
center of the star can be connected to at most two nodes. Therefore, if
k > 3, every feasible removal list has to remove vertices from at least k£ — 2
clusters, transforming each one of these clusters either to a singleton cluster
or to a contained cluster.

Since every leaf s; is connected with an edge only to s*, deleting S; N S*
or S; \ S* from S; does not change any other cluster in H. Hence, we
can calculate the removal from each cluster independently from the other
clusters. The minimum removal from a cluster S; is removing the minimum
of {|S; N S*|,|S; \ S*|} from S;.

Algorithm DelStar finds a removal list which removes minimum number of
vertices from exactly k — 2 clusters as described above, and therefore the
algorithm finds a minimum cardinality feasible removal list for H, where the
intersection graph of it is a star. O

Theorem 3.4.15. Verifying whether the intersection graph of a hypergraph
H =< V.8 > is a star with k leaves can be performed in O(m) time com-
plezity, where m = |S]|.

Proof. In order to verify that G;,,(S) is a star with k& > 2 leaves, we parse
Vp in O(m) time complexity, and check that there is exactly one node whose
degree is > 2, and all other nodes have degree 1. The next step is to verify
that Gy, (S) is connected, using DFS algorithm. In our graph, we already
know that |F| < 2m = O(m), and therefore performing DFS on this graph
requires O(m) time complexity. Hence, the total time complexity of verifying
that G (S) is a star with k leaves is O(m). O
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Theorem 3.4.16. The time complexity of Algorithm DelStar is O(mn), n =
V],m = [S].

Proof. In order to find node s*, the center of the star, we parse Vp in O(m)
time complexity, and search for a node which has degree > 2. The sizes of
the intersections between the leaves and s* are stored in the row of s* in
M. The sizes of the differences between the leaves and s* can be found by
calculating the difference between the size of the appropriate cluster, stored
in Vs, and the size of the intersection with s*, stored in Mg, in O(m) time
complexity.

Next we need to find k — 2 clusters with minimum cardinality of intersection
or difference. Instead, we find the 2 clusters with maximum cardinality.
This can be done in O(m) time complexity, and marks the two clusters
which remain connected to s*. Then, for each of the other k — 2 clusters, we
choose the minimum removal, by comparing the sizes of the intersection and
difference of the corresponding cluster with s*. In order to find the vertices
in this removal, we process the columns of S* and the appropriate cluster
in My, in O(n) time complexity. Since there are O(m) leaves, the time
complexity of this step is O(mn), and therefore, the total time complexity
of Algorithm DelStar is O(mn). O

Remark 3.4.17. Removing S;NS™ from S; or from S* contributes the same
number of vertices removal. Therefore, there is a minimum cardinality fea-
sible removal list which does not remove S; N S* from S*. Also, since for
every S;, whose corresponding node in the intersection graph is a leaf, S*\ S;
contains S* N Sy for some k # j, there is a minimum cardinality feasible
removal list which does not remove S*\ S; from S*. Therefore, all removals
can be done not from S*.

3.4.2 Star with Paths Graphs

This section introduces hypergraphs whose intersection graphs are stars with
paths (see Definition and Figure . A star with paths is a spe-
cial case of a tree, and an extension of a star. Since a star with paths is a
special case of a tree, according to Theorem [3.4.8] if there are no contained
clusters, when the intersection graph of H is a star with paths and there are
k > 3 paths, it has no feasible solution of FCTSP. We present Algorithm
DelStarWithPaths (see Figure , where the input is a hypergraph whose
intersection graph is a star with paths, and its output is a minimum cardinal-
ity feasible removal list. Algorithm DelStarWithPaths is similar to Algorithm
DelStar, with one change. In Algorithm DelStar we remove vertices from the
clusters that correspond to leaves in the intersection graph. In algorithm
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DelStarWithPaths we remove vertices from clusters that correspond to the
nodes that are neighbours of the center of the star in the intersection graph.
A star with & < 2 paths is also a simple path, and was handled in a previous
section. Therefore, the following section will only deal with stars with at
least 3 paths.

Definition 3.4.18. Star with Paths: A tree with one internal node and k
paths (instead of leaves), for k > 1, such that each path is connected to the
internal node at one end of the path.

Figure 3.13: An example of a star with paths graph with £ = 5 paths.

Algorithm 4 DelStarWithPaths: An Algorithm to find a minimum car-
dinality feasible removal list for a hypergraph whose intersection graph is a
star with paths

function DELSTARWITHPATHS()

Input:

A hypergraph H =< V, S > whose intersection graph G;,,(S) is a star
with k paths. Denote by s* the center of the star.

Output:

A minimum cardinality feasible removal list L for H.

begin
Initialize an empty list L.
Denote &' = S*U{S" | §' € S,5 NS* # 0}.
Denote H' = H|[S'].
L = DelStar(H").
return L.
end function

Figure 3.14: Algorithm DelStarWithPaths
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Example 3.4.19. Let H =< V.8 > be a hypergraph, whose intersection
graph Gy (S) is a star with k = 4 paths. Figure shows an example
for Algorithm DelStarWithPaths. A possible minimum cardinality removal
list is removing S1 \ S* from Sy, transforming s; to a contained cluster
in s*, that is not connected to the rest of its path. Furthermore, remov-
ing S3 N S* from Ss, transforming ss to a cluster that is not connected to
the center s*, but is connected to the rest of its path. After the removals,
P = (19,14,15,12,13,1,2,3,4,8,9,10,11, 16,20,5,6,7,17,18) is a feasible
solution of FCTSP. Note that after the vertices removal, vertexr 21 s not
contained in any of the clusters and therefore is not in the solution path.

The removed sections are marked by red in the figure.

Figure 3.15: Example [3.4.19]

Theorem 3.4.20. Let H =< V,§ > be a hypergraph, whose intersection
graph G (S) is a star with paths. Algorithm DelStar WithPaths finds a fea-
sible removal list for H.

Proof. Let G;;:(S \ L) be the intersection graph for H \ L, where L is the
output of Algorithm DelStarWithPaths. Similarly to the proof of Theorem
3.4.13, at the end of the algorithm we get k — 2 paths that are disconnected
from s*. After the removal, k — 2 nodes in G;,,;(S \ L), which are neighbours
of s*, correspond to clusters that meet one of the following conditions:

1. For every S; | s; is a neighbour of s*, such that S; N S* was removed
from S; in Algorithm DelStar, node s; is disconnected from s* in
Gint(S '\ L), but is connected to the rest of its path.

2. For every S; | s; is a neighbour of s*, such that S; \ S* was removed
from S; in Algorithm DelStar, node s; becomes a contained cluster,
that is (55 \ (S;\ %)) C S*, and s; is disconnected from the rest of its
path.

32



In Gt (S '\ L), s* has at most two neighbours. Each neighbour is a part
of a simple path. It is easy to show that s* and these two paths create a
connected component which is a simple path, where s* is at the center of this
path. Therefore, according to Theorems [3.1.2} 3.1.9)and 3.2.5, H \ L has a
feasible solution of FCTSP. m

Theorem 3.4.21. Let H =< V,§ > be a hypergraph, whose intersection
graph G (S) is a star with paths. Algorithm DelStar WithPaths finds a min-
imum cardinality feasible removal list for H.

Proof. Based on the proof of a star graph of Theorem [3.4.14] if & > 3,
every feasible removal list has to remove vertices from at least k — 2 clusters.
Note that if H does not have a feasible solution, removing vertices from a
cluster that corresponds to a node that is not a neighbour of s* does not
affect the feasibility, since s* is still part of a structure that does not have
a feasible solution, according to Theorem Therefore, we need to
remove vertices from at least k — 2 clusters, that correspond to nodes in the
intersection graph that are neighbours of s*. Hence, we need to transform the
star which is composed from s* and its neighbours. According to Theorem
[3.4.14] the algorithm finds a minimum cardinality feasible removal list for
this star, which is also a minimum cardinality feasible removal list for H,
where the intersection graph of it is a star with paths. O

Theorem 3.4.22. Verifying whether the intersection graph of a hypergraph
H =< V,8 > is a star with k paths can be performed in O(m) time complez-
ity, where m = |S|.

Proof. In order to verify that G;;(S) is a star with k£ > 2 paths, we parse
Vp in O(m) time complexity, and check that there is exactly one node whose
degree is > 2, and all other nodes have degree 1 or 2. We check that G;,;(S)
is a connected graph that contains no cycles, using DFS algorithm. In our
graph, we already know that |E| < 3m = O(m), and therefore performing
DFS on this graph requires O(m) time complexity. Hence, the total time
complexity of verifying that G, (S) is a star with k paths is O(m). O

Theorem 3.4.23. The time complezity of Algorithm DelStar WithPaths is
O(nm?), n = |V|,m = |8].

Proof. In order to find node s*, the center of the star, we parse Vp in O(m)
time complexity, and search for a node which has degree > 2. Then, we create
the induced hypergraph of S* and its neighbours, by initializing a new matrix
My', which contains the columns of S* and its neighbours. The neighbours
can be found by processing the row of s* in Mg, looking for cells with a
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positive value, in O(m) time complexity, and initializing My" can be done in
O(nm) time complexity. According to Theorem creating the induced
intersection graph for H’' can be performed in O(nm?) time complexity. In
the last step of the algorithm, we run Algorithm DelStar on the induced
hypergraph and intersection graph. According to Theorem [3.4.16| this can
be performed in O(mn) time complexity. Hence, the total time complexity
of Algorithm DelStarWithPaths is O(nm?). O

3.4.3 Caterpillar Tree Graphs

This section introduces hypergraphs whose intersection graphs are caterpillar
trees (see Definition and Figure . A caterpillar tree is a special
case of a tree. Since a caterpillar tree is a special case of a tree, according
to Theorem [3.4.8| if there are no contained clusters, when the intersection
graph of H is a caterpillar tree which is not a simple path, it has no feasible
solution of FCTSP. We present Algorithm DelCaterpillar (see Figure ,
which is a dynamic programming algorithm where the input is a hypergraph
whose intersection graph is a caterpillar tree, and its output is a feasible
removal list.

Definition 3.4.24. Caterpillar Tree: A tree that containes a path, called
the central path, and all other nodes are with distance of at most 1 from the
central path. The nodes that are not part of the central path are denoted as

Figure 3.16: An example of a caterpillar tree graph.

Property 3.4.25. In a caterpillar tree, removing all the leaves and the edges
connecting them to the central path creates a path.

Property 3.4.26. The central path of a caterpillar tree includes all the nodes
with degree > 2 in the graph.

Property 3.4.27. A caterpillar tree is a collection of stars, such that their
centers are connected by a path. The centers of the stars are the nodes with
degree > 2 in the graph.
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Example 3.4.28. Let H =< V,S§ > be a hypergraph, whose intersection
graph Gy (S) is a caterpillar tree with central path sy, ..., Sk. An algorithm
which considers independently the nodes in the central path of the tree might
not giwe a minimum cardinality result. Consider, for example, the intersec-
tion graph described in Figure . For simplicity, the cost of edge (s;, s;) is
marked as the number of vertices in |S; N.S;|. If we consider only node s; we
might choose to remove Sy N Sy from Sy (removal of 2 vertices). If we con-
sider only node sy we might choose to remove Sy NSy from Sy (removal of 2
vertices). However, removing S; N Sy from Sy gives a better overall solution,
with a total removal of 3 vertices.

S3  Sa S5 Se

Figure 3.17: Example [3.4.28]

In the case of a caterpillar tree graph, we present a dynamic programming
algorithm, which finds a feasible removal list. The dynamic programming al-
gorithm gives better results than an algorithm which considers independently
the nodes in the central path of the tree. However, this algorithm might not
give a minimum cardinality result, as we show later in this section in Exam-

ple 3.4.31}

The Dynamic Programming Functions used in the Algorithm:
G(i) = The cost for a feasible removal list of H[S,...,S;], after removing
edge (s;, Sit1)-
F(i) = The cost for a feasible removal list of H|[Si,...,S;,S; N S;+1], when
edge (s, s;+1) stays in the graph.
We denote:

e [%9+1 = The feasible removal list for disconnecting s; from s;,; in
Gint(S), or transforming one of those clusters to a contained cluster
in the other cluster. That is, a feasible removal list with a minimum
number of vertices considering {(S;N.S;+1, 5:)}, {(Si\Siz1, i)}, {(Sit1\
Siy Sie1)}-
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e cost(s;,s;) = |L°"%], that is, the cost of removing edge (s;,s;) from

Gint(8S).
o S(1) =S5, U{S"|S" € (S\{Si}),S NS; # 0}, that is, the subset of S;

and the clusters which correspond to neighbours of s; in G, (S).
e H(i)= H[S(i)], for 1 <i<m.

° Hii(l) = H[S(l) \ {Si_l,si+1}]7 for 2 < ¢ < m—1. That is, H(Z)
without clusters S;_1,S;+1, so that edges (s;,si—1), (i, Six1) are not
included in its intersection graph.

o H (i) = H[S() \ {Si—1}], for 2 < i < m. That is, H(i) without
cluster S;_1, so that edge (s;, s;—1) is not included in its intersection
graph. In the intersection graph of H~*(i), for 2 <i < m — 1, we set
cost(8;, Siy1) = 00.

o HT (i) = H[S(i) \ {Siz1}], for 1 <i <m — 1. That is, H(:) without
cluster S;i1, so that edge (s;, s;+1) is not included in its intersection
graph. In the intersection graph of H™ (i), for 2 <i < m — 1, we set
cost(S;, Si—1) = 00.

e H™(i) = H[S(i)], for 1 < i < m. That is, H""(i) includes both
neighbours that are part of the central path, s;_; and s;,q, if those
neighbours exist in the intersection graph. In the intersection graph of
H* (i), for 1 <i < m—1, we set cost(s;, $;4+1) = 00, and for 2 < i < m,
we set cost(s;, s;_1) = 00.

o L~(i), L t(i), LT (4), LT (i) are removal lists for
H==(i), H " (:), H" (i), H"" (i), respectively.

Note that if edges (s;, ;1) or (s;, si+1), which are part of the central path,
are included in the intersection graph of H (i), the algorithm assigns cost oo
to those edges, to ensure that these edges will not be removed by Algorithm

DelStar.
We also denote:

— GU—-1)+|L@)| < F@—1)4|LT ()]
4+ otherwise

{_ G(i — 1) +|L~F(i)| < F(i — 1) + |[LT ()]
+ otherwise
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Algorithm 5 DelCaterpillar: A Dynamic Programming Algorithm to find
a feasible removal list for a hypergraph whose intersection graph is a cater-
pillar tree

function DELCATERPILLAR()

Input:

A hypergraph H =< V, S > whose intersection graph G;,(S) is a
caterpillar tree with k£ nodes in the central path. The clusters
corresponding to the nodes of the central path are denoted according to
their order in the path, by Sy, .5, ..., Sk.

Output:

A feasible removal list L.

begin

Initialize an empty list L.

Let LT~ (1) = DelStar(H=(1) \ L552) U L5152,

Let L1t (1) = DelStar(H*T(1)).

G(1) = |LT(1)].

F(1) = |17+ (1)]

Set X,(1)="4+",X¢(1)="+".

fori=2...k—1:
if L%-1% = {(S;\ S;_1,5;)}, then set L%+ = ().
Let L~ (i) = DelStar(H—— (i) \ (LSi-15i U LSSi1)) U [SSit1,
Let LY (i) = DelStar(H*= (i) \ L5%+1) U L%%+1,
Let L= (i) = DelStar(H=*(i) \ L%-15).
Let L™t (i) = DelStar(H**(7)).
G(i) = min{G(i —1) + |[L7~ ()|, F(i = 1) + [L* (1) }.
F(i) = min{G(i — 1) + [L77(@)[, F(i — 1) + [LTT(D)]}-
Calculate the appropriate X, (i), X (7).

end for

Let L= (k) = DelStar(H=* (k) \ L~15%).

Let L™t (k) = DelStar(H*(k)).

F(k) =min{G(k — 1)+ |L " (k)|, F(k — 1) + |LT" (k)| }.

Calculate the appropriate X (k).

Let L = RestoreCaterpillar(L~—, L=, LT, LT X , X¢).

return L.

end function

Figure 3.18: Algorithm DelCaterpillar
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Algorithm 6 RestoreCaterpillar: An Algorithm which restores the fea-
sible removal list from the removal lists constructed by Algorithm DelCater-
pillar

function RESTORECATERPILLAR()

Input:

A set of lists L=, L™, L™=, L™ used to construct a feasible removal list
for H, and two lists X,, X; used to restore the feasible removal list.
Output:

A feasible removal list L.

begin
Initialize an empty list L.
Define lastStep =" + 7.

fori==Fk, ... 1:
if lastStep ==" +7 : [l
if Xf(l) —— 7

Add L="(7) to L.
Set lastStep =" — 7.
else
Add L*(7) to L.
Set lastStep =7 + 7.
end if
else
if X,(i)=="-"":
Add L= (i) to L.
Set lastStep =" — 7.
else
Add Lt (i) to L.
Set lastStep =" + 7.
end if
end if
end for
return L.
end function

Figure 3.19: Algorithm RestoreCaterpillar

Remark 3.4.29. Note that variable lastStep is set to” +7 at the beginning
of the algorithm. Since X, (k) is not defined, this step assures that for i =k,
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the first condition (marked by ! in Algorithm RestoreCaterpillar) is true,
and therefore, we always look at X¢(k) for i = k.

Example 3.4.30. Let H =< V.S > be a hypergraph, whose intersection
graph G (S) is a caterpillar tree. Figure shows an example for Algo-
rithm DelCaterpillar. The results of the algorithm are:

G(1)=2+0=2, X,(1)="+7",L*T (1) = {18,19}

F(1)=1, X;(1)="+",LT(1) = {7}

G2)=14+min{2+0,14+0} =2, X,(2) ="+",L~(2) = {20}, LT (2) =
{20}

F(2) = min{2+0,1+2} = 2, X;(2) =7 =7, L~+(2) = {}, L**(2) = {10,11}
F(3) = min{2+ 1,243} = 3, X;(3) = 7 — 7, L~"(3) = {31}, LTH(3) =
{31,12,13}

We now look at G(i) for i =2 as an example, and explain in detail the way
the algorithm performs the calculations. For G(2), edge (si, siv1) = (S2,S3)
is removed. Note that |Sy N S| < Sy \ Ss|, and also |Sy N S3| < |93\ Sal.
Sy N Sz = {20}, and therefore, the cost of removing this edge is 1. After
removing edge (sq, s3), there are two options for removals in this step:

e Removing edge (s1,s2), that is, looking at G(1), and then checking the
removals for a star whose center is so. In this case, no additional
removals from the star are required, therefore, the cost is G(1) +0 =
2+0.

o Keeping edge (s1,82), that is, looking at F(1) and then checking the
removals for a star whose center is sy. In this case, no additional
removals from the star are required, therefore, the cost is F(1) +0 =
1+40.

Hence, the total cost is G(2) = |Sy N S3| + min{G(1) + 0, F(1) + 0} =
1+ min{2,1} =2, and the corresponding removal list is LT~ (2) = {20}.
Restoring the minimum cardinality feasible removal list:

o Since X;(3) =" =", we add L~(3) = {(So \ Ss3,S9)} to L, and then

we look at X,(2). Sy is transformed to a contained cluster.

o Since X,(2) =" 4", we add L*~(2) = {(S2N S3,52)} to L, and then
we look at X(1). Since we consider a value of X,, edge (sa,s3) is
removed, and we disconnect between sy and sz in the central path.

o Since X;(1) =" 4", we add L**(1) = {(S1 NS4, S4)} to L. Since we
consider a value of Xy, edge (s1, 2) is not removed. Sy is transformed
to a singleton node.
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After the removal,

P =1(21,22,23,24,8,9,7,1,2,18,19, 3,4,10, 11, 25, 26, 27,28, 12, 13, 20, 5, 6,
16,17,14, 15,29, 30)

15 a feasible solution of FCTSP. Note that after the vertices removal, vertex
31 is not contained in any of the clusters and therefore is not in the solution
path. The removed sections are marked by red in the figure.

Figure 3.20: Example [3.4.30]

Example 3.4.31. Let H =< V,S§ > be a hypergraph, whose intersection
graph G (S) is a caterpillar tree. An algorithm which considers the mini-
mum of {(S;NSiy1,5)}, {(S:i\ Sit1,5:)}, {(Sit1\ Si, Sit1)} for disconnecting
si from sit1 in Gy (S) might not give a minimum cardinality result. Con-
sider, for example, the intersection graph described in Figure [3.4.31. The
results of Algorithm DelCaterpillar are:

G(1) =540 =75, since we remove S; NSy from S;.

F(1) =9, since we remove S3 \ Sy from Ss.

F(2)=min{b +2,9+2+2} =7, for G(1) we remove Sy N S5 from Ss, for
F(1) we remove Sy NSy from Ss and Sy N Sg from Se.

Therefore, the algorithm removes S1 N Sy from S1 and Sy N Sy from Ss, with
a total removal of 7 vertices. The removed sections are marked by red in the
left figure.

However, removing Sy N Sy from Ss, So N Sg from Sg and Sy N S; from S,
gives a better overall solution, with a total removal of 6 vertices. The removed
sections are marked by red in the right figure.
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Algorithm Removals Minimum Removals

Figure 3.21: Example [3.4.31]

Theorem 3.4.32. Let H =< V,§ > be a hypergraph, whose intersection
graph Gy (S) is a caterpillar tree. Algorithm DelCaterpillar finds a feasible
removal list for H.

Proof. The clusters corresponding to the nodes of the central path are de-
noted according to their order in the path, by S, 5s,...,Sk. Let S; be the
cluster currently processed by the algorithm. The proof is by induction on .
For ¢ = 1, the structure of S; and its neighbours is a star graph. Since we call
Algorithm DelStar on H[S(1)], according to Theorem [3.4.13] the algorithm
finds a feasible removal list for H[S(1)].

Suppose the assumption of the lemma is correct for ¢, that is, the algorithm
finds a feasible removal list for H[S(1)U...US(4)], and now prove it for i+ 1,
1 <i < k—1. Denote by P a feasible solution for H[S(1) U ... U S(i)],
and by P~ a feasible solution for H[S(1)U...U(S(7) \ Si+1)]. Note that af-
ter calling Algorithm DelStar on H[S,], according to Theorem , s; has
at most two neighbours which are not contained clusters, and s; and those
neighbours create a simple path in G, (S).

There are two options while processing S;:

e The algorithm keeps s;11 connected to s;. When calling Algorithm
DelStar on H|[S;;1], the algorithm assures that at most one of the
neighbours of s;,; is kept connected to it. If s; is also connected to
si_1, PT contains subpaths spanning the vertices of (S;_; \ S;,5;_1 N
Si, SZ \ (Si—l U Si+1), Sz N Si+lasi+1 \ Sz), in this order. If S; 1S not
connected to s;_; but is connected to a leaf, we get a similar path, with
some leaf s; instead of s;_;. In both cases, we can concatenate the
neighbour that was kept connected to s;11 adjacent to (Si41 \ S;) in
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PT. Therefore, H[S(1)U...US(i)US(i+1)]\ L has a feasible solution
of FCTSP.

e The algorithm disconnects s;,1 and s;. When calling Algorithm DelStar
on H|[S;;1], the algorithm assures that at most two of the neighbours of
s;+1 are kept connected to it. s;,; and those neighbours create a new
connected component which is a simple path, and therefore, according
to Theorems [3.1.2) and [3.2.5, H[S(1)U...US(#)US(i+1)]\ L has a
feasible solution of FCTSP.

O

Theorem 3.4.33. Verifying whether the intersection graph of a hypergraph
H =< V,8 > is a caterpillar tree can be performed in O(m?) time complexity,
where m = |S|.

Proof. In order to verify that G;,;(S) is a caterpillar tree, we remove the
leaves from the intersection graph, and check that the new intersection graph
is a simple path. We first parse Vp, to find all the vertices whose degree is 1 in
O(m) time complexity. We remove these leaves from G;,,;(S) and update Mg
and Vp in O(m?) time complexity. According to Theorem [3.2.6 verifying
that the updated intersection graph is a simple path can be performed in
O(m) time complexity. Hence, the total time complexity of verifying that
Gint(8S) is a caterpillar tree is O(m?). O

Theorem 3.4.34. The time complexity of Algorithm DelCaterpillar is O(nm?),
n=1|V],m=|S|.

Proof. In order to find the nodes in the central path, we parse Vp in O(m)
time complexity, and look for nodes with degree > 1. For each node in the
central path we:

1. Create the four induced hypergraphs and appropriate intersection graphs.
According to Theorem this can be done in O(nm?) time complex-

1ty.

2. Run Algorithm DelStar on the induced hypergraphs. According to
Theorem [3.4.16| this can be performed in O(mn) time complexity.

3. Calculate G(i) and F (7). This can be done in O(1) time complexity.

Hence, for each node, the required time complexity is O(nm?). Since there
are O(m) nodes in the central path, the total time complexity of Algorithm
DelCaterpillar is O(nm?). O

42



Theorem 3.4.35. The time complexity of Algorithm RestoreCaterpillar is
O(nm?), n = |[V],m = |S].

Proof. We process lists Xy, Xf, and at each step, we add the appropriate
removal list. The size of X, and X is O(m) each. The size of the removal
list at each step is O(mn). Hence, the total time complexity of Algorithm
RestoreCaterpillar is O(nm?). O

3.5 Bipartite Graphs

This section introduces hypergraphs whose intersection graphs are bipartite
graphs (see Definitions [3.5.1 and [3.5.2)). For these hypergraphs we show that
if Gt (S) is isomorphic to K, ,, © > 2,y > 2, then there is no feasible solution
of FCTSP. A bipartite graph might also be a path, cycle, tree, or star graph,
as shown in Figure All the theorems and algorithms introduced in
previous sections are also valid for a bipartite graph with the special structure
of a path, cycle, tree, or star. We present Algorithm DelBipartite (see Figure
where the input is a hypergraph whose intersection graph is a bipartite
graph, and its output is a feasible removal list. Algorithm DelBipartite does
not find a minimum cardinality feasible removal list, and therefore, the order
in which we process the clusters is not relevant.

Definition 3.5.1. Bipartite Graph: A graph whose nodes can be divided
into two disjoint sets, such that for each two nodes u, v in the same set, there
does not exist an edge (u,v).

Definition 3.5.2. Complete Bipartite Graph: A bipartite graph, de-
noted by K,,, whose nodes are divided to sets V,,V,, |V,| = z,|V,| = v,
such that for each two nodes v € V,,,v € V,, there exists an edge (u,v).
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K11
A bipartite
graph which is

not complete

Figure 3.22: Examples of bipartite graphs.

Lemma 3.5.3. Let H =< V.S > be a hypergraph, whose intersection graph
Gint(S) is a bipartite graph. If Gi(S) is isomorphic to Ky or Ky, then
H has a feasible solution of FCTSP.

Proof. 1f the intersection graph is K;; or Ko, then it is a simple path
(see Figure [3.22). According to Theorem [3.2.5] H has a feasible solution of
FCTSP. O

Lemma 3.5.4. Let H =< V.S > be a hypergraph, whose intersection graph
Gint(S) is a bipartite graph. If Gini(S) is isomorphic to Ki,, y > 3, and
there are no contained clusters in G (S), then H does not have a feasible
solution of FC'TSP.

Proof. 1If the intersection graph is K ,, y > 3 then it is a star with &£ > 3
(see Figure [3.22)). According to Theorem if there are no contained
clusters, H does not have a feasible solution of FCTSP. n

Example 3.5.5. Let H =<V, S > be a hypergraph, whose intersection graph
Gint(S) is a bipartite graph. Note that if H has contained clusters, then H
might have a feasible solution of FCTSP. An example is given in Figure[3.23
In this example, H 1is a hypergraph whose intersection graph is a complete
bipartite graph K4, that has contained clusters. For this hypergraph, P =
(1,2,3,4) is a feasible solution of FCTSP.
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Sy =1{1,2,3,4}

S, ={1}
S; = {2}
Se = {3}
Ss = {4}

Figure 3.23: Example [3.5.5]

Lemma 3.5.6. Let H =<V, S > be a hypergraph, whose intersection graph
Gint(S) is a bipartite graph. If G (S) is isomorphic to Kao, then H does
not have a feasible solution of FCTSP.

Proof. 1f the intersection graph is K5, then it is a chordless cycle of size 4
(see Figure [3.22)). According to Theorem [3.3.7, H does not have a feasible
solution of FCTSP. O

Lemma 3.5.7. Let H =<V, S > be a hypergraph, whose intersection graph
Gint(S%) is a bipartite graph. If Gini(S) is isomorphic to K, © > 2,y > 2,
then there are no S;, S; € S such that S; C S;.

Proof. Denote the two sets of nodes of the bipartite graph by §*, Y, |§*| =
z,|SY| = y. Suppose by contradiction that there exist S;, S; € S such that
S; € S;. Therefore, there exists an edge (s;, sj). According to the definition
of a bipartite graph, s;,s; belong to different sets of nodes. Without loss
of generality, assume that s; € 8%, s; € S§Y. Since z > 2, there exists a
node s; € 8%, s # s;, such that there exists an edge (s;, s¢). In this case,
S;N Sk # 0, and since S; C 5;, also S; NS, # (0. Hence, there exists an edge
(i, Sk) between two nodes that belong to the same set of nodes, contradicting
the definition of a bipartite graph. n

Theorem 3.5.8. Let H =<V, S > be a hypergraph, whose intersection graph
Gint(S) is a bipartite graph. If Gint(S) is isomorphic to K, © > 2,y > 2,
then H does not have a feasible solution of FCTSP.

Proof. If G;,(S) is isomorphic to Ky, then according to Lemma [3.5.6] H
does not have a feasible solution of FCTSP.

Suppose that G;,,(S) is isomorphic to K, ,, and x > 2,y > 2orz > 2,y > 2.
Denote the two sets of nodes of the bipartite graph by S, 8Y, |S*| = =, |SY| =
y. Without loss of generality, assume that x > 2. Therefore, there exists some
node s, € &Y, that has at least 3 neighbours s;,, s;,, s;; € S*. These nodes
satisfy:
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1. si,, Siy, Siy are neighbours of sy, therefore S, NSy, # 0,5, N S;, #
0,S;, NSy # 0.

2. According to Lemma [3.5.7] there are no S;, S; € S such that S; C S;.
Therefore, S;, € Sk, Si, € Sk, Sis € Sk.

3. Siys Siy, Sis Delong to the same set of nodes, therefore S;, NS, = 0,S;, N

Si3 = (Z), Sil M Sis = @

According to Theorem [3.1.11], H does not have a feasible solution of FCTSP.
]

Example 3.5.9. Let H =<V, S > be a hypergraph, whose intersection graph
Gint(S) is a bipartite graph. Note that if G (S) is not a complete bipartite
graph, then H might have a feasible solution of FCTSP. An example is given
wn Figure m For this hypergraph, P = (1,2,3,4,5,6) is a feasible solution
of FCTSP.

Gint
S5
51 = (23) i -*
S, = {4,5} ol
S, ={1,2} .
Sy = {3,4} '
55 = {5’6} So

Figure 3.24: Example [3.5.9
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Algorithm 7 DelBipartite: An Algorithm to find a feasible removal list
for a hypergraph whose intersection graph is a bipartite graph
function DELBIPARTITE()

Input:

A hypergraph H =< V, S > whose intersection graph G;,:(S) is a
bipartite graph.

Output:

A feasible removal list L for H.

begin
Initialize an empty list L.
while There exists a node s; with at least 3 neighbours in G;,(S) :
Define H(i) = H[S; U{S" | '€ 8,5 NS; # 0}].
Lstar = DelStar(H (7).
Add Ly, to L.
H=H \ Lstar-
Remove contained clusters from H.
end while
while There exists a cycle C' in G (S) :
Denote the nodes of C' by sq, ..., sk.
Lcycle = Delecle(H[Sl, Ce Sk])
Add Lcycle to L.
H=H \ Lcycl@-
Remove contained clusters from H.
end while
return L.
end function

Figure 3.25: Algorithm DelBipartite

Example 3.5.10. Let H =< V. § > be a hypergraph, whose intersection
graph G (S) is a bipartite graph. Figure shows an example for Algo-
rithm DelBipartite. The algorithm first handles nodes with at least 3 neigh-
bours, there are two nodes which satisfy this condition, s; and sy. Suppose
that sy is chosen by the algorithm, therefore, S1 N S5 is removed from Ss.
After the remowal, S5 is a contained cluster, and therefore removed from the
hypergraph. After this step, there are no nodes that have at least 3 neigh-
bours, but there is a cycle s; — s4 — so — s3. Therefore, Sy N Sy is removed
from Sy. At the end of the algorithm, P = (12,3,4,5,1,2,11,6,7,13,8,9,10)
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is a feasible solution of FCTSP. The removed sections are marked by red in
the figure.

=1 )]
~Ne

o8\
~e| ~®

Figure 3.26: Example [3.5.10]

Theorem 3.5.11. Let H =< V,§ > be a hypergraph, whose intersection
graph G (S) is a bipartite graph. Algorithm DelBipartite finds a feasible
removal list for H.

Proof. At the end of the algorithm, the degree of each node, without the
contained clusters, is at most 2. Also, there are no cycles in G (S \ L).
Therefore, G;,:(S \ L) is a collection of simple paths, and according to The-
orems [3.2.5|and [3.1.2) H \ L has a feasible solution of FCTSP. O

Theorem 3.5.12. Verifying whether the intersection graph of a hypergraph
H =< V,8 > is a bipartite graph can be performed in O(m?) time complexity,
where m = |S)|.

Proof. In order to verify that G;,;(S) is a connected bipartite graph, we
use DF'S algorithm, and verify that the intersection graph is 2-colorable and
connected. Since there are at most m? edges in G,:(S), performing DFS on
this graph requires O(|V|+|E|) = O(m+m?) = O(m?) time complexity. [

Lemma 3.5.13. Let H =< VS > be a hypergraph with intersection graph
Gint(S).  The time complexity of removing contained clusters from H is
O(m?* +nm).

Proof. Cluster S; is a contained cluster if it satisfies all the following condi-
tions:

1. The corresponding node is a leaf in the intersection graph.

2. There exists a cluster S; which contains all the vertices of S;.
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3. For every v € S;, v & Sy, VS, # S;, Sk # ;.

We parse Vp in O(m) time complexity, looking for clusters which are leaves in
Gint(S). For each leaf, we verify that conditions two and three are satisfied by
processing the row of this cluster in Mg to find the cluster it intersects with,
in O(m) time complexity, and then processing the appropriate columns of
these clusters in My, in O(n) time complexity. We update My, Mg and V),
in order to remove the contained cluster, in O(n+m) time complexity. Since
there are O(m) contained clusters, the total time complexity of removing all
the contained clusters from H is O(m? 4+ nm). O

Theorem 3.5.14. The time complexity of Algorithm DelBipartite is O(nm?),
n=1|V],m=|S|.

Proof. In the first part of the algorithm, as long as there exists a node which
has at least 3 neighbours in the intersection graph we:

1. Parse Vp in order to find such a node, in O(m) time complexity.

2. Create an induced hypergraph and intersection graph. According to
Theorem [3.1.1] this can be done in O(nm?) time complexity.

3. Run Algorithm DelStar on the induced hypergraph. According to The-
orem [3.4.16} this can be performed in O(mn) time complexity.

4. Update the hypergraph and intersection graph, in O(nm?) time com-
plexity.

5. Remove contained clusters. According to Lemma [3.5.13] this can be
performed in O(m? + nm) time complexity.

Since there are O(m) nodes which have at least 3 neigbours, the total time
complexity of the first part of Algorithm DelBipartite is O(nm?).

In the second part of the algorithm, as long as there exists a cycle in the
intersection graph we:

1. Find a cycle using DFS algorithm, in O(m?) time complexity.

2. Create an induced hypergraph and intersection graph for this cycle.
According to Theorem [3.1.1] this can be done in O(nm?) time com-
plexity.

3. Run Algorithm DelCycle on the induced hypergraph. According to
Theorem [3.3.13] this can be performed in O(m? + n) time complexity.

49



4. Update the hypergraph and intersection graph, in O(nm?) time com-
plexity.

5. Remove contained clusters. According to Lemma [3.5.13] this can be
performed in O(m? + nm) time complexity.

Since there are at most O(m) cycles, the total time complexity of the second
part of Algorithm DelBipartite is O(nm?).
Hence, the total time complexity of Algorithm DelBipartite is O(nm?). [

Example 3.5.15. Let H =< V.8 > be a hypergraph, whose intersection
graph G (S) is a bipartite graph. F igure shows an example of a case
where the algorithm does not find a minimum cardinality feasible removal
list.  The algorithm first handles nodes with at least 3 neighbours. Only
node sy satisfies this condition, therefore, Sy \ Sy is removed from Sy. Af-
ter the removal, Sy is a contained cluster, and therefore removed from the
hypergraph. After this step, there are no nodes that have at least 3 neigh-
bours, but there is a cycle sy — s5 — sg — s3. All the intersections of clus-
ters in the cycle are of size 2. Suppose that intersection S; N Sy is cho-
sen by the algorithm, and is removed from Ss. At the end of the algo-
rithm, P = (5,6,3,4,1,2,11,12,7,8,16,9,10,14,15) is a feasible solution
of FCTSP. Note that after the vertices removal, vertex 13 is not contained
wn any of the clusters and therefore is not in the solution path. The removed
sections are marked by red in the left figure.

Considering removing only S1 N Sy from Ss, is sufficient in order to gain
feasibility in this example.

After this removal, P = (13,3,4,5,6,1,2,11,12,7,8,16,9, 10, 14, 15) is a fea-
sible solution of FCTSP. Hence, the algorithm does not necessarily find a
manimum cardinality feasible removal list. The removed sections for the min-
imum cardinality feasible removal list are marked by red in the right figure.

° ° o0
2 2 34
S5:le @ Ss S5le @ d o Ss
11 12 11 12 13 14 15
° (] °
7 1 7 [ ] 1
16 16
S, S,
Algorithm Removals Minimum Removals

Figure 3.27: Example [3.5.15]
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3.6 Clique Graphs

This section introduces hypergraphs whose intersection graphs are cliques
(see Definition and Figure [3.28). The first theorems in this section
characterize conditions for a feasible solution for a hypergraph whose inter-
section graph is a clique of size m = 3. We present Algorithm DelClique3
(see Figure where the input is a hypergraph whose intersection graph
is a clique of size m = 3, and its output is a minimum cardinality feasible
removal list. At the end of the section we characterize conditions for cases
where there is no feasible solution for a hypergraph whose intersection graph
is a clique of size m > 3. The theorems in this section uses the PUC property,
defined in [2.0.12] A set of clusters satisfy the PUC property, if no cluster in
the set is contained in the union of a pair of two other clusters in the set.

Definition 3.6.1. Clique: A clique is a set of nodes C, for which Vv;,v; € C,
i # j, there exists an edge (v;, v;).

Figure 3.28: An example of a clique graph with m = 4.

Property 3.6.2. A clique of size k satisfies the Helly Property ifﬂle S; # 0.

Corollary 3.6.3. Let H =< V,§ > be a hypergraph, whose intersection
graph Gy (S) is a clique. If H satisfies the PUC property, then H does not
have a feasible solution of FCTSP.

Proof. According to Theorem [1.0.1] when the intersection graph is con-
nected, and the hypergraph satisfies the PUC property, it has a feasible
solution of FCTSP only if the intersection graph is a path. Since a clique
graph with m > 3 is not a simple path, if H satisfies the PUC property, it
has no feasible solution of FCTSP (see Example 1 in Figure . O]

Example 3.6.4. Let H =<V, S > be a hypergraph, whose intersection graph
Gint(S) is a clique of size m = 3. If H does not satisfy the PUC property,
there are cases where there is a feasible solution and cases where there is no
feasible solution.

Example 1 in Figure|3.29 shows a hypergraph that satisfies the PUC property,
and therefore does not have a feasible solution of FCTSP.

51



Example 2 in Figure[3.29 shows a hypergraph that does not satisfy the PUC
property, and has a feasible solution of FCTSP. For this hypergraph, P =
(1,2,3,4,5) is a feasible solution.

Example 3 in Figure shows a hypergraph that does not satisfy the PUC
property. We will prove in Theorem[3.6.6, that this hypergraph does not have
a feasible solution of FCTSP.

& @ (dp

Example 1 Example 2 Example 3

Figure 3.29: Example [3.6.4]

3.6.1 Clique Graphs of size m = 3

In this section, we will focus on the conditions that must be met in order to
have a feasible solution, if the intersection graph is a clique of size m = 3.
Denote the nodes of the clique by s1, s, s3, corresponding to clusters S7, Ss, S5.
Divide the clusters into disjoint subclusters, denoted by:

e S, Sy, S5’ Subclusters that contain vertices which satisfy nc(v) = 1.

That iS, Sll = Sl \ (SQ U 53), 52/ = SQ \ (Sl U Sg), S3I == 53 \ (Sl U SQ)

o 512", 553", 513" Subclusters that contain vertices which satisfy ne(v) =
2. That iS, 512// = (SlﬂSQ)\Sg, 523// = (Sgﬂgg)\sl, 513// = (SlﬂSg)\SQ

e 513" A subcluster that contain vertices which satisfy nc(v) = 3. That
iS, Slggm = Sl N SQ N Sg.

Also denote, for i, 7, k € {1,2,3}, such that i, j, k are 3 different indices:
S = S;\ (S; U Sk), that is, the vertices that belong to exactly one cluster,
S;.

Sijn = Sz N Sj.

Sy = (S;nS;) \ (S1 NSy N S3), that is, the vertices that belong to exactly
two clusters, S;, 5.

We use these notations in the theorems and algorithm for a hypergraph whose
intersection graph is a clique of size m = 3.
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Theorem 3.6.5. Let H =< V, 8§ > be a hypergraph, whose intersection
graph Gy (S) is a clique of sizem = 3. If SN SyNS3 =0, then H does not
have a feasible solution of FCTSP.
In other words, if S does not satisfy the Helly Property, then H does not
have a feasible solution of FCTSP.

Proof. Denote by X; = 51N 5y, Xo = SN 53, X3 = 53N.5;. Suppose by
contradiction that H has a feasible solution P. According to Theorem [3.1.3]
the induced solutions for X, X5, X5 are consecutive subpaths, denote these
subpaths by Py, Py, P3, respectively. Since the intersection graph is a clique,
X1 #0,Xy #0, X3 # 0, and therefore P;, Py, Py are non-empty. Also, since
S1NSyNSs =0, then P, P,, P; are pairwise vertex disjoint.

Without loss of generality, assume that P, P, P53 is the order of these sub-
paths, not necessarily consecutively, in P. Note that X; C S;, X5 C S}, but
X5N Sy = 0. Therefore, P[S;] is not consecutive in P, contradicting the fact
that this solution is a feasible solution for H.

Another way to prove this theorem is by using known theorems for the Clus-
tered Spanning Tree by Trees problem. T. A. McKee and F. R. McMorris
specify in [14] that a hypergraph has a feasible solution of Clustered Spanning
Tree by Trees problem if and only if it satisfies the Helly property and its
intersection graph is chordal. Since FCTSP is a restricted case of Clustered
Spanning Tree by Trees problem, and & does not satisfy the Helly Property,
then H does not have a feasible solution of FCTSP. O

Theorem 3.6.6. Let H =< V, 8 > be a hypergraph, whose intersection
graph G (S) is a clique of size m = 3. H has a feasible solution of FCTSP
if and only if H does not satisfy the PUC property, and there exists a pair of
clusters S;, S, i,j € {1,2,3}, © # j, that satisfies S; N S; = 51 NSy N Ss.

Proof. Suppose that H does not satisty the PUC property, and there exists
a pair of clusters 5;, S; that satisfies S; N S; = 51 N Sy N S3. Without loss of
generality, assume that S3 C S; U Ss.

Denote for i,j € {1,2,3}, i # j:

e P/: A subpath that spans consecutively the vertices of S;’.
e P,”: A subpath that spans consecutively the vertices of S;;".
e P53 A subpath that spans consecutively the vertices of Sia3"".

Note that, since S5 C S; U Sy, S5 = 0.
Consider three cases, depending on the values of the indices ¢ and j, such
that SiﬂSj = Sl ﬂSQﬂSgZ
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e S5,NSy =85, NSyN Ss: In this case, Si2” = 0. Therefore, we can
construct P in the fOHOWil’lg way: Pll, P13”, P123m, P23”, P2/.
P spans all the vertices of V, and for each cluster S;, P[S;] is consecu-
tive. Therefore, P is a feasible solution for H of FCTSP.

e SNS; =5, NSy N Ss: In this case, S13” = 0. Therefore, we can
construct P in the following way: P,’, Pio”, Pias™, Po3”, Py'.
P spans all the vertices of V', and for each cluster S;, P[S;] is consecu-
tive. Therefore, P is a feasible solution for H of FCTSP.

e S5 NS;=5N95 NS;: This case is symmetrical to the previous case,
therefore, there is a feasible solution for H of FCTSP.

Figure shows the general structure of the solution, for the first case
described above.

We now prove the correctness of the opposite direction, by showing that
if H satisfies the PUC property, or if there is no pair of clusters S;, S;,
i,j € {1,2,3}, i # j, that satisfies S; N S; = S; N S2 NS5, then H does not
have a feasible solution of FCTSP.

If H satisfies the PUC property, then according to Theorem [3.6.3, H does
not have a feasible solution of FCTSP.

If there is no pair of clusters S;, S; that satisfies S; N S; = S; NS, N S, then
S12" # 0, S53" £ 0,5:3" # (. Consider two cases:

e Si3"” = 0: In this case, according to Theorem [3.6.5] H does not have
a feasible solution of FCTSP.

o S153" # (: Suppose by contradiction that H has a feasible solution
P. According to Theorem each of the subpaths P/, P;;", Po3" is
consecutive in P. Since P is a feasible solution, P[Ss] is also a consec-
utive subpath. Therefore, Py, Py”, Pa3”, Pia3” appear consecutively in
P, not necessarily in this order. Note that subclusters Si5”, Ss3”, S123"
are non-empty, and that Pj»3”" must appear between Pj,” and Py3” in P.
Without loss of generality, assume that these subclusters are ordered
P Pia3™, Py3”. Consider vertex v € S13”. By definition, v ¢ Sy,
and therefore v ¢ P[S;]. If v appears on one side of P[S;] in P, then
P[Ss3] is not consecutive, since Sio” N S3 = 0. If v appears on the other
side of P[Sy] in P, then P[S;] is not consecutive, since So3” NSy = 0.
Contradicting the fact that P is a feasible solution of FCTSP.

O
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ncv)=1 nc(v)=2 ne(p)=3 nc(v)=2 ncw)=1
|
| I 1 1 1 1

PlF P13-‘-‘ Plzsfﬂ P23" PZF
Figure 3.30: An example of a solution according to Theorem [3.6.6]

Corollary 3.6.7. Let H =< V,§ > be a hypergraph, whose intersection
graph Gint(S) is a clique of size m = 3. If there exists a pair of clusters
Si,Sj, 1,7 € {1,2,3}, © # j, that satisfies S; C S;, then H has a feasible
solution of FCTSP.

Proof. Since S; C S;, H does not satisfy the PUC property. Without loss
of generality, assume that So C S;. Vv € SoNS3, v € SN Sy N S3. Also,
Vw ¢ S3NSs, it is also true that w ¢ S1NS2NS3. Hence, SoNS3 = S1NS2NS3,
and according to Theorem [3.6.6, H has a feasible solution of FCTSP. [
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Algorithm 8 DelClique3: An Algorithm to find a minimum cardinality
feasible removal list for a hypergraph whose intersection graph is a clique of
size m = 3

function DELCLIQUE3()

Input:

A hypergraph H =< VS > whose intersection graph Gy,,(S) is a clique
of size m = 3, denote the nodes of the clique by s1, s, 3.

Output:

A minimum cardinality feasible removal list L for H.

begin
Initialize an empty list L.
Calculate S;” = )\ (S, U Ss).
Calculate Sy” = S5\ (S; U Ss).
Calculate S5” = S5\ (S; U S,).
for each Pair 5;,5;, € S:
Calculate Sijm =5;N5;.
Calculate SijD =(S;NS;)\ (S1N SN Ss).

end for
Find k* = argmin{S,”}.
ke{1,2,3}
Find *, j* = argmin {S;;"}.
ije{1,2,3}
Find ', j/ = argmin {S;;"}.
ije{1,2,3}

if (|Sk*D’ + ’Si*j*DD < |Si’j’n| :
Add (S, Sp+) to L.
Add (Si*j*D, Si) to L.

else
Add (Si/j/m, Sz’) to L.

end if

return L.

end function

Figure 3.31: Algorithm DelClique3

Example 3.6.8. Let H =<V, S > be a hypergraph, whose intersection graph
Gint(S) is a clique of size m = 3. Figure shows three examples for Al-
gorithm DelClique3.

In Example 1 of Figure[3.39, a minimum cardinality removal list is removing
SsP from S5 and removing Sy2P from Sy, in order to satisfy the conditions

56



of Theorem [3.6.6. After the removal, P = (1,2,5,6,9,10,7,8,3,4,11) is a
feasible solution of FCTSP. Note that after the vertices removal, vertex 12 is
not contained in any of the clusters and therefore is not in the solution path.
Therefore, the structure of the solution is: Py, Pi3", Pia3”, Pos”, Py'.

In Example 2 of Figure a mimimum cardinality removal list is remov-
ing S12" from Sy, in order to "break" the clique. After the removal, P =
(1,2,3,14,15,7,8,9,12,13,10,4,5,6, 11) is a feasible solution of FCTSP. The
structure of the solution is: P, P13, Ps', Py3", Py,

In Example 3 of Figure a minimum cardinality removal list is remov-
ing Sas” from S,, in order to "break” the clique. Note that in this example,
S1NSyNS3 = 0. After the removal, P = (3,4,1,2,9,10,7,8,6,5) is a feasible
solution of FCTSP. The structure of the solution is: Py, Piy", P\, P;3", Ps'.
The removed sections in each example are marked by red in the figure.

Sa 5.

Example 1 Example 2 Example 3
Figure 3.32: Example [3.6.8]

Theorem 3.6.9. Let H =< V,§ > be a hypergraph, whose intersection
graph G (S) is a clique of size m = 3. Algorithm DelClique3 finds a feasible
removal list for H.

Proof. Let Gie(S \ L) be the intersection graph for H \ L, L is the output
of Algorithm DelClique3. At the end of the algorithm, G;,,;(S\ L) meets one
of the following cases:

1. Suppose the algorithm chooses to remove Sy N S; from Sy. In this
case, Gint (S \ L) is a simple path. According to Theorem [3.2.5) H \ L
has a feasible solution of FCTSP.

2. Suppose the algorithm removes Sy \ (S; U S;) from S and (S;- NSj+) \
(S1 N Sy N S3) from S;«. Denote the new clusters by Si",Ss", S5".
These clusters satisfy that there exists S;" such that S;" C (S;"US;"),
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and there exists a pair of clusters S;-",S;+" such that (S;" N S;") =
(51" N Sy N S3™). According to Theorem [3.6.6, H \ L has a feasible
solution of FCTSP.

]

Remark 3.6.10. Note that if S; NSy N Sy = 0, then we have to "break”
the clique in order to gain feasibility. In this case, using the notation in
Algorithm DelClique3 (see Figure m), each pair S;,S; satisfies S; N S; =
(S; N S;)\ (S1 NSy N Sy), that is, Sy = Si*j*D. Therefore, the algorithm
always removes an intersection S; N S;, since |Sy;"| < (|Sk"| + [Six<"]).

Theorem 3.6.11. Let H =< V,§ > be a hypergraph, whose intersection
graph Gy (S) is a clique of size m = 3. Algorithm DelClique3 finds a mini-
mum cardinality feasible remowal list for H.

Proof. Since G (S) is a clique of size m = 3, according to Theorem m
H has a feasible solution of FCTSP if and only if H does not satisty the PUC
property, and there exists a pair of clusters S;, S;, 7, € {1,2,3}, i # j, that
satisfies S; N.S; = 51N S N Ss. If H does not satisfy these conditions, then
there are two options to gain feasibility, and find a removal list accordingly:

1. Transform G;,;(S) to a clique which satisfies the conditions of Theorem
3.6.6 In order to satisfy the conditions of Theorem [3.6.6 choose k €
{1,2,3} and remove S, \ (S;US;) from S, and choose %, j* € {1, 2,3}
and remove (S;+ N Sj+) \ (S1 N S2 N S3) from S

2. "Break" the clique, that is, transform G;,,,(S) to a graph which is not
a clique. In order to "break" the clique, choose ¢',j" € {1,2,3} and
remove Sy N S from Sy.

Since the algorithm considers all options and chooses the minimum one, the
algorithm finds a minimum cardinality feasible removal list for H, where the
intersection graph of it is a clique of size m = 3. n

Theorem 3.6.12. Verifying whether the intersection graph of a hypergraph
H =< V.8 > is a clique of size m = 3 can be performed in O(1) time
complexity.

Proof. In order to verify that G;,(S) is a clique of size m = 3, we verify
that there are exactly three nodes in the intersection graph, and the degree
of each node is 2, in O(1) time complexity. O

Theorem 3.6.13. The time complexity of Algorithm DelClique3 is O(n),
n=|V].
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Proof. In the first part of the algorithm, we calculate the sizes of subclusters
in the hypergraph. This can be calculated by comparing the columns of the
clusters in My, and checking for each vertex v the number of clusters which
contain v. Since there is a constant number of subclusters of each type, the
time complexity of calculating the subclusters and their size is O(n).

Next we look for the minimum combination of subclusters to remove. Since
there is a constant number of subclusters, this requires O(1) time complexity.
In order to find the vertices in the appropriate subclusters, we process the
columns of the clusters in My, in O(n) time complexity. Hence, the total
time complexity of Algorithm DelClique3 is O(n). O

3.6.2 Clique Graphs of size m > 3

Now we consider the general case of a hypergraph whose intersection graph
Gint(S) is a clique of size m > 3.

Corollary 3.6.14. Let H =< V| § > be a hypergraph, whose intersection
graph G (S) is a clique of size m > 3. If there exists a set of clusters
Siy S, Sk, 1,7,k € {1,....m}, i,j,k are 3 different indices, that satisfies
SiNS; NS, =0, then H does not have a feasible solution of FCTSP.

Proof. Denote 8" = {5;,5;,Sk}. According to Theorem [3.6.5, H[S’] does
not have a feasible solution of FCTSP. Therefore, according to Corollary
3.1.6], H does not have a feasible solution of FCTSP. O]

Theorem 3.6.15. Let H =< V,§ > be a hypergraph, whose intersection
graph G (S) is a clique of size m > 3. If the intersection of at least three
clusters in S is empty, then H does not have a feasible solution of FCTSP.
In other words, if there exists a set of x clusters in the clique, 3 < x < m, that
does not satisfy the Helly Property, then H does not have a feasible solution
of FCTSP.

Proof. T. A. McKee and F. R. McMorris specify in [I4] that a hypergraph
has a feasible solution of Clustered Spanning Tree by Trees problem if and
only if it satisfies the Helly property and its intersection graph is chordal.
Therefore, if there exists a set of x clusters in the clique, 3 < x < m, that
does not satisfy the Helly Property, then H does not have a feasible solution
of Clustered Spanning Tree by Trees problem. Since FCTSP is a restricted
case of Clustered Spanning Tree by Trees problem, then H does not have a
feasible solution of FCTSP. O
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3.7 Cut Edges

This section considers hypergraphs whose intersection graphs have a cut edge,
denoted by (s1,s2) (see Definition and Figure [3.33)).

The algorithm we introduce in this section reduces the complexity of finding
a feasible solution for H. This is done by removing the cut edge from the
intersection graph, and thus solving each connected component separately
with some restrictions.

For these hypergraphs we show that there is a feasible solution for the hyper-
graph if and only if there is a feasible solution for the connected components
created after removing the cut edge, with S; and S at an end of the corre-
sponding solutions for these components. We present Algorithm DelCutEdge
(see Figure where the input is a hypergraph whose intersection graph
has a cut edge, and its output is a minimum cardinality feasible removal list.

Definition 3.7.1. Cut Edge: An edge that when removed from the graph
turns it to a disconnected graph. That is, removing a cut edge from a con-
nected graph, splits it into two connected components.

Let H =< V,;S§ > be a hypergraph, whose intersection graph G;,;(S)
has a cut edge, denoted by (s1,$2). We compute the minimum cardinality
removal of vertices between three possible options:

1. Removing (S; NSy) from Sy or Ss.
2. Removing (S; \ S2) from S;.
3. Removing (S5 \ S7) from Ss.

Denote by 81,82 C S clusters sets which correspond to the disjoint connected
components, created after removing the cut edge from G;;(S), such that
s1 € 81, 89 € 8o, and removing the chosen vertices.

For component H[S;], i € {1,2}, denote:

mR(S;) = The minimum number of vertices removal for component H[S;],
i€ {1,2}.

mRE(S;) = The minimum number of vertices removal for component H[S],
i € {1,2}, where the subpath spanning S; is at an end of the feasible solution
of the corresponding component.

L™(S;) = A removal list for component H[S;], i € {1,2}.

LMEE(S;) = A removal list for component H|[S;], where the subpath spanning
S; is at an end of the feasible solution of the component, i € {1,2}.

Also denote:

LEEd = A removal list for components H[S;], H[S,], after the removal of
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the cut edge, including the removal list for removing the cut edge from the
intersection graph.

LEFd = A removal list for components H[S], H[S,], when the cut edge is
kept in the intersection graph, and the subpath spanning .S; is at an end of
the feasible solution of the component, i € {1,2}.

We use these notations in the theorems and algorithm for a hypergraph whose
intersection graph contains a cut edge.

/1\ ® /

N
~ — “Cut Edge ~ —

Figure 3.33: An example of a graph with a cut edge.

Theorem 3.7.2. Let H =< V, 8 > be a hypergraph, whose intersection
graph G (S) has a cut edge, denoted by (s1,s2). If S1 C Sy then sy is a leaf
in Gini(S), S1 = {51}, and Sy is a contained cluster. Otherwise, if S; € Ss,
then there is no S" € S\ {S1} such that Sy C 5.

Proof. Suppose that S; C Sy, and suppose by contradiction that s; is not
a leaf in G;,,;(S). Since s is not a leaf, s; is connected to at least two nodes
in G (S). Therefore, s; is connected to some node s; in Gy, (S), such that
s; # S9. Since (s1,52) is a cut edge, and there exists an edge (s1,$;), then
S; € 8. S; € Sy and Sy N S; # (), therefore, So N S; # (0. That is, there
exists an edge (s, s;) which connects a node from S; to s, contradicting the
definition of &;. Hence, s is a leaf in G;,(S), and S; = {S1}.

Suppose that S; € S5, and suppose by contradiction that there exists S" €
S\ {S1, S2} such that S; C §’. Since there exists an edge (s1,s'), according
to the definition of S;, S’ € &;. Since S; NSy # 0, then S, N S # 0.
That is, there exists an edge (s, s’) which connects a node from S to so,
contradicting the definition of ;. Hence, there is no S € S\ {51} such that
S, C S O

Following Theorems [3.1.9 and [3.7.2] in the theorems and algorithms for
cut edge and cut node, we assume that the clusters that are part of the cut
edge or that are connected to the cut node, are not contained clusters.

Theorem 3.7.3. Let H =<V, S > be a hypergraph, whose intersection graph
Gint(S) has a cut edge, denoted by (s1,s2), and suppose that Si,Ss are not
contained clusters. H has a feasible solution of FCTSP if and only if H[S,],
i € {1,2}, has a feasible solution P" with P'[S;] at an end of this solution.
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Proof. Suppose that H has a feasible solution P of FCTSP. Before removing
the cut edge, S1 NSy # (0. P[S1] is the concatenation of P[Sy\ Sa], P[S1MSa].
P[S,] is the concatenation of P[Sy \ Si], P[S1 N S3]. Since P is a feasible
solution, P[S;], P[S,] are consecutive subpaths, and therefore P contains a
subpath (P[S7\ Sa], P[S1 NS, P[S2\ S1]). Note that after removing the cut
edge, Ug,es, Si and Ug,es, S; are vertex disjoint.

Since Si, S5 are not contamed clusters, according to Theorem [3.7.2] S; € S,
So & Si. Therefore, S;\ Sz # 0 and P[S; \ S| is non-empty. Similarly,
Sy \ Sy # (0 and P[SQ\Sl] is non-empty. Note that (S7\52) C Sy, (52\51) C
Sy, and (51N S2) Z (S1US,). Since H[S,], H[S,] are connected components,
according to Lemma [3.1.4] P[S;], P[S,] are consecutive subpaths. Therefore,
P = (PUs,esn\sp) il PLS1\ S2], PIS1 N Ss], P[S2 \ 1], PlUs; e(s,\85) Sil)-
Consider S;. Denote by P! a solution path for H[S;]. We get that P! =
(P[Us,es0\s1) Sl P[S1\ S2]), and spans all the vertices in H|[S;]. For Sy €
(81 \ {S1}), P'[Sk] = P[Si], and is therefore a consecutive subpath. Also
P[S; \ S9] is at an end of P'. Hence, P! is a feasible solution for H[S;] with
P[S,] at its end.

Similarly, the proof that H|[S,] has a feasible solution P? with P?[S,] at an
end of this solution is the same.

For the other direction, suppose that H[S;], i € {1,2}, has a feasible solution
P! with P[S;] at an end of this solution. Therefore, we can construct a fea-
sible solution for H, denoted by P, in the following way: (P'[Us,c(s,\s,) Sil;
PYSi\ So], P"[S1N0So], P2[S2\ S1], P2[Us, e (s,\s4) S3)), where P” is a consec-
utive subpath spanning the vertices in Sl N Sy. Obviously, P spans all the
vertices in H, and each cluster has a consecutive subpath in P. Hence, H
has a feasible solution of FCTSP. O

Theorem 3.7.4. Let H =< V,8 > be a hypergraph, whose intersection
graph G (S) has a cut edge, denoted by (s1, s2), and suppose that Sy, Ss are
not contained clusters. The size of a minimum cardinality feasible removal
list for H 1s:

m1n{m1n{|51 N 52|, |Sl \ 52|, |SQ \ Sl|} + mR(S1) + mR(Sg),

Proof. According to Theorem [3.7.3] if H has a feasible solution and Si, Sy
are not contained clusters, then H[S;] has a feasible solution with P[S;] at
an end of P[S;], and H[S,] has a feasible solution with P[Ss] at an end of
PI[S;]. Therefore, if H does not have a feasible solution, then at least one of
the following conditions is satisfied:

1. There exists a connected component H[S;], i € {1,2}, such that H[S;]
does not have a feasible solution.
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2. There exists a connected component H|[S;], i € {1,2}, such that H[S)]
has a feasible solution, but there is no feasible solution P with P[S;] at
an end of it.

There are two options for removals, in order to gain feasibility:

e Remove the cut edge, and solve each connected component indepen-
dently. That is, remove edge (s1,s2), and find a removal list for each
connected component, H[S;|, H[Ss], independently. The removal of the
edge is done by removing S; N S, from Sp, or by removing S; \ Sy from
Sy or Sp\ Sy from Sy. Removing S1N S, from Sy obviously removes edge
(s1,82) from G (S). Let Hy = H[S:] \ Ly with Ly = (S; \ 59, S1) and
S =51\ S2. In Hy, Sy’ is a contained cluster. According to Theorem
, H, has a feasible solution if and only if H;[S; \ Si'] has a feasible
solution. Therefore, we can solve the problem without 57, and edge
(s1,82) is removed from G;n:(S). The number of vertices removal for

this option is min{|S; N S|, [S1 \ Sa, |52 \ S1|} + mR(S1) + mR(Ss).

e Keep the cut edge, and solve each connected component H[S;], i €
{1,2}, with a condition that P[S;] is at an end of the solution. That
is, find removal lists L;, i € {1,2}, such that H[S;] \ L; has a feasible
solution with P[S;] at an end of it. According to Theorem H\
(L1ULy) has a feasible solution of FCTSP. After removing the cut edge,
Us,es, Si and S;85 S; are vertex disjoint, therefore, L;, Ly are vertex
disjoint. The number of vertices removal for this option is mRE(S;) +

Hence, a minimum cardinality feasible removal list is:
m1n{m1n{|51 N Sg|, |Sl \ SQ|, |SQ \ Sl|} + mR(Sl) + mR(Sg),

63



Algorithm 9 DelCutEdge: An Algorithm to find a minimum cardinality
feasible removal list for a hypergraph whose intersection graph has a cut edge
function DELCUTEDGE()

Input:

A hypergraph H =< V,§ > whose intersection graph Gy,:(S) has a cut
edge, denoted by (s, s2).

Output:

A minimum cardinality feasible removal list L for H.

begin
Calculate LEFd = [MBE(S)) + [MEE(S,).
Calculate L4 = [mR(S)) + L™(S,) +
m1n{|51 N SQ|, |Sl \ SQ|, |SQ \ S1|}
if |LKEd’ < ’LREd’ .

Set [ = LKFd,
else

Set L = LTtFd,
end if
return L.

end function

Figure 3.34: Algorithm DelCutEdge

Example 3.7.5. Let H =< V,;§ > be a hypergraph, whose intersection
graph Gin(S) has a cut edge, denoted by (s1,s2). The calculation of H[S;]
with P[S;] at an end, can be done using theorems for known ends of path in
Section . Furthermore, if G, (S;) has a structure with a known solution,
we can use algorithms described in this work in order to find a feasible removal
list for H[S;].

Figure shows an example for the use of algorithm DelCutFEdge. In this
example, Gini(S1) is a star and Gy (S2) is a clique of size 3. Therefore,
we can use Algorithm DelStar (Figure[3.11]), Algorithm DelClique3 (Figure
3.31)), and results in Section in order to find a feasible remowval list for
H.
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Sg So . Cut Edge

Figure 3.35: Example [3.7.5

Example 3.7.6. Let H =<V, S > be a hypergraph, whose intersection graph
Gint(S) has a cut edge, denoted by (s1, s2). Figure shows An example for
Algorithm DelCutEdge. Gy (S1) is a simple path, and therefore, according
to Theorems|3.2.5 and|3.9.6, has a feasible solution with P[Si] at an end of
it. Gii(S2) is a clique of size 3 which does not satisfy the PUC property,
and therefore, according to Theorem[3.6.6, does not have a feasible solution.
The calculations made by the algorithm:

The minimum removals for component H[S;] is mR(S;) = 0.
The minimum removals for component H|[Sy| is mR(S,) =
{({9}.52)}.

The minimum removals for component H|S;|, where P[S;] is at an end of
the solution, is mRE(S;) = 0.

The minimum removals for component H[Ss|, where P[Ss] is at an end of
the solution, is mRE(Sy) = 1, L™RE(Sy) = {({9}, S2)}.

The cost of removing edge (s1,S2) is min{|S; N Si|,|S1 \ Saf,|S2 \ Si|} =
min{2,2,3} = 2.

Hence, compute:

m1n{m1n{|5’1 N 51’, |Sl \ 52’, |SQ \ 51’} + mR(Sl) + mR(Sg),

mRE(S1) + mRE(S:)} =

min{2+0+1,0+1} =1.

Therefore, a minimum cardinality feasible removal list is L = {({9}, 52)}.
After the removal, P = (1,2,3,4,5,6,7,8,10,11,9,14,12,13) is a feasible
solution of FCTSP. The removed section is marked by red in the figure.

1, L™E(S,) =
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Figure 3.36: Example [3.7.6|

Theorem 3.7.7. Let H =<V, S > be a hypergraph, whose intersection graph
Gint(S) has a cut edge, denoted by (s1,ss2). Algorithm DelCutEdge finds a
feasible removal list for H.

Proof. Algorithm DelCutEdge finds a removal list which satisfies one of the
cases:

1. For each connected component, H[S;] \ L™%(S;), i € {1,2}, has a fea-
sible solution, and the cut edge is removed. Therefore, according to
Theorem H \ LTFd has a feasible solution of FCTSP.

2. For each connected component, H[S;| \ L™*(S;), i € {1,2}, has a
feasible solution with P[S;] at an end of it. Therefore, according to
Theorem H \ L¥E4 has a feasible solution of FCTSP.

O

Corollary 3.7.8. Let H =< V,§ > be a hypergraph, whose intersection
graph Gins(S) has a cut edge, denoted by (s1,s3). Algorithm DelCutEdge
finds a minimum cardinality feasible removal list for H.

Proof. By Theorem [3.7.7, Algorithm DelCutEdge finds a feasible removal
list, and by Theorem [3.7.4, Algorithm DelCutEdge finds a minimum cardi-
nality feasible removal list for H. m

3.8 Cut Nodes

This section considers hypergraphs whose intersection graphs have a cut
node, denoted by s* (see Definition and Figure [3.37)). For these hy-
pergraphs we characterize conditions for a feasible solution, according to the
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number of connected components which are connected to s* in the intersec-
tion graph. We present Algorithm DelCutNode (see Figure where the
input is a hypergraph whose intersection graph has a cut node, and its out-
put is a minimum cardinality feasible removal list.

Similarly to a cut edge, the algorithm we introduce in this section for a cut
node makes it possible to reduce the complexity of the problem. This is
done by removing the cut node and its edges from the intersection graph and
running the algorithm separately on each connected component. Note that a
cut node may be connected with several edges to each connected component,
and therefore, removing the cut node and its edges may cause many removals
of vertices from the hypergraph.

Definition 3.8.1. Cut Node: A node that when removed from the graph,
with the edges containing this node, turns it to a disconnected graph. That
is, removing a cut node from a connected graph, splits it into two or more
connected components.

Let H =< V,S > be a hypergraph, whose intersection graph G;,;(S) has
a cut node, denoted by s*. We compute the minimum cardinality removal
of vertices between three possible options, considering clusters .S; € S; which

satisfy S; N S* # 0
1. Removing (S; N S*) from S; or S*.
2. Removing (S; \ S*) from S;.
3. Removing (S*\ 5;) from S*.

The minimum cardinality removal list for disconnecting the components
might be a combination of those options. However, Similarly to the case
of a star graph, we will not consider removals from S*.

Let P* be a subpath spanning the vertices in S*.

Denote by Si,...,8: € S, k > 2, clusters sets which correspond to the
disjoint connected components, created after removing the cut node and its
edges from G;,(S), and removing the chosen vertices for disconnecting the
components.

For component H[S;], 1 < i < k, denote:

mR(S; U{S*}) = The minimum number of vertices removal for component
H[S;U{S*}], 1 <i<k.

mR(S;) = The minimum number of vertices removal for component H[S],
1 <@ < k, where S* is not part of the component, including the minimum
number of vertices removal for disconnecting S* from the component.
mRE(S;U{S*}) = The minimum number of vertices removal for component
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H[S; U{S*}], 1 <i <k, where P* is at an end of the feasible solution of the
corresponding component.

L™E(S; U{S*}) = A removal list for component H[S; U {S*}], 1 <i <k.
L™E(S;) = A removal list for component H[S;], where S* is not part of the
component, including the removal list for disconnecting S* from the compo-
nent, 1 <i <k.

LMEE(S; U {S*}) = A removal list for component H[S; U {S*}], where P* is
at an end of the feasible solution of the component, 1 <17 < k.

Also denote:

cost?on = mink{mRE(SZ- UA{S*}) + mRE(S; UA{S™}) + >, mR(S)}-

1<ij<
That is, finding solutions P?, P? for two components, with P‘[S*], P/[S*] at
an end of them, and removing S* from the other (k — 2) components.
costeon = 11?'i£k{mR(Si U{S™}) + 2. mR(Sy)}. That is, finding a solution

P for one component, with P[S*] not necessarily at its end, and removing
S* from the other (k — 1) components.
We use these notations in the theorems and algorithm for a hypergraph whose
intersection graph contains a cut node.

Cut Node

Figure 3.37: An example of a graph with a cut node.

Theorem 3.8.2. Let H =< V, 8 > be a hypergraph, whose intersection
graph G (S) has a cut node, denoted by s*. If there exists S; € 81,52 €
S, S5 € Sz such that S; N S* £ 0, S; € S*, i € {1,2,3}, then H does not
have a feasible solution of FCTSP (see Figure .

Proof. 51,855,535 belong to different connected components, and therefore,
S1NSy =0,5N83 =0,5N8; =0. Also, according to the assumptions
in the theorem, S; NS* £ 0, S; € S*, i € {1,2,3}. Hence, according to
Theorem [3.1.11}, H does not have a feasible solution of FCTSP. O

68



Figure 3.38: The structure of components H|S;|, H[S:|, H[S;] in Theorem
B.82

Corollary 3.8.3. Let H =< V,§ > be a hypergraph, whose intersection
graph G (S) has a cut node, denoted by s*. If H has a feasible solution P
of FCTSP, then there are at most two components, H[S|, H[Ss], such that
there exist S1 € Sy, Sy € Sy which satisfy S; N S* £ 0, S; € S*, i € {1,2}.

Theorem 3.8.4. Let H =<V, S8 > be a hypergraph, whose intersection graph
Gint(S) has a cut node, denoted by s*. The size of a minimum cardinality
feasible removal list for H is: min{cost?>*", cost'"}.

Proof. According to Corollary[3.8.3], if H has a feasible solution P of FCTSP,
then there are at most two components, H[S;], H[Ss], such that there exist
S1 € 81,53 € Sy which satisty S;NS* # 0, S; € S*, i € {1,2}. In other words,
if H does not have a feasible solution, then there exist at least three compo-
nents, H[Sl], H[SQ], H[Sg], such that S; € 81,95 € 85,53 € S5, 5; N S* 7é @,
S; € S*, i € {1,2,3}. Therefore, a minimum cardinality feasible removal list
for H can be found by considering the following options:

e Finding solutions P?, P’ for two components, with P![S*], P/[S*] at an
end of them, and removing S* from the other (k — 2) components.
There are (g) options to choose these two components.

Calculate S;,S;« = argmin{ The cost for finding solutions P’, P? for
1<i,j<k

H[Si], H[S;], with P*[S*], P/[S*] at an end of them, and disconnecting
S* from the other (k — 2) components }.

The number of vertices removal for this option is:

cost?eon = mink{mRE(SiU{S*})+mRE(SjU{S*})—i-zt#,j mR(S,)}.

1<i,j<

e Finding a solution P for one component, with P[S*] not necessarily at
its end, and removing S* from the other (kK — 1) components. There
are (’f) = k options to choose this component.

Calculate S;» = argmin{ The cost for finding a solution P for H[S;],
1<i<k
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with P[S*] not necessarily at its end, and disconnecting S* from the
other (k — 1) components }.
The number of vertices removal for this option is:

costieon = 1r£¢i£k{mR(Si U{S™}) + >, mR(S)}-

Note that the option of removing S* from all the components is dominated by
the second option of calculating cost'". Let H[S;] be the component that is
kept connected to S* in the second option. While calculating mR(S;U{S*}),
the algorithm may disconnect S* from the rest of the component in this
option.

Hence, the size of a minimum cardinality feasible removal list is:
min{cost?“", cost'*"}. O
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Algorithm 10 DelCutNode: An Algorithm to find a minimum cardinality
feasible removal list for a hypergraph whose intersection graph has a cut node
function DELCUTNODE()

Input:

A hypergraph H =< V,§ > whose intersection graph Gy,:(S) has a cut
node, denoted by s*.

Output:

A minimum cardinality feasible removal list L for H.

begin
for Every {i,j} C{1,... .k}, i#j:
Calculate L*"(i,5) = L™RE(S; U {S*}) + L™*E(S; U {S*})+
Uy LS.
end for
for Every i € {1,... ,k} :
Calculate L'"(i) = L™(S; U {S*}) + U, L™(St)-

end for
Calculate (i, j*) = argmin{|L*°"(i, j)|}.
1<i,j<k
Calculate ¢/ = argmin{|L'"(7)|}.
1<i<k

lf ’L2con(’i*,j*)’ S ‘Llcan(i/)’ .
Set L = L*n(3*, j*).
else
Set L = L (7).
end if
return L.
end function

Figure 3.39: Algorithm DelCutNode

Remark 3.8.5. Similarly to Algorithm DelCutEdge, the calculation of H[S]
with P[S;] at an end can be done using theorems in Section|[3.9. Furthermore,
if Gine(Si) has a structure with a known solution, we can use algorithms
described in this work in order to find a feasible removal list for H[S;].

Example 3.8.6. Let H =< V,§ > be a hypergraph, whose intersection
graph G (S) has a cut node, denoted by s*. Figure shows an exam-
ple for Algorithm DelCutNode. After removing the cut node and its edges,
there are three connected components, denoted by Sy, Ss,S3. Since there exist

S € 81,52 € 82,53 € 83 such that S; N S* 7é @, S; Z S*, 1 € {1,2,3},
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according to Theorem [3.8.9, H does not have a feasible solution. The calcu-
lations made by the algorithm:
mR(S; U{S*}) = 0.
mR(S; U {S*}) = 0.
mR(S; U {S*}) = 0.
mR(S,) = 2, L"R(8))
mR(S,) =2, L™(S))
mR(Sg) =1, L™R(8s)
mRE(SU{S*})=0
mRE(S, U{S*}) =0
mRE(S; U{S*}) =
cost?eon =

min {mMRE(S; U{S"}) + mRE(S; U{S*}) + >, ;mR(S)} =

1<i,j<k
mRE(S; U{S*}) + mRE(S: U{S*}) + mR(S;) =0+0+1=1.
costeon =
min {mA(S, U{S}) + T, mA(S)} =
Therefore, a minimum cardinality feasible removal list is L = {(S*NS3,S3)} =
{({1},S3)}. The solution keeps S* at an end of two components and removes
it from the other component. After the removal, P = (8,7,6,4,5,1,14,9,10,11,12,13,2, 3)
is a feasible solution of FCTSP. The removed section is marked by red in the
figure.

{({4,5},51)}-
{({9,10}, 52)}-
{({1},53)}.

S S -

GGHGD @E@

Figure 3.40: Example [3.8.6|

Theorem 3.8.7. Let H =< V,§ > be a hypergraph, whose intersection
graph Gy (S) has a cut node, denoted by s*. Algorithm DelCutNode finds a
feasible remowal list for H.

Proof. Algorithm DelCutNode finds a removal list which satisfies one of the
cases:
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1. L = L*°"(i,5): For two connected components, H[S;] \ L™*F(S; U
{S*1), H[S;] \ L™FE(S; U {S*}) have feasible solutions P, P/, with
P'[S*], P7[S*] at an end of them. Since H[S;], H[S;| are connected by
S*, they create a single connected component. We can construct a feasi-
ble solution for this component in the following way: (P*[Us, c(s,\s,) k), P[Si\
S*], P*, PI[S; \ S*], P [Uske(sj\sj) Sk]). For each of the other compo-
nents H[S;], 1 <t <k, t#14,j, HS]\ L™?(S;) has a feasible solution
where S* is not part of the component. Therefore, according to Theo-
rem [3.1.2] H \ L has a feasible solution of FCTSP.

2. L = L'"('): For one connected component, H[Sy]\ L™¥(S; U {S*})
has a feasible solution P, with P”[S*] not necessarily at its end. For
each of the other components H[S;], 1 <t <k, t #4', H[S,] \ L™*(S,)
has a feasible solution where S* is not part of the component. There-
fore, according to Theorem , H \ L has a feasible solution of
FCTSP.

]

Corollary 3.8.8. Let H =< V,§ > be a hypergraph, whose intersection
graph Gy (S) has a cut node, denoted by s*. Algorithm DelCutNode finds a
minimum cardinality feasible removal list for H.

Proof. Follows from Theorems [3.8.7] and [3.8.4] ]

3.9 Theorems for Known Ends of Path

In this section we introduce several theorems for cases where there exists a
feasible solution for a hypergraph with a known cluster at an end of the solu-
tion path. We also present theorems for specific structures of the intersection
graph with a known cluster at an end of the solution, for hypergraphs whose
intersection graph is a path, a clique of size 3, or a star. These theorems can
be used for algorithms to solve hypergraphs with intersection graphs which
have a cut edge or a cut node.

Lemma 3.9.1. Let H =< V,§ > be a hypergraph that has a feasible solution
P of FCTSP, with intersection graph G (S). Suppose S contains clusters
Siy Sj, Sk € S, where i,j,k are 3 different indices, such that S; NS; # 0,
SiN Sy # 0, and vertices v; € S; \ (S; U Sk) and vy € Sk \ (S; U S;), then
there is no feasible solution P with P[S;] at its end (see Figure[3.41).
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Proof. Suppose by contradiction that P[S;] is at an end of P. S;, {v,}, {vi}
are pairwise vertex disjoint, therefore, v; ¢ P[S;], v, ¢ P[S;]. Since S;NS; #
0 and S; NSk, # 0, P[S;] contains vertices from S; and vertices from Sy. Since
P[S;] is at an end of P, without loss of generality, suppose that v; appears,
relative to vy, closer to P[S;] in P. Since S;NS; C S;, v; is between P[S;N.Sk]
and vy in P (see Figure|3.42). Hence, P[Sk] is not consecutive, contradicting
the fact that P is a feasible solution for H of FCTSP. O

Figure 3.41: Examples of the structure of clusters \S;, S;, Si in Lemma

P[S; N Sk]
—e *—o o+ —e . . *
| vy Vi
. Y
"”[S!|

Figure 3.42: The structure of the path in the proof of Lemma [3.9.1]

Lemma 3.9.2. Let H =<V, S > be a hypergraph that has a feasible solution
P of FCTSP, with intersection graph G,(S). If there exists 8" C S such
that there exists v € (g o S, and there is a feasible solution P for H with v
at an end of P, then every S;, Sy € S’ satisfy that either S; C Sy, or S, C S}

(see Figure[3.45).

Proof. Let S;, S, € §', j # k, and suppose by contradiction that S; Z Sk
and Sy ¢ S;. Furthermore, S;\ Sy # 0,5, \ S; # 0,5, NS, # 0, and are
pairwise vertex disjoint.

According to Theorem P[S; N Sy] is a consecutive subpath. Since v is
at an end of P, and v € (5;NSy), then P[S; NSk is at an end of P. Without
loss of generality, suppose that P[S; \ Si| appears closer to v, relative to
P[Sk \ S;], in P. Since S\ S; # 0 and v € Sy, P[Sy] appears on both sides
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of P[S; \ Si]. Contradicting the fact that P is a feasible solution for H of
FCTSP. [

The rest of the graph

Figure 3.43: The structure of clusters in Lemma [3.9.2]

We now consider cases where a node s;, corresponding to a cluster 5;,
is a leaf in the intersection graph, and characterize when there is a feasible
solution with S; at an end of it.

Theorem 3.9.3. Let H =<V, § > be a hypergraph with intersection graph
Gint(S). Let S;, S; € S such that s; is a leaf in Gipne(S), and S; C S;. H has
a feasible solution P of FCTSP with P[S;| at an end of P if and only if H
has a feasible solution P with P[S;| at an end of P (see Figure .

Proof. Assume that H has a feasible solution P with P[S;] at an end of P.
Since S; C §;, then S; = S; N S;, and therefore P[S; N S| is at an end of P.
Hence, P is a feasible solution for H with P[S;] at its end.

Assume that H has a feasible solution P with P[S;] at an end of P. Since s;
is a leaf in Gt (S) and S; C 5;, then S; is a contained cluster. Since H has
a feasible solution, according to Theorem [3.1.9, H[S \ {S;}] has a feasible
solution, denote this solution by P’. Since s; is a leaf, S; intersects only with
S;, and every vertex v € S; N S, satisfies v ¢ S\ {5;,5;}. Let U =S, NS,
and L = {(U,S;)}. According to Lemma [3.1.7, P'[V \ {U}] is a feasible
solution for H[S \ {S;}] \ L, denote the new path by P”. Concatenate P[S;]
to the end of P”, adjacent to P[S; \ S;], denote this path by PY. PN[S)] is
obviously a consecutive path. PN [S;] is the concatenation of P”[S;\ S;] and
PN [S;], and is therefore a consecutive path. Also, for S, € (S\ {S:,5,}),
PY[Si] = P'[Si], and is therefore a consecutive path. Hence, PV is a feasible
solution for H with PN[S;] at its end, and thus the theorem is proved.  [J
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The rest of the graph

Figure 3.44: The structure of clusters S;, S; in Theorem [3.9.3]

Theorem 3.9.4. Let H =< V|, S8 > be a hypergraph that has a feasible
solution of FCTSP, with intersection graph Gin(S). Let S;,S; € S such
that s; is a leaf in Gine(S), S; N S; # 0, and S; € S;. There exists a feasible
solution P for H with P[S;] at an end of P if and only if there exists a feasible
solution P for H[S \ {S;}] with P'[S;] at an end of P’ (see Figure|[3.45).

Proof. Suppose that there exists a feasible solution P for H with P[S;] at
an end of P. Since s; is a leaf in G;,4(S) and S; intersects only with S;, we
can arrange the vertices of P[S;] in the following way: (P[S;\ S;], P[S;N.S;]).
Denote by PY\ a subpath that spans the vertices of V' \ (S; U S;). Since
P[S;] is at an end of P, and P[S;] is consecutive in P, P = (P[S;\ S;], P[S;N
S;1, P[S; \ Si], PY\"]). According to Theorem , P[S\ {S;}] is a feasible
solution for H[S \ {S;}]. The structure of this solution is: P[S; N S;], P[S; \
S;], PV\]. Hence, there is a feasible solution for H[S \ {S;}] with P[S;] at
an end of P[S\ {5;}].

Suppose that there exists a feasible solution P’ for H[S\ {S;}] with P'[S}] at
an end of P’. S; intersects only with S;, that is, the vertices of S;N.S; belong
to these two clusters only in H. Therefore, nc(S; N S;) = 1in H[S \ {S;}].
Denote L = {(S; N S;,5;)}. According to Lemma [3.1.7, H[S \ {S;}] \ L
has a feasible solution, denote this path by P”. Let P*\J, P pi\i pV\ij
be subpaths which respectively spans S; \ S;,.5; N S;,5;\ Si, V \ (S; US)).
Denote PN = (PN, pifi pi\i. pPV\U) Note that P” = (P7\', PY\¥). That
is, PV is a new path where PV is concatenated at an end of P”, and PV is
concatenated adjacent to PV[S;]. PN[S,] is the concatenation of PN[S;\ S;]
and PN[S; N S;], and is therefore a consecutive path. PY[S;] is arranged
consecutively in PY. Also, for S, € (S\ {5:,5;}), PV[Sk] = P'[Sk], and
therefore is a consecutive subpath. Hence, P" is a feasible solution for H
with PN[S;] at an end of PV. O
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‘I‘) S;

The rest of the graph
Figure 3.45: The structure of clusters S;, S; in Theorem [3.9.4]

Example 3.9.5. Let H =< V.S > be a hypergraph with intersection graph
Gint(S), and there exist S;, S; € S such that S; C S; and s; is not a leaf in
Gint(S). There are cases in which there exists a solution with P[S;] at an end
of P, and cases in which no such solution exists. Figure[3.46 shows examples
of such cases. In both cases, S; C S;, such that s; is not a leaf.

Example 1 in Figure [3.46 shows an example for a case in which there exists
a solution with P[S;] at an end of P. In this example, P = (2,3,4,1) is a
feasible solution of FCTSP, and P[S;] = (2,3) is at an end of this solution.
Example 2 in Figure shows an example for a case in which there is no
solution with P[S;| at an end of P.

Note that Lemma [3.9.1] is another example for a case in which s; is not a
leaf, and there is no feasible solution P with P[S;] at its end.

Example 1 Example 2

Figure 3.46: Example [3.9.5

We now present theorems for specific structures of the intersection graph,
that have a known cluster at an end of a feasible solution path. First we
consider a case in which the intersection graph is a simple path.

Theorem 3.9.6. Let H =<V, S > be a hypergraph, whose intersection graph
Gint(S) is a simple path, and S; € S. If there are no contained clusters in
H, there ezists a feasible solution P of FCTSP with P[S;] at an end of P if
and only if s; is a leaf in Gy (S).

Proof. According to the definition of a simple path, there exist two nodes
that have degree 1 in Gy,:(S), and every other node in G;+(S) has degree 2.
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Suppose that there exists a feasible solution P for H with P[S;] at an end
of P, and suppose by contradiction that s; is not a leaf in G;,(S), that is,
S; intersects with at least two clusters. Since S; intersects with two clusters,
there are S}, S, € S such that S;NS; # 0,5;N Sk # 0. According to Lemma
, there are no cliques of size > 3 in G;,:(S), and therefore S; NSy, = 0. If
the degree of s; in G;,(S) is 1, since there are no contained clusters, S; Z S;.
If the degree of s; is 2, since S intersects with some cluster that is not S;,
and since there are no cliques of size > 3 in G (S), S; € S;. Similarly,
Sk € S;. Therefore, according to Lemma [3.9.1] there is no feasible solution
P with P[S;] at its end. Hence, if there is a feasible solution with P[S;] at
an end of P, then S; intersects with exactly one cluster, and s; is a leaf in
Gint(S).

Suppose that s; is a leaf in G;,;(S), that is, cluster S; € S intersects with
exactly one cluster. The degree of s; in G;,,4(S) is 1, and therefore, according
to the definition of a simple path, s; is at an end of the path which represents
the intersection graph. According to Theorem [3.2.5] if the intersection graph
Gint(S) is a simple path, then H has a feasible solution, denoted by P. This
Theorem is based on Algorithm FindPath at Figure [3.3] that finds a feasible
solution in which the order of the clusters in P is arranged according to the
order of the corresponding nodes in the path of G;,,.(S), and therefore P[S;]
is at an end of P. O

Corollary 3.9.7. Let H =<V S > be a hypergraph, with a connected inter-
section graph G (S), and S; € S. If H has a feasible solution of FCTSP,
and H satisfies the PUC property, then there exists a feasible solution P with
P[S;] at an end of P if and only if S; intersects with exactly one cluster.

Proof. According to Theorem [1.0.1, when the intersection graph is con-
nected, and the hypergraph satisfies the PUC property, it has a feasible
solution of FCTSP only if the intersection graph is a path. Therefore, ac-
cording to Theorem [3.9.6] there exists a feasible solution P with P[S;] at an
end of P if and only if s; is a leaf in G;,,4(S), and thus S; intersects with
exactly one cluster. O

We now consider a case where the intersection graph is a clique of size
m = 3.

Lemma 3.9.8. Let H =< V,S = {5,,5;,5:} > be a hypergraph, whose
intersection graph G, (S) is a clique of size m = 3. If there exists a pair of
clusters S;, S; which satisfies S; C S;, then H has a feasible solution P of
FCTSP such that P[S;] is at an end of P (see Figures and [3.48).
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Proof. According to Corollary[3.6.7, since S; C S;, H has a feasible solution
of FCTSP. Also, S; NSy = S;NS; N Sg. Therefore, (S; N Sk) \ S; = 0,
S;\ (S;USk) = 0. Hence, we can construct P by concatenating the subpaths
spanning: (Sl\ (SJ USk), (SZHS]) \Sk, SiﬂSj ﬂSk, (Sl ﬂSk) \Sj, Sk\ (Sl USj)),
and P[S;] is at an end of P. O

S

B

Figure 3.47: The structure of clusters S;, S;, Sy in Lemma [3.9.8]

ncv)=1 nclv)=2 nelv) =3 nelv)=2 nclv)=1
1 |
I I I I | 1

The solution path:  S;\ (S;USx)  (SiNSH\ S, SiNS;NSx  (SiNSi)\ S Sk \ (5:U5))

Figure 3.48: The path of the solution in Lemma [3.9.8]

Finally we consider a case where the intersection graph is a star. Note
that the following corollary is obtained directly from Theorem |3.9.3]

Corollary 3.9.9. Let H =< V,§ > be a hypergraph, whose intersection
graph G (S) is a star with k leaves, k > 2. Denote by s* the center of the
star, and s;, corresponding to S; € S, a leaf in Gy(S). If S; C S*, then
there ezists a feasible solution of FCTSP P with P[S;] at an end of P if and
only if there exists a feasible solution P' with P'[S*| at an end of P'.

Lemma 3.9.10. Let H =<V, S > be a hypergraph, whose intersection graph
Gint(S) is a star with k leaves. Denote by s* the center of the star. If k > 2,
and there are no contained clusters in H, then there is no feasible solution
of FCTSP P with P[S*] at its end.

Proof. Denote by s;, s; two leaves in G, (S). Hence, S*NS; # 0, S*NS; #
0, S;NS; = 0. Since there are no contained clusters, there exist vertices
v; € S;\ (S*US;) and v; € S; \ (5*US;). Hence, according to Lemma [3.9.1]
there is no feasible solution P with P[S*] at its end. O

Theorem 3.9.11. Let H =< V,§ > be a hypergraph, whose intersection
graph Gy (S) is a star with k leaves, k > 2. Denote by s* the center of
the star, and s;, corresponding to S; € S, a leaf in Gy (S). If H has a
feasible solution of FCTSP, and S; € S*, then there exists a feasible solution
of FCTSP P with P[S;] at an end of P.
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Proof. According to Theorem [3.4.8] since H has a feasible solution, the
number of leaves which are not contained clusters is £ < 2. According to
our assumption, S; € S*, and therefore s; is one of those leaves. Note
that S; N S* # 0. In this case, H[S \ {S;}] is a star with at most one
leaf which is not a contained cluster. Denote this leaf by s;. Therefore,
S;\S* #£0,5;,nS* #0,5\S; # 0 and are pairwise vertex disjoint. Let
Pi\¢ Pit* P\ be subpaths which respectively spans S;\ S*, S;M.S*, S*\ S;.
The concatenation of these subpaths, (P7\*, PI™* P*V) is a feasible solution
for H[S \ {S;}], with the subpath spanning S* at an end of it. Furthermore,
According to Theorem H[S \ {S;}] has a feasible solution with the
contained clusters also. Hence, according to Theorem [3.9.4] H has a feasible
solution P with P[S;] at its end. O
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Section 4

Booth and Lueker
Adjusted Algorithms

In this section we present two algorithms that uses PQ-Trees (see Definition
and are based on the algorithm of Booth and Lueker introduced in [2].
These algorithms can be used on any hypergraph, and they are not based on
the intersection graph of the hypergraph.

Let H =< V,§ > be a hypergraph. The algorithm of Booth and Lueker
uses the structure of a PQ-Tree to decide if there is a permutation of the
vertices of V| such that each cluster S € S is consecutive in this permutation.
The algorithm can be used to find all the permutations which satisfy that
VS € S, S is consecutive in this permutation.

Definition 4.0.1. PQ-Tree: Given a universal set U = {aj,as,...,an},
the class of PQ-Trees over that set is defined to be all rooted ordered trees
that meet the conditions below. This data structure is introduces by Booth
and Lueker in [2], and is used in the algorithm presented by the authors,
which finds a feasible solution of COP.

The leaves are elements of U, such that every element a; € U appears exactly
once as a leaf. A leaf is denoted by L-Node, and is drawn as a triangle.
The internal (nonleaf) nodes are distinguished as being either P-Nodes or
Q-Nodes:

e A P-Node is drawn as a circle, and its children can appear in any order.
Each P-Node has at least two children.

e A Q-Node is drawn as a rectangle, and its children can only be reversed.
Each Q-Node has at least three children.
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The permutations of this PQ-Tree are constructed by all the possible and
legal orders of the children of the P-Nodes and Q-Nodes in the tree.

Definition 4.0.2. Let H =< V| § > be a hypergraph, and S € S the cluster
that is currently being processed by Booth-Lueker Algorithm.

A leaf v € V in the PQ-Tree is full if v € S.

A leaf v € V in the PQ-Tree is empty if v ¢ S.

An internal node in the PQ-Tree is full if all of its descendants are full.
An internal node in the PQ-Tree is empty if all of its descendants are empty.
An internal node in the PQ-Tree is partial if some of its descendants are full
and some of its descendants are empty. Note that the type of a partial node
is always a Q-Node. If a P-Node needs to be marked as a partial node, it is
transformed to be a Q-Node.

Figure [4.1] shows the symbols we will use later in this section to draw PQ-
Trees.

empty P-Node full P-Node

o @

empty Q-Node full Q-Node partial Q-Node

empty leaf full leaf

VAN L.

Figure 4.1: PQ-Tree symbols.

Booth-Lueker’s Algorithm has two main procedures, which are applied on
each one of the clusters. Both procedures scan the PQ-Tree bottom-up. The
first procedure, called BUBBLFE, marks the nodes in the PQ-Tree that need
to be checked while processing the current cluster S € S. The marked nodes
are all the nodes included in the minimal connected subtree which contains
all the leaves of S. The purpose is to avoid processing the entire tree while
processing one specific cluster. The second procedure, called REDUCE, pro-
cesses the relevant nodes, that were marked by the BUBBLE procedure, and
tries to match to these nodes one template from a given set of templates.
When a template matches the current node and its descendants, the proce-
dure performs an update on the structure of the tree, which is appropriate
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for this template.

Let H =< V,S > be a hypergraph, and T the PQ-Tree constructed after
Booth-Lueker Algorithm processed all of the clusters in S. If Booth-Lueker
Algorithm ended successfully, the appropriate permutations of the leaves of
T represent the possible feasible solutions for H of FCTSP. The path of each
solution is defined by the order of the leaves, according to the legal orders of
the children of the P-Nodes and Q-Nodes in T'.

Example 4.0.3. Let H =< V|8 > be a hypergraph. In Figure a PQ-
Tree is constructed for the given hypergraph. The figure shows the templates
that are matched during the REDUCE procedure on each of the clusters. The
order in which the clusters are processed is Sy and then Ss. Figure[{.3 shows

the final PQ-Tree for H, and the appropriate permutations of the leaves in
this PQ-Tree.
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H §={5:={1,3,4}, S2=(2,34}} s 5

Initial
PQ-Tree

Current cluster: -
5,=(1,3,4}
Template L1
on leaves in §;

Template P2
on P_Node,

1 2 3 4

Current cluster:
S.=(2,3.4) )

Template L1
on leaves in S,

Template P3
on P_Node,

* Since the P-Node which is the
root has only one child, it is
eliminated from the PQ-Tree.

Template P4
on P_Node,

Figure 4.2: Constructing PQ-Tree for Example [4.0.3]
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Final Possible P=(1,3,4,2)
PQ-Tree Solutions: P=(1,4,3,2)
P=(2,4,3,1)
P=(2,3,4,1)

Figure 4.3: Final PQ-Tree and allowed permutations for Example [£.0.3]

4.1 Extended Booth-Lueker Algorithm

We present an Extended Booth-Lueker Algorithm, which finds a feasible re-
moval list, based on Booth-Lueker Algorithm presented in [2], in linear time.
Booth-Lueker Algorithm uses several tamplates that are described in [2]. At
each step, the algorithm tries to match one of the templates to the current
node and its descendants, and arrange them according to the relevant tem-
plate. If there is no matching template, then the algorithm stops and returns
that there is no feasible solution.

In Extended Booth-Lueker Algorithm, at each step, if there is no matching
template, then the algorithm changes the current node and its descendants,
by removing vertices from the processed cluster, in order to match one of the
templates.

Let H =< V,§ > be a hypergraph, and S € S the cluster that is cur-
rently being processed by Booth-Lueker Algorithm. A removal from S can
be done by transforming nodes to be empty, such that after this transforma-
tion the current node and its descendants will match one of Booth-Lueker
templates. In order to transform a node to be empty, we remove vertices
from S. Removing a vertex v from S transforms the corresponding leaf to
be an empty node, and might also transform the ancestors of this leaf to be
empty nodes. Note that this change might also transform the ancestors of v
to be partial nodes.

Example 4.1.1. Figure [{.4] shows an example for a node which does not
have a feasible solution, since the full nodes are not consecutive in the partial
(Q)-Node. There are several ways to change this node, by removing vertices
from the current cluster. For example. we can remove vertices 2 and 4 from
the current cluster. After this removal, leaves 2 and 4 are empty, and the
structure of the node matches Template Q0.
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Figure 4.4: Example [£.1.1]

Remark 4.1.2. Note that it is also possible to change the current node and
its descendants by transforming nodes to be full. In order to transform a
node to be full, we add vertices to S. Adding a vertex v to S transforms the
corresponding leaf to be a full node, and might also transform the ancestors
of this leaf to be full nodes. There are cases in which the minimum change
1s adding vertices to the cluster, and cases in which the minimum change is
removing vertices from the cluster. However, this is beyond the scope of this
work, and our algorithm only removes vertices from clusters.

A general description of Extended Booth-Lueker Algorithm, based on the
necessary conditions for matching relevant templates, is as follows. The al-
gorithm processes all of the clusters, according to Algorithm Booth-Lueker.
If there is no matching template for some node and Algorithm Booth-Lueker
stops, then a local removal is made on the current node and its subtree, ac-
cording to the conditions described in Tables .1} [£.2) and [4.3] presented later
on. The removal is made recursively on the current node and its children.
After the removal, we continue to run Booth-Lueker Algorithm on the cur-
rent cluster. For efficiency of Extended Booth-Lueker Algorithm, as shown
in Theorem [4.1.7, when changing a specific node in the algorithm, we trans-
form all of its descendants to be empty nodes. We do not consider removals
which transform a full node to be a partial node.

The following Extended BLP5 Algorithm is part of the offered Extended

Booth-Lueker Algorithm. This part is suitable for the case when Booth-
Lueker Algorithm tries to match a P-Node to template P5. In this template,
the current node is not the root of the minimal subtree which contains all
the vertices of the current cluster, and it has one partial child.
Furtermore, we also present here EmptyNode Algorithm, that is a recursive
function used to remove vertices from the current cluster. EmptyNode Algo-
rithm is used when Extended Booth-Lueker Algorithm decides to transform
a node to be empty. The transformation is made recursively on the node
and its descendants.
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Algorithm 11 ExtendedBLP5: A section of Extended Booth-Lueker Al-
gorithm, for Template P5

function EXTENDEDBLP5()

Input:

A PQ-Tree T for hypergraph H =< V| § >.

A cluster S € S that is the current cluster processed by the algorithm.
The node that is currently processed by the algorithm.

Output:

An updated PQ-Tree and a cluster S’ constructed after the removal of
vertices from S.

Assumptions:

The current node processed by the algorithm is a P-Node.

The current node is not the root of the minimal subtree which contains
all the vertices of the current cluster.

The current node has one partial child.

begin
The relevant template to check is Template P5.
Denote currNode = The node currently processed by the algorithm.
if curr Node has children which are full nodes :
if The empty children of the partial are not on one side of it :
Denote partNode = The partial child of currNode.
Let S" = EmptyNode(T, S, partNode).
Check Templates P1, P3, which are relevant for 0 partial.
end if
end if
return S’ and the updated PQ-Tree T
end function

Figure 4.5: Algorithm ExtendedBLP5
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Algorithm 12 EmptyNode: A recursive function that removes vertices
from the current cluster in order to transform a node to be empty

function EMPTYNODE()

Input:

A PQ-Tree T for hypergraph H =<V, S >.

A cluster S € S that is the current cluster processed by the algorithm.
A node in the PQ-Tree.

Output:

An updated PQ-Tree and a cluster S’ constructed after the removal of
vertices from S.

begin
Set S =8S.
Denote currNode = The node that is transformed to be empty.
Set the label of curr Node to be empty.
if The type of currNode is L-Node :
Denote v = The corresponding vertex represented by the leaf.
ifveS:
Set S" = 5"\ {v}.
end if
else
Denote childFull = A list of the full children of currNode.
Denote childPartial = A list of the partial children of currNode.
for each child in (childFull U childPartial) :
Let S" = EmptyNode(T, S’, child).
end for
end if
return S’ and the updated PQ-Tree T'.
end function

Figure 4.6: Algorithm EmptyNode

Example 4.1.3. Figure[{.7 shows a possible run of Extended Booth-Lueker
Algorithm, on the given hypergraph. In this example, the order in which we
process the clusters is Sy, So and then S3. While processing cluster Ss, the
appropriate PQ-Tree is shown in the bottom-right part of the figure. Since
there are 3 partial nodes, there is mo matching template for the @Q-Node
which is the root of the tree. Therefore, according to Extended Booth-Lueker
Algorithm, transform one of the partial nodes to be an empty node. Suppose
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the algorithm transforms the left partial node to be an empty node, that is,
we remove vertex 2 from cluster Ss. This removal is demonstrated in Figure
[£.8. Note that the left partial Q-Node is transformed to be a P-Node, since
at the end of the algorithm, each Q)-Node should have at least three children.
After this removal, there are 2 partial nodes with a valid structure, and the
Q-Node, which is the root of the tree, matches Template Q3. Figure[{.§ shows
the final PQ-Tree for H', and the appropriate permutations of the leaves in
this PQ-Tree.

S5
H §={5=(1236},5:=3,456},5:=(234}} s GA“ S,

Initial - After cluster:
PQ-Tree 5,={1,2,3,6}

After cluster: During cluster:
5,={3,4,5,6} §3={2,3,4}

Figure 4.7: Constructing PQ-Tree for Example [£.1.3]
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H' §'={5={1,2,3,6}, 5,={3,4,5,6}, S3={3,4}}
(vertex 2 was removed from cluster 53)

During cluster:

53=(2,3,4} -

No matching Transform left

template to partial node to

Q_Node, an empty node

Final Possible P=(1,2,6,3,4,5)

PQ-Tree Solutions:  p=(2,1,6,3,4,5)
P=(5,4,3,6,2,1)
P=(5,4,3,6,1,2)

Figure 4.8: Removal and final PQ-Tree for Example [£.1.3]

Lemma 4.1.4. Let H =<V, S > be a hypergraph. Let Sy,...,S; € S be the
clusters which were already processed by the algorithm, and denote by T the
PQ-Tree constructed for these clusters. Let S" € S\{S,...,S;} be the cluster
that is currently being processed by Extended Booth-Lueker Algorithm, and
T’ the PQ-Tree after processing S’. If Sy, ..., S; have consecutive subpaths in
all the appropriate permutations of the leaves in T, then Si,...,S; also have
consecutive subpaths in all the appropriate permutations of the leaves in T'.

Proof. Booth and Lueker prove in [2] that at the and of their algorithm, if
the algorithm ended successfully, then each cluster has a consecutive subpath.
The algorithm constructs the PQ-Tree, such that after processing a cluster
S’ € S, this cluster has a consecutive subpath, which stays consecutive when
processing other clusters. Therefore, after processing S’, if there is a feasible
solution with S’, clusters Sy, ..., .S; which were processed before S’ still have
consecutive subpaths in all the appropriate permutations of the leaves in 7”.
Removing vertices from S’ in Extended Booth-Lueker Algorithm, does not
change the structure of the PQ-Tree, but only the "color" of the leaves and
internal nodes from full or partial to empty. Since the structure of the PQ-
Tree is not changed, the appropriate permutations of the leaves are also not
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changed. Therefore, removing vertices from S’ does not change the subpaths
already constructed for previous clusters. After the appropriate removals by
Extended Booth-Lueker Algorithm, changes to the PQ-Tree structure are
made only by the Booth-Lueker templates. Hence, according to the proof
of Booth-Lueker Algorithm, if Si,...,.5; have consecutive subpaths in all

the appropriate permutations of the leaves in T', then Si,...,S; also have
consecutive subpaths in all the appropriate permutations of the leaves in 77,
even after removing vertices from S’. [

Theorem 4.1.5. Let H =< V., § > be a hypergraph, and S; € S. Denote
Si" = S; \ L;, where L; is the removal list constructed by Extended Booth-
Lueker Algorithm for cluster S;. Denote H' =< V, 8" >, such that §' =
S, ...,S, . Extended Booth-Lueker Algorithm finds a feasible solution for
H' of FCTSP.

Proof. Let T be the PQ-Tree constructed after Extended Booth-Lueker Al-
gorithm processed all of the clusters in §. Extended Booth-Lueker Algorithm
verifies that each cluster is processed successfully by the algorithm, by re-
moving vertices when needed, in order to match one of the known templates.
Therefore, the algorithm ends successfully, after processing all the clusters.
According to Lemma[4.1.4] VS" € &', " has a consecutive subpath in all the
appropriate permutations of the leaves in T. Hence, T represents a feasible
solution for H' of FCTSP. m

Since the changes of Extended Booth-Lueker Algorithm are made locally
on the current cluster, the order in which we process the clusters affects the
number of changes that are made by the algorithm, as shown in Example

4.1.6l
Example 4.1.6. Let H =<V, S > be a hypergraph, such that S = {51, S2, S3}.

(a) If the order in which the clusters are processed is Sy, Sa, S35, when pro-
cessing cluster Ss, there is no matching template for the Q-Node marked
in red (see Figure . Therefore, according to Extended Booth-Lueker
Algorithm, we transform at least one of the partial nodes to be an
empty node. The minimum removal is to transform the left partial
node to be an empty node, that is, removing vertex 1 from cluster Ss.
After the removal, the marked ()-Node matches Template Q2.

At the end of Extended Booth-Lueker Algorithm,
Path = (2,3,4,1,5,6,7,8,9,10,11,12) is a feasible solution for H' of
FCTSP, and the number of removals is 1.
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(b) If the order in which the clusters are processed is Sy, S3, Sa, when pro-
cessing cluster Sy, there is no matching template for the Q-Node marked
in red (see Figure . Therefore, according to FExtended Booth-
Lueker Algorithm, we transform at least one of the partial nodes to be
an empty node. The minimum removal is to transform the left partial
node to be an empty node, that is, removing vertices {5,6} from cluster
Sy. After the remowal, the marked @Q-Node matches Template Q2.

At the end of Extended Booth-Lueker Algorithm,
Path = (2,3,4,5,6,1,12,9,10,11,7,8) is a feasible solution for H' of
FCTSP, and the number of removals is 2.

H PQ — Tree
After Sl, Sz

12 2 3 4 1 5 6 7 8 9 1011

Figure 4.9: Example [4.1.6{a).
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H PQ —Tree
: After Sl, 53

7 8 23 4 56 1 12 9 101

Figure 4.10: Example [1.1.6[b).

Theorem 4.1.7. The time complexity of Extended Booth-Lueker Algorithm
is O(n+m+ i, |Sil), where n = |V],m = |S].

Proof. In [2] it is shown that the time complexity of Booth-Lueker Algo-
rithm is O(n +m + >, .., |Si]). According to the description of Booth-
Lueker Algorithm in [2], each node in the PQ-Tree has a list of its full
children and a list of its partial children. In Extended Booth-Lueker Algo-
rithm, when there is no matching template, we transform some of the de-
scendants of this node from full or partial nodes to be empty nodes. Since
the descendants of an empty node are also empty, it is sufficient to parse
only the children that are full or partial. This can be done recursively on
the full children and partial children lists and their descendants. Extended
Booth-Lueker Algorithm makes a constant number of actions on each node
during the removal, and each node is removed at most once while processing
a cluster. Therefore, in the worst case, we multiply the number of nodes
that are processed for each cluster by 2. Hence, the total time complexity of
Extended Booth-Lueker Algorithm is O(n+m+ ) ..., [5i). O

The following three tables show necessary conditions for matching the
relevant templates, when running the algorithm on a specific cluster. Those
conditions are determined by the number of partial nodes in the current
subtree, and whether the current node is the root of the minimal subtree
which contains all the vertices of the current cluster. If there is no matching
template, we offer a possible simple removal, according to the conditions de-
scribed. Extended Booth-Lueker Algorithm is based on these conditions and
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removals.

Description of the columns in the tables:
Partial Num - The number of partial nodes in the current subtree.
Is Root - Is the current node the root of the minimal subtree which contains
all the vertices of the current cluster, or not.
Templates - The relevant Booth-Lueker templates to match, according to
the number of partial nodes and whether the current node is the root or not.
Is Valid - Does the current subtree have a valid structure that may match
one of the templates.
Conditions - The conditions for matching the current subtree to one of
Booth-Lueker templates.
Removal - A possible simple removal.
The are cases in which it is not relevant to give a specific value to a cell in
the table.

The table of the cases that require a removal when the current node is a
L-Node, which is a leaf in the PQ-Tree:

Partial| Is Template| Is Conditions Removal
Num | Root Valid

Not Not | L1 Yes All structures for a leaf | Not required
rele- rele- are valid

vant vant

Table 4.1: L-Node cases with possible removals.

The table of the cases which require a removal when the current node is
a P-Node:

Partial| Is Template| Is Conditions Removal
Num | Root Valid
0 Yes PO, P1, P2| Yes Since there is no signif- | Not required

icance to the order of
the children, all struc-
tures are valid

0 No PO, P1, P3| Yes Since there is no signif- | Not required

icance to the order of
the children, all struc-
tures are valid
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Partial| Is Template| Is Conditions Removal

Num | Root Valid

1 Yes P4 Depends| Considering the struc- | Transform the
on ture of the partial node, | partial node to be
partial | if there are children of | an  empty  node,
struc- the current node which | and then try to
ture are full, then the empty | match Templates

children of the partial | PO, P1, P2.
node should be on one

side of it. If all of the

children of the current

node are empty (except

from the partial node),

then the empty children

of the partial node may

appear on both sides of

it.

1 No P5 Depends| Considering the struc- | Transform the
on ture of the partial node, | partial node to be
partial | if there are children of | an  empty  node,
struc- the current node which | and then try to
ture are full, then the empty | match Templates

children of the partial | PO, P1, P3.
node should be on one
side of it.

2 Yes P6 Depends| Considering the struc- | Transform the
on ture of the partial | partial nodes which
partial | nodes, in both partial | have an invalid struc-
struc- nodes, the empty chil- | ture to be empty
ture dren of the partial node | nodes, and then try

should be on one side of | to match Template
it, so one can connect | PO, P1, P2, P4.
the two parts.
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Partial| Is Template| Is Conditions Removal
Num | Root Valid

2 No None No There are no matching | Transform one of
templates for this case. | the partial nodes
to be an empty
node, and then make
removals from the
other partial node if
needed, by trying to
match Template P5.
3 or | Not | None No There are no matching | Transform one of the
more rele- templates for this case. | partial nodes to be
vant an empty node, and

repeat this step while
there are at least
three partial nodes.
Then, make removals
from the remaining
two partial nodes if

needed, according
to the cases of two
partial mnodes, and

Template P6 if the
current node is the
root.

Table 4.2: P-Node cases with possible removals.

The table of the cases which require a removal when the current node is

a Q-Node:
Partial| Is Template| Is Conditions Removal
Num | Root Valid
0 Not | Q0,Q1 Depends| All the full children of | Transform the cur-
rele- on chil- | the current node should | rent node to be an
vant dren appear  consecutively, | empty node.
order and the empty children
of the current node may
appear on both sides of
the full sequence.
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Partial| Is Template| Is Conditions Removal

Num | Root Valid

1 Yes Q2 Depends| All the full children of | If at least one of
on chil- | the current node should | these conditions is
dren appear  consecutively, | not met, then we
order adjacent to the full | transform the current

side of the partial node. | node to be an empty
The empty children of | node, and then try
the current node may | to match Templates
appear on both sides | QO0, Q1.

of the sequence of full

children. Also, con-

sidering the structure

of the partial node, if

the current node have

full children, then the

empty children of the

partial node should be

on one side of it.

1 No Q2 Depends| All the full children of | If at least one of
on chil- | the current node should | these conditions is
dren appear  consecutively, | not met, then we
order adjacent to the full side | transform the current

of the partial node. All | node to be an empty
the empty children of | node, and then try
the current node should | to match Templates
appear  consecutively, | Q0, Q1.

adjacent to the empty

side of the partial node.

Also, considering the

structure of the partial

node, if the current node

have full children, then

the empty children of

the partial node should

be on one side of it.
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Partial| Is Template| Is Conditions Removal
Num | Root Valid
2 Yes Q3 Depends| All the full children of | If at least one of
on chil- | the current node should | these conditions is
dren appear  consecutively, | not met, then we
order between both partial | transform one or
nodes. The empty chil- | both of the partial
dren of the current node | nodes to be empty
should appear on the | nodes, and then try
outer sides of the partial | to match Templates
nodes.  Also, consid- | Q0,Q1, Q2.
ering the structure of
the partial nodes, in
both partial nodes, the
empty children of the
partial node should be
on one side of it, so one
can connect the two
parts.
2 No None No There are no matching | Transform one of
templates for this case. | the partial nodes
to be an empty
node, and then make
removals from the
other partial node
and the children of
the current node if
needed, by trying to
match Template Q2.
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Partial| Is Template| Is Conditions Removal

Num | Root Valid

3 or | Not | None No There are no matching | Transform one of the

more rele- templates for this case. | partial nodes to be
vant an empty node, and

repeat this step while
there are at least
three partial nodes.
Then, make removals
from the remaining
two partial nodes if
needed, according
to the cases of two
partial mnodes, and
Template Q3 if the
current node is the
root.

Table 4.3: Q-Node cases with possible removals.

Appendix [.I] shows a basic implementation of Extended Booth-Lueker
Algorithm. This implementation is based on the PQ-Tree module in Tyralgo
library, which is an Open Source Library for Algorithmic Problem Solving,
released under the MIT License.

4.2 Booth-Lueker Algorithm for a Known End
of Path

In this section we present Algorithm KnownEndBL, that finds a feasible
solution with a known cluster at an end of it, if such a solution exists, in linear
time. This algorithm is also based on Booth-Lueker Algorithm presented in
[2]. Algorithm KnownEndBL initializes a PQ-Tree in which the vertices of
the known cluster at an end are descendants of one P-Node, and the rest of
the vertices are descendants of another P-Node. We then use Booth-Lueker
Algorithm to process the clusters of the hypergraph, except for the cluster
that is a known end of the solution path.
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Algorithm 13 KnownEndBL: Adjusted Booth-Lueker Algorithm which
finds a feasible solution with a known cluster at an end of it, if such a solution

exists.

function KNOWNENDBL()

Input:

A hypergraph H =<V, S >.

A cluster ' € S.

Output:

A PQ-Tree with S” at an end of the corresponding feasible solution if the
algorithm ended successfully, or an indication that there is no feasible
solution with S” at an end of it.

begin

Initialize a PQ-Tree, denoted by T', with the following structure:

1.
2.
3.
4.

D.

The root of the tree is a P-Node, denoted by root, with two children.
The first children of root is a P-Node, denoted by P1.

The children of P1 are the vertices in S’

The second children of root is a P-Node, denoted by P2.

The children of P2 are the vertices in V' \ 5’.

Call Booth-Lueker Algorithm on (H[S\ {S'}],T).
return The result of Booth-Lueker Algorithm.
end function

Figure 4.11: Algorithm KnownEndBL

Example 4.2.1. Figure[4.19 shows an example for KnownEndBL Algorithm,
on the given hypergraph. The first tree is the PQ-Tree which is constructed
at the beginning of the algorithm, with cluster Sy as a known end of the
solution path. The second tree is the PQ-Tree constructed by Booth-Lueker
Algorithm, when called on the first PQ-Tree and clusters {Ss,Ss}. At the
end of the algorithm, Path = (1,2,3,4,5,6,7) is a feasible solution for H of
FCTSP, and cluster Sy s at an end of this solution.
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H PQ — Tree
Initialized by the algorithm

a0 m

PQ — Tree
At the end of the algorithm

YIS

Figure 4.12: Example [4.2.1}

Theorem 4.2.2. Algorithm KnownEndBL finds a feasible solution of FCTSP
with S at an end of it, if such a solution exists.

Proof. If we call Booth-Lueker Algorithm on a set of two disjoint clusters
S1, 55, then we get a PQ-Tree in which each of those clusters is under a
different P-Node, denote these P-Nodes by P;, P,. Booth-Lueker Algorithm
assures that at the end of the algorithm, S; and Sy have a consecutive subpath
in the solution defined by the PQ-Tree. Algorithm KnownEndBL creates a
structure which is equivalent to this, by separating between S’, which is a
known end of the solution path, and the rest of the vertices. That is, S’
is equivalent to Si, and the P-Node which contains the rest of the vertices
is equivalent to Sy. Therefore, if the algorithm ended successfully, S has a
consecutive subpath in the solution. Also, all the vertices under P, have a
consecutive subpath in the solution, and the groups of vertices under P;, P,
are disjoint. Hence, the subpath defined by P; cannot appear inside the
subpath defined by P, and if there is a feasible solution, then S’ is at an end
of this solution. m

Theorem 4.2.3. Algorithm KnownEndBL runs in O(n+m+ 3 ... 1Si)
time complexity, where n = |V|,m =|S]).

101



Proof. In [2] it is shown that the time complexity of Booth-Lueker Algo-
rithm is O(n +m + >, .., |Si]). Algorithm KnownEndBL is the same as
Booth-Lueker Algorithm, with an extra step for creating the initial tree.
Hence, the time complexity of the algorithm is O(n+m+>,_.... [Si]). O

Appendix [.2] shows a basic implementation of Booth-Lueker Algorithm
for a Known End of Path. This implementation is based on the PQ-Tree
module in Tyralgo library, which is an Open Source Library for Algorithmic
Problem Solving, released under the MIT License.

102


https://tryalgo.org/code/

Section 5

Summary and Future Research

In this work we focus on the Feasibility Clustered Travelling Salesman Prob-
lem (FCTSP) with non-disjoint clusters.

We characterize cases where there is no feasible solution for the hyper-
graph, according to the structure of its intersection graph. In those cases,
we present several algorithms which find a minimum cardinality feasible re-
moval list for the hypergraph. After finding a feasible removal list, we can
use other algorithms to find the feasible solution for the new hypergraph.
Let H =< V,§ > be a hypergraph and L a minimum cardinality feasible
removal list for H. We can use the algorithm of Booth and Lueker to find a
feasible solution for H \ L. We also present theorems for cases where there
is a feasible solution for a hypergraph with known ends of the solution path.
Those theorems are useful while desigining algorithms that find a feasible
removal list for hypergraphs whose intersection graphs contain a cut edge or
a cut node, and may also be useful for other known structures of the inter-
section graph.

Another significant result of this research is the designing of an algorithm
that finds a feasible removal list for any hypergraph in linear time. In addi-
tion, we present an algorithm that finds a feasible solution with a known end
of the solution path, if such a solution exists, in linear time. Both algorithms
are based on the algorithm of Booth and Lueker.

Summary of our main results: Given a hypergraph H =< V| § >, where
n=|V|,m=]|S|:

1. Simple Path: The hypergraph always has a feasible solution. Algo-
rithm FindPath finds a feasible solution in O(m?*+nm) time complexity.
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10.

11.

12.

Chordless Cycle: If the size of the cycle is m > 4 then there is
no feasible solution. Algorithm DelCycle finds a minimum cardinality
feasible removal list in O(m? + n) time complexity.

Tree: If the tree is not a simple path, and there are no contained
clusters, then there is no feasible solution.

Star: If the star contains k > 3 leaves, then there is no feasible solution.
Algorithm DelStar finds a minimum cardinality feasible removal list in
O(mn) time complexity.

Star with Paths: If the star contains & > 3 paths, then there is
no feasible solution. Algorithm DelStarWithPaths finds a minimum
cardinality feasible removal list in O(nm?) time complexity.

Caterpillar Tree: If the tree is not a simple path, then there is no
feasible solution. Algorithm DelCaterpillar is a dynamic programming
algorithm which finds a feasible removal list in O(nm?) time complexity.

Bipartite Graph: If the bipartite graph is isomorphic to K, ,, * >
2,y > 2orto Ky,, y > 3, then there is no feasible solution. Algorithm
DelBipartite finds a feasible removal list in O(nm?) time complexity.

Clique: We characterize when there exists a feasible solution for a
clique of size m = 3. Algorithm DelClique3 finds a minimum cardi-
nality feasible removal list for a clique of size m = 3 in O(n) time
complexity.

Cut Edge: There exists a feasible solution if and only if each connected
component has a feasible solution with the appropriate node of the cut
edge at its end. Algorithm DelCutEdge finds a minimum cardinality
feasible removal list.

Cut Node: If there are three connected components which are not
contained in the cut node, then there is no feasible solution. Algorithm
DelCutNode finds a minimum cardinality feasible removal list.

General Graph: In the general case, for any given hypergraph, Ex-
tended Booth-Lueker Algorithm finds a feasible removal list in linear
time, O(n+m+>_,-,<,, |5i]). This algorithm is based on the algorithm
of Booth and Lueker.

Known Endpoint: Algorithm KnownEndBL finds a feasible solution
with a known endpoint, if such a solution exists, in linear time,
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O(n+m+ 3, i, |Si]). This algorithm is based on the algorithm of
Booth and Lueker.

There are several different directions for further research in this field.
This work focus on vertices removal from clusters in the hypergraph, in or-
der to achieve feasibility. We would like to explore possible algorithms that
insert vertices to clusters in the hypergraph, in order to achieve feasibility.

We would also like to explore different target functions. For example,
we can design algorithms that use a target function which minimizes the
number of vertices that are changed, or a target function which minimizes
the number of clusters that are changed. Furthermore, in the algorithms we
presented, a vertex may be removed from the graph, if it is removed from all
the clusters that contained it. We would like to design algorithms that make
sure that no vertex is removed from the graph.

Another direction for research is to explore algorithms which find a min-
imum cardinality feasible removal list for intersection graphs of other known
graph structures. Other algorithms may also rely on additional theorems and
conditions for known ends of the solution path.

In addition, we can also deepen the study of algorithms that are based on
the algorithm of Booth and Lueker, and explore a proper order for processing
clusters, and advanced algorithms for removals, in order to find a minimum
cardinality feasible removal list.

105



References

1]

2l

3]

4]

17l

18]

S. Anily, J. Bramel, and A. Hertz. A 5/3-approximation algorithm for
the clustered traveling salesman tour and path problems. Operations
Research Letters, 24:29-35, 1999.

Kellogg S. Booth and George S. Lueker. Testing for the consecutive ones
property, interval graphs, and graph planarity using pg-tree algorithms.
Journal of Computer and System Sciences, 13:335-379, 1976.

T. Christof, M. Jiinger, J. Kececioglu, P. Mutzel, and G. Reinelt. A
branch-and-cut approach to physical mapping of chromosomes by unique
end-probes. Journal of Computational Biology, page 4:433-47, 1997.

N. Christofldes. Worst-case analysis of a new heuristic for the travelling
salesman problem. Management Sciences Research Report 388, Grad-
uate School of Industrial Administration, Carnegie-Mellon University,
1976.

P. Duchet. Propriété de helly et problémes de représentation. Collogu.
Internat. CNRS, Problemes Conbinatoires et Theorie du Graphs, Orsay,
France, 260:117-118, 1976.

C. Flament. Hypergraphes arborés. Discrete Math., 21(3):223-227, 1978.

Greg N. Frederickson, Matthew S. Hecht, and Chul E. Kim. Approxi-
mation algorithms for some routing problems. 17th Annual Symposium
on Foundations of Computer Science (sfes 1976), 1976.

N. Guttmann-Beck, R. Hassin, S. Khuller, and B. Raghavachari. Ap-
proximation algorithms with bounded performance guarantees for the
clustered traveling salesman problem. Algorithmica, 28:422-437, 2000.

N. Guttmann-Beck, E. Knaan, and M. Stern. Approximation algorithms
for not necessarily disjoint clustered tsp. Journal of Graph Algorithms
and Applications, 22,4:555-575, 2018.

106



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

N. Guttmann-Beck, Z. Sorek, and M. Stern. Clustered spanning tree -
conditions for feasibility. Discrete Mathematics and Theoretical Com-
puter Science, 2019.

J.A. Hoogeveen. Analysis of christofides’ heuristic: Some paths are more
difficult than cycles. Operations Research Letters, 10:291-295, 1991.

N. Lindzey and R. M. McConnell. Linear-time algorithms for finding
tucker submatrices and lekkerkerker-boland subgraphs. Colorado State
Unwversity, 2013.

F.C.J. Lokin. Procedures for travelling salesman problems with addi-

tional constraints. Furopean Journal of Operational Research 3, pages
135-141, 1978.

T. A. McKee and F. R. McMorris. Topics in intersection graph theory.
SIAM Monographs on Discrete Mathematics and Applications. Society
for Industrial and Applied Mathematics (SIAM), Philadelphia, PA, 1999.

P. J. Slater. A characterization of soft hypergraphs. Canad. Math. Bull.,
21(3):335-337, 1978.

R. Swaminathan and D. K. Wagner. On the consecutive-retrieval prob-
lem. SIAM J. Comput., 23:398-414, 1994.

A. Tucker. A structure theorem for the consecutive 1’s property. Journal
of Combinatorial Theory, 12(B):153-162, 1972.

107



Appendices

108



1

2

14
5
16
17
18
19
20

21

.1 Extended Booth-Lueker Algorithm Implemen-
tation

This implementation is based on the Tyralgo library, and includes a more
explicit implementation for the templates of Booth and Lueker Algorithm.
The algorithm is used as an Extended Booth-Lueker Algorithm, which finds
a feasible removal list if the hypergraph does not have a feasible solution of
FCTSP.

Note that the algorithm is only a partial implementation of Extended Booth-
Lueker Algorithm, used to demonstrate the principles of this algorithm.
Also note that the algorithm includes two options for making changes to the
clusters, using methods of vertices removal from clusters and vertices inser-
tion to clusters in the hypergraph, in order to achieve a feasible solution for
the new set of clusters.

oy
\
\

C.dlirr, a.durr — 2017—2019

Solve the consecutive all ones column problem using PQ-trees

In short, a PQ-tree represents sets of total orders over a
ground set . The

leafs are the values of the ground set. Inner nodes are of
type P or Q. P

means all permutations of the children are allowed. Q means
only the left

to right or the right to left order of the children is
allowed .

The method restrict (S), changes the tree such that it

represents only

total orders which would leave the elements of the set S

consecutive. The

complexity of restrict is linear in the tree size.

References:

[W] https://en.wikipedia.org/wiki/PQ _tree

[L10] Richard Ladner, slides.
https://courses.cs.washington.edu/courses/cse421 /10au/

lectures /PQ. pdf

[HOO] Mohammad Taghi Hajiaghayi, notes.
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https://tryalgo.org/code/

24 http://www-math.mit.edu/  hajiagha /ppll.ps
25

26

27 Disclaimer: this implementation does not have the optimal
time complexity .

28 And also there are more recent and easier algorithms for this
problem .

29

30 nnn

31

32 #

33 # PQ-Tree Implementation with clusters fix for a Feasible CTSP

34 #

35 # This implementation is based on the tryalgo library , and
includes a more explicit implementation for the templates of
Booth and Lueker Algorithm .

36 # The algorithm is used as an Extended Booth and Lueker Algorithm
, which finds a feasible removal list if the hypergraph does
not have a feasible solution.

37 # We suggest two fix options in order to gain feasibility:

3s # 1. FIX BOTLOC DELETE = Fixing clusters during the Booth and
Lueker Algorithm , by removing vertices from clusters , in
order to match one of the templates.

30 # 2. FIX BOTLOC INSERT = Fixing clusters during the Booth and
Lueker Algorithm , by inserting vertices to clusters, in order
to match one of the templates.

10 # The selection of a fix method is made by setting variable
FIX TYPE according to the options described above.

41 # The sections of code which are used to fix the cluster during
the Booth and Lueker Algorithm are marked by a comment in the
relevant templates.

12 # The algorithm also contains a DEBUG MODE, which when activated ,
is used to print the results of the different steps to the
console .

43 ##
14 # Disclaimer: The purpose of the algorithm is to demonstrate the
possible options for fixing a hypergraph, using a simple

implementation .

15 # Note that the algorithm is only a partial implementation of
Extended Booth and Lueker Algorithm , used to demonstrate the
principles of the algorithm.

16 # The code contains implementation for transforming a node to be
empty or full , when there is no matching template.

a7 # The algorithm was checked on a limited number of hypergraphs,
and therefore may contain bugs in the fixing implementation.

18 # Also, this implementation is not a complete implementation of
the original Booth and Lueker Algorithm , and does not have
the optimal time complexity.

49 F#
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50 # This implementation is based on the pg—tree module in the
tryalgo library , released under the MIT License.
51 # The extensions of the algorithm which are described above were

implemented by: Hadas Sayag
52 # Date: 08/06/2020

55 import os
56 from collections import deque
57 from copy import deepcopy

50 P NODE = 0

60 Q NODE = 1

61 L NODE = 2

62

63 LABEL. EMPTY = 0

6« LABEL FULL = 1

65 LABEL PARTIAL = 2

66

67 FIX BOTLOC DELETE = 0
6s FIX BOTLOC INSERT = 1
69

70 FIX_TYPE = FIX BOTLOC_ DELETE
71 DEBUG_MODE = True

class IsNotC1P (Exception):
pIOI)erty nnn

75 pass

76

77 class PQ_Node:

"""The given instance does not have the all

consecutive ones

78 def _ init _ (self, type, value=None):
79 self .parent = None

80 self .type = type

81 self.label = LABEL EMPTY

82 self.leaf value = value

83 self.full leafs = 0

84 self.processed sons = 0

85 self.sons = []

86 self .partial children =

87

88 def border(self, L):

89 """Append to L the border of the subtree.
90 nnn

91 if self.type = L NODE:

92 L.append(self.leaf value)

93 else:

94 for x in self.sons:

95 x.border (L)
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96

97 def str_ (self):

98 if self.type = L _NODE:

99 return str(self.leaf value)

100 for x in self.sons:

101 assert x.parent — self

102 if self.type = P NODE:

103 return "(" + ",".join (map(str, self.sons)) + ")"
104 else:

105 return "[" + ",".join (map(str, self.sons)) + "|"

106

107 class PQ_ Tree:

108 def  init  (self, allSets):

109 self .root = PQ_Node(P_NODE)
110 self.all leafs = []

111 for v in allSets:

112 node = PQ_Node(L NODE, value=v)
113 node.parent = self.root

114 self .root.sons.append(node)

115 self.all leafs.append(node)

116

117 def _ str (self):

118 """returns a string representation ,

119 () for P nodes and [] for Q nodes

120 mnn

121 return str(self.root)

122

123 def border(self):

124 """returns the list of the leafs in order
125 mnn

126 L = []

127 self .root.border (L)

128 return L

129

130 def reduce(self, set):

131 queue = deque(self.all leafs)

132

133 if DEBUG MODE: print ()

134 if DEBUG MODE: print("set — ", set)

135 if DEBUG MODE: print("tree — ", self.root)
136 set len = len(set)

137

138 while len (queue) > 0:

139 x = queue.popleft ()

140

141 # x is not root (tree,set)

142 if x.full leafs < set len:

143 isMatch = self.template L1(x, set)
144 if not isMatch:
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145
146
147
148
149
150

151

152
153
154
155
156

157

158
159
160
161
162
163
164
165
166
167
168
169
170

171

182
183
184
185
186
187
188

189

template P5)

template Q2)

template P6)

template Q3)

if

if

if

if

if

if

if

isMatch = self
not isMatch:
isMatch = self
not isMatch:
isMatch = self
not isMatch:
isMatch = self

not isMatch:
isMatch = self
not isMatch:
isMatch = self
not isMatch:
isMatch = self

not isMatch:
self.cleanTree
raise IsNotC1P

y = X.parent
y.full leafs += x.full leafs
y.processed sons 4= 1

if y.processed sons — len(y.sons):
queue . append (y)
# x is root(tree,set)
elllstel:

isMatch = self.template L1 (x,

if

if

if

if

if

if

if

if

if

not isMatch:
isMatch = self
not isMatch:
isMatch = self
not isMatch:
isMatch = self
not isMatch:
isMatch = self
not isMatch:
isMatch = self

not isMatch:
isMatch = self
not isMatch:
isMatch = self
not isMatch:
isMatch = self
not isMatch:
isMatch = self

not isMatch :
self.cleanTree

113

.template P1(x,
.template P3(x,
.template P5(x,

.template Fix(x

.template Q1 (x,

.template Q2 (x,

)

set)
set)
set)

set ,

set)

set)

.template Fix(x, set,

0

.template P1(x,
.template P2(x,
.template P4 (x,
.template P6(x,

.template Fix(x

.template QI (x,
.template Q2 (x,

.template Q3 (x,

set )

?

set)
set)
set)
set)

set ,

set)
set)

set)

1

)

1

)

2,

self .

self .

self .

.template Fix(x, set, 2, self.

0



190 raise IsNotCI1P
191

192 if self.root != None:

103 self.cleanTree ()

194

195 def cleanTree(self):

196 self .root.full leafs = 0

197 self .root.processed sons = 0
198 self.root.label = LABEL EMPTY
199 self .root.partial children = []
200 self.cleanSons(self.root.sons)
201

202 def cleanSons(self, sons):

203 neWSOnS = []

204 for son in sons:

205 son. full leafs = 0

206 son.processed sons = 0

207 son.label = LABEL EMPTY

208 son.partial children = []
209 for grandson in son.sons:
210 newSons . append (grandson)
211 if len(newSons) > O0:

212 self.cleanSons (newSons)

213

214 def template L1(self, x, sect):

215 if x.type != L NODE:

216 return False

217

218 if x.leaf value in set:

219 x.label = LABEL FULL

220 x. full leafs =1

221

222 if DEBUG MODE: print ("L1 "ox)

return True

w

def template P1(self, x, set):
if x.type != P _NODE:
return False
if len(x.partial children) != 0:
return False

NN NN
o N o U ok W

00 W N N

if DEBUG MODE: print("Start P1 — ", x)

NONONN NN NN NN NN NN N N

3

3: /£ Check for templates PO and P1
34 isAllEmpty = True

35 isAllFull = True

36 for son in x.sons:

37 if son.label != LABEL EMPTY:
38 isAllEmpty = False
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239 if son.label != LABEL FULL:

240 isAllFull = False

241

242 # Update the tree if templates PO or Pl matches the node
243 if isAllFull:

244 x.label = LABEL FULL

245 if isAllEmpty or isAllFull:

246 if DEBUG MODE: print ("End P1 — ", x)
247 return isAllEmpty or isAllFull

248

249 def template P2(self, x, set):

250 if x.type != P_NODE:

251 return False

252 if len(x.partial children) != 0:

253 return False

254

255 if DEBUG MODE: print ("Start P2 " ox)
256

257 # Update the tree according to template P2
258 full node = PQ_Node(P NODE)

259 full node.label = LABEL FULL

260

261 for son in x.sons:

262 if son.label =— LABEL FULL:

263 son.parent = full node

264 full node.sons.append(son)

265

266 for son in full node.sons:

267 X.sons.remove(son)

268

269 if len (full node.sons) — 1:

270 full node = full node.sons[0]

271

272 full node.parent = x

273 x.sons.append (full node)

274 if DEBUG MODE: print ("End P2 — " x)
275 return True

276

277 def template P3(self, x, set):

278 if x.type != P _NODE:

279 return False

280 if len(x.partial children) != 0:

281 return False

282

283 if DEBUG MODE: print("Start P3 — ", x)
284

285 # Update the tree according to template P3
286 full node = PQ_Node(P_NODE)

287 full _node.label = LABEL FULL
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288 empty node = PQ_ Node(P_NODE)

289 empty node.label = LABEL EMPTY

290

291 for son in x.sons:

292 if son.label = LABEL FULL:

203 son.parent = full node

294 full node.sons.append (son)
295 elif son.label — LABEL EMPTY:
296 son.parent = empty node

297 empty node.sons.append (son)
298

299 for son in full node.sons:

300 X.sons.remove(son)

301 for son in empty node.sons:

302 X.sons.remove(son)

303

304 if len(full node.sons) — 1:

305 full node = full node.sons[0]
306 if len (empty node.sons) =— 1:

307 empty node = empty node.sons[0]
308

309 full node.parent = x

310 empty node.parent = x

311 x.type = Q_NODE

312 x.label = LABEL PARTIAL

313 x.sons.append (empty node)

314 x.sons.append (full node)

315 x.parent.partial children.append(x)
316 if DEBUG MODE: print("End P3 — ", x)
317 return True

318

319 def template P4(self |, x, set):

320 if x.type != P_NODE:

321 return False

322 if len(x.partial children) != 1:
323 return False

324

325 if DEBUG MODE: print ("Start P4 " ox)
326

327 # Check if the node needs a fix

328 part node = x.partial children [0]
329 isFullSons = False

330 for son in x.sons:

331 if son.label =— LABEL FULL:

332 isFullSons = True

333 break

334 if isFullSons:

335 # Make sure that the partial node is in legal order.
336 # Since there are full children, the empty children
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338
339
340
341
342
343
344
345
346
347
348
349
350
351
352
353
354
355
356
357
358
359
360
361
362
363
364
365
366
367
368
369
370
371
372
373

374

ot

u
S 033

3
® N o

379
380
381

382

of the partial node should be on one side of it
if (part _node.sons[0].label — LABEL EMPTY) and (
part node.sons|[len (part node.sons) — 1].label = LABEL EMPTY)

self .makeNodeEmpty (part _node, set)
x.partial children .remove(part node)
isMatch = self.template P1(x, set)
if not isMatch:
isMatch = self.template P2(x, set)
return isMatch
elif FIX TYPE — FIX BOTLOC INSERT:
self . makeNodeFull (part node, set)
x.partial children.remove(part node)
isMatch = self.template P1(x, set)
if not isMatch:
isMatch = self.template P2(x, set)
return isMatch
else:
return False

# Make sure that the partial node is in correct order
part _node = x.partial children[0]
if part node.sons[0].label — LABEL FULL:

part node.sons.reverse ()

# Update the tree according to template P4
full _node = PQ_Node(P_NODE)
full _node.label = LABEL FULL
for son in x.sons:
if son.label = LABEL FULL:
son.parent = full node
full node.sons.append(son)
if len(full node.sons) > 0:
for son in full node.sons:
X.sons.remove(son)

if len(full node.sons) — 1:
full node = full node.sons|0]
full _node.parent = part node

part mnode.sons.append(full node)

if DEBUG MODE: print("End P4 — ", x)

return True

def template P5(self, x, set):
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383
384
385
386
387
388
389
390
391
392
393
394
395
396
397
398

399

400

if x.type != P_NODE:
return False

if len(x.partial children) != 1:
return False

if DEBUG MODE: print("Start P5 ", ox)

# Check if the node needs a fix
part node = x.partial children [0]
isFullSons = False
for son in x.sons:
if son.label =— LABEL FULL:
isFullSons = True
break
if isFullSons:
# Make sure that the partial node is in legal order.
# Since there are full children, the empty children
of the partial node should be on one side of it
if (part node.sons[0].label = LABEL EMPTY) and (
part _node.sons|len (part node.sons) — 1].label =— LABEL EMPTY)

4 FIX!
if FIX_TYPE — FIX_BOTLOC_DELETE:
self .makeNodeEmpty (part node, set)
x.partial children.remove(part node)
isMatch = self.template P1(x, set)
if not isMatch:
isMatch = self.template P3(x, set)
return isMatch
elif FIX TYPE — FIX BOTLOC INSERT:
self . makeNodeFull (part node, set)
x.partial children.remove(part node)
isMatch = self.template P1(x, set)
if not isMatch:
isMatch = self.template P3(x, set)
return isMatch
else:
return False

[l

full _node = PQ_Node(P_NODE)
full _node.label = LABEL FULL
empty node = PQ Node(P_NODE)
empty node.label = LABEL EMPTY

# Make sure that the partial node is in correct order
if part node.sons[0].label — LABEL FULL:
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429
430
431
432
433
434
135
436
437
438
439
440

441

468
469
470
471
472
473
474
475

176

477

# Update the tree
for son in x.sons:

part mnode.sons.reverse ()

according to template P5

if son.label =— LABEL FULL:

son.parent

= full node

full node.sons.append (son)
elif son.label = LABEL EMPTY:

son . parent

= empty node

empty node.sons.append (son)

if len (empty node.sons) > O0:

for son in empty node.sons:
X.sons.remove(son)

if len (empty node.sons) — 1:

for

empty node

= empty node.sons[0]

empty node.parent = x
x.sons.insert (0,empty node)

son in part node.sons:

son.parent = x
x.sons.append (son)

if len(full node.sons) > O0:

for son in full node.sons:
X.sons.remove(son)

if len(full node.sons) — 1:

Mo oMM

return

full _node

= full node.sons[0]

full _node.parent = x
x.sons .append (full node)

.type = Q_NODE
.label = LABEL PARTIAL
.sons.remove (part node)
.partial children .remove(part node)
X.

parent.partial children .append(x)
if DEBUG MODE: print("End P5 — ", x)

True

def template P6(self, x, set):
if x.type != P_NODE:

return

False

if len(x.partial children) != 2:

return

False

if DEBUG MODE: print("Start P6 — ", x)

# Make sure that the partial nodes are in legal order.

ros

4 In both

partial

nodes, the empty children
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one side of it
first _part node = x.partial children[0]
second part node = x.partial children[1]
if (((first part node.sons|[0].label — LABEL EMPTY) and
(first _part node.sons|[len (first part node.sons) —
1].label —
LABEL EMPTY)) or
((second part node.sons [0].label = LABEL EMPTY) and
(second part node.sons[len (second part node.sons) —
1].label —
LABEL EMPTY)) ) :
4 FIX!

/]

if FIX_TYPE — FIX_BOTLOC_DELETE:
self .makeNodeEmpty (first part node, set)
self .makeNodeEmpty (second part node, set)
x.partial children.remove(first part node)
x.partial children .remove(second part node)
isMatch = self.template P1(x, set)
if not isMatch:

isMatch = self.template P2(x, set)

return isMatch

elif FIX TYPE — FIX BOTLOC INSERT:
self . makeNodeFull(first part node, set)
self . makeNodeFull (second part node, set)
x.partial children.remove(first part mnode)
x.partial children.remove(second part node)
isMatch = self.template P1(x, set)
if not isMatch:

isMatch = self.template P2(x, set)

return isMatch

else:
return False

# Make sure that the partial nodes are in correct order
if first part node.sons[0].label — LABEL FULL:
first _part node.sons.reverse ()
if second part node.sons[0].label = LABEL EMPTY:
second part node.sons.reverse ()

# Update the tree according to template P6
full node = PQ_Node(P_NODE)
full _node.label = LABEL FULL

for son in x.sons:

if son.label =— LABEL FULL:
son.parent = full node
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546

full node.sons.append (son)

for son in full node.sons:
X.sons.remove(son)

if len(full node.sons) — 1:
full _node = full node.sons[0]
full node.parent = first part node

first part node.sons.append(full node)

for i in range(len(second part node),0,—1):
second part node[i].parent = first part node
first part node.append(second part node[i])

x.sons.remove (second part node)
if DEBUG MODE: print ("End P6 — ", x)

return True

def template Q1 (self, x, set):

if x.type != Q_NODE:
return False

if len(x.partial children) != 0:
return False

if DEBUG MODE: print("Start QL — ", x)

# Check for templates Q0 and Q1
isAllEmpty = True
isAllFull = True
isLegalPartial = True
for son in x.sons:
if son.label != LABEL EMPTY:
isAllEmpty = False
if son.label != LABEL FULL:
isAllFull = False

# Update the tree if templates Q0 or Ql matches the node

if isAllFull:
x.label = LABEL FULL
isLegalPartial = False
elif isAllEmpty:
isLegalPartial = False

# Check if there is a legal order of the full

else:

isLegalPartial = self.checkLegalQNodeFullSequence (x)

if isLegalPartial:
x.label = LABEL PARTIAL

x.parent.partial children.append(x)
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582

584
585
586
587
588
589
590
591
592
593
594
595
596
597
598
599
600
601
602
603
604
605
606

607

608
609

610

611
612

613

else:
#

FIX!

e 3

if FIX TYPE — FIX BOTLOC_ DELETE:
self .makeNodeEmpty (x, set)
x.label = LABEL EMPTY
return True

elif FIX TYPE — FIX BOTLOC INSERT:
self . makeNodeFull(x, set)
x.label = LABEL FULL
return True

else:
return False

77

if DEBUG MODE: print ("End Q1 — ", x)
return isAllEmpty or isAllFull or isLegalPartial

def template Q2(self, x, set):
if x.type != Q_NODE:
return False
if len(x.partial children) != 1:
return False

if DEBUG MODE: print("Start Q2 — ", x)

# Check if there is a legal order of the full sequence
isNeedFix = False
isLegalPartial = self.checkLegalQNodeFullSequence (x)
if not isLegalPartial:

isNeedFix = True

[first full index , last full index, first partial index,
second partial index]| = self.
checkFullPartialLocations (x)
part _node = x.partial children[0]

# The partial node must be next to the full sequence (if
there is no full sequence, any location of the partial is
legal)

if first full index != None:

# Make sure that the partial node is in legal order
if (part_node.sons[0].label — LABEL EMPTY) and (
part _node.sons[len (part node.sons) — 1].label = LABEL EMPTY)

isNeedFix = True

# If the partial is before the full sequence, the
order of the partial should be empty and then full
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616 if first partial index = first full index — 1:

617 if part node.sons[0].label — LABEL FULL:

618 part _node.sons.reverse ()

619 # If the partial is after the full sequence, the
order of the partial should be full and then empty

620 elif first partial index = last full index + 1:

621 if part node.sons[0].label — LABEL EMPTY:

622 part node.sons.reverse ()

623 # The partial place is not legal

624 else:

625 isNeedFix = True

626

627 #

628 # FIX!

629 #

630 if isNeedFix:

631 if FIX TYPE — FIX BOTLOC_DELETE:

632 self .makeNodeEmpty (part node, set)

633 x.partial children .remove(part node)

634 return self.template Q1l(x, set)

635 elif FIX TYPE — FIX BOTLOC_INSERT:

636 self .makeNodeFull (part node, set)

637 x.partial children.remove(part node)

638 return self.template Ql(x, set)

639 else:

640 return False

642

643 # Update the tree according to template Q2

644 x.partial children .remove(part node)

645 x.sons.remove (part node)

646 for son in part node.sons:

647 son.parent = X

648 x.sons.insert (first partial index , son)

649 first partial index 4= 1

650

651 if DEBUG MODE: print("End Q2 — ", x)

652 return True

653

654 def template Q3(self, x, set):

655 if x.type != Q_NODE:

656 return False

657 if len(x.partial children) != 2:

658 return False

659

660 if DEBUG MODE: print("Start Q3 — ", x)

661

662 # Check if there is a legal order of the full sequence

663 isNeedFix = False
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664
665
666
667
668

669

670
671
672
673

674

678
679
680

681

682

683

684
685
686
687
688
689
690
691
692
693
694
695
696
697
698
699
700
701

702
703
704
705

706

isLegalPartial
if not isLegalPartial:

isNeedFix = True

[first full index , last full index, first partial index,

second partial index| = self.
checkFullPartialLocations (x)
first part node = x.partial children[0]
second part node = x.partial children [1]

# Make sure that the partial nodes is in legal order
if (first part node.sons[0].label — LABEL EMPTY) and (
first part node.sons[len (first part node.sons) — 1].label —
LABEL EMPTY) :

isNeedFix = True
if (second part node.sons|[0].label =— LABEL EMPTY) and (
second part node.sons|[len (second part mnode.sons) — 1].label

LABEL EMPTY) :

isNeedFix — True

# The partial

sequence , or next to each other if there is no full
if first full index != None:
if (first partial index != first full index — 1) or
second partial index != last full index + 1):

else:

nodes must be on both

isNeedFix = True

if second partial index !=
isNeedFix = True

FIX!

+

if isNeedFix:
if FIX TYPE — FIX_BOTLOC_DELETE:
self .makeNodeEmpty (first part node, set)
x.partial children.remove(first part node)
self .makeNodeEmpty (second part node, set)
x.partial children .remove(second part node)
return self.template Q1l(x, set)
elif FIX TYPE — FIX BOTLOC INSERT:
self .makeNodeFull (first part node, set)
x.partial children.remove(first part node)
self .makeNodeFull (second part node, set)
x.partial children .remove(second part node)
return self.template Q1l(x, set)
else:

return

False
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sides of the full

(



707
708

709

710

= = e
e

I I B N B BN S B SRS SRS B N BN B e A BN BREEN BEN |
W w WoWw W W W NN N NN N NN NN B e R e e
IO kR W R R O © 0 N 0 O A W N = O © 0 N o W

J 3 3 3 33

w
®

P I N RS B BN BT SRS SENES S SRS ST SRS SRS BN
3 ot ot (o > iy 'y N > [ [ Ny S > W
¢ NoH O © W N O R W N = O ©

@

# If the partial is first or before the full sequence,

the order of the partial should be empty and then full.

/]

# If the partial is second or after the full sequence,

the order of the partial should be full and then empty

def

if first part node.sons[0].label — LABEL FULL:
first part node.sons.reverse ()

if second part node.sons[0].label = LABEL EMPTY:
second part node.sons.reverse ()

Update the tree according to template Q3
.partial children .remove(first part node)
.partial children .remove(second part node)
.sons .remove (first part node)

.sons.remove (second part node)

ol I

for son in first part node.sons:
son . parent = x
x.sons.insert (first partial index, son)
first partial index +=1
second partial index 4= len (first part node.sons)
for son in second part node.sons:
son . parent = x
x.sons.insert (second partial index, son)
second partial index +=1

if DEBUG MODE: print ("End Q3 — ", x)
return True

template Fix(self , x, set, start range, templateToRun):

if FIX_TYPE — FIX_BOTLOC_DELETE:

for 1 in range(start range,len (x.partial children)):

self .makeNodeEmpty (x. partial children[i], set)

x.partial children.remove(x.partial children[i])

return templateToRun(x, set)
elif FIX TYPE — FIX BOTLOC INSERT:

for 1 in range(start range,len (x.partial children)):

self .makeNodeFull (x.partial children[i], set)

x.partial children.remove(x.partial children|[i])

return templateToRun (x, set)
else:
return False
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780

# Check if the sequence of the Q Node is legal.
# All the full should appear consecutively
def checkLegalQNodeFullSequence (self , x):
isLegalPartial = True
isFullStarted = False
isFullFinished = False
for son in x.sons:
if son.label =— LABEL FULL:
isFullStarted = True
if isFullFinished :
isLegalPartial = False
break
else:
if isFullStarted :
isFullFinished = True
return isLegalPartial

def makeNodeEmpty(self , node, set):
if DEBUG MODE: print (
"Empty Fix: set — ", set, ", leaf —
leaf value)
node.label = LABEL EMPTY
if node.type = L NODE:
if node.leaf value in set:
set.remove (node.leaf value)
for son in node.sons:
self .makeNodeEmpty (son, set)

def makeNodeFull(self, node, set):
if DEBUG MODE: print (
"Full Fix: set — ", set, ", leaf —
leaf value)
node.label = LABEL FULL
if node.type = L NODE:
if not (node.leaf value in set):
set .add(node.leaf value)
for son in node.sons:
self . makeNodeFull(son, set)

# Check for start and end of the full sequence
location of the partial node
def checkFullPartialLocations(self , x):
first full index = None
last full index = None
first partial index = None
second partial index = None
for 1 in range(len(x.sons)):
if x.sons[i].label =— LABEL FULL:
if first full index = None:
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838
839
840
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843
844

845

first full index = i
elif x.sons[i].label = LABEL EMPTY:
if first full index != None:
last full index =1 — 1
elif x.sons[i].label =— LABEL PARTIAL:

if first partial index = None:
first partial index = i

else:
second partial index = i

if first full index != None:
last full index =i — 1

if last full index = None:
if first full index != None:
last full index = len(x.sons) — 1

return [first full index , last full index,
first _partial index ,
second partial index]

def consecutive ones property(sets, universe=None):

""" Check the consecutive ones property.

:param list sets: is a list of subsets of the ground set.
:param groundset: is the set of all elements,
by default it is the union of the given sets
:returns: returns a list of the ordered ground set where
every given set is consecutive ,
or None if there is no solution.
:complexity: O(len (groundset) x len(sets))
:disclaimer: an optimal implementation would have complexity
O(len (groundset) + len(sets) + sum(map(len ,sets)
))7

and there are more recent easier algorithms for

this problem.
nmnn

if universe is None:

universe = set ()
for S in sets:
universe |= set(S)

tree = PQ_ Tree(universe)

tempSets = deepcopy(sets)
for i in range(len (tempSets)):
try:
tree.reduce (tempSets|[i])
except IsNotC1P:
print ("Error — No Feasible Solution!")

print ()
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846 print ("tree = ", tree, "\t() = P node, [] = Q node")

847 print ("Original clusters = ", sets)
848 print ("New clusters = ", tempSets)
849 return tree.border ()

850

851 #

s52 # Test Implementation — My Test Cases
853 7

854

s55 0s.system (' cls )
856

ss7 def runTest(testSet):

858 print ()

859 print ("=" % 70)

860 print ("Clusters = ", testSet)

861 print ("=" % 70)

862 treeBorder = consecutive ones property(testSet)
863 print ("Path = ", treeBorder)

864

se5 # Test 1.1

seo testSet = [{1,2,3}, {2,3,4}]

se7 runTest (testSet)

868

s69 # Test 1.2

s7o #testSet = [{1,2,3,6}, {3,4,5,6}, {2,3,4}]
s71 #runTest (testSet)

872

s7s # Test 1.3

s71 #testSet = [{1,2,3,6}, {3.,4,5,6}, {3.,4}]
s7s #runTest (testSet )

876

s77 # Test 2

s7s #testSet = [{1,2,3}, {3.,4,5}, {2,3,4}]

s79 #runTest (testSet )

880

ss1 # Test 3

ss2 #testSet = [{1,2,3,6}, {3.,4,5,6}, {2.,3,4}]
ss3 #runTest (testSet )

884

ss5 # Test 4

sse #testSet = [{1,2,3,4,5}, {4,5,6,7}, {2,3,6}]
ss7 #runTest (testSet)

888
sso # Test 5

so0 #testSet = [{1,2,3,4,5,6}, {5,6,7,8,9,10,11}, {1,9,10,11,12}]
so1 #testSet = [{1,2,3,4,5,6}, {1,9,10,11,12}, {5,6,7,8,9,10,11}]
so2 #testSet = [{1,9,10,11,12}, {5,6,7,8,9,10,11}, {1,2,3,4,5,6}]
so3 #runTest (testSet)

894
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895
896

897

1
2
3
4

10

12

# Test 6
#runTest (testSet )

Listing 1: Extended Booth-Lueker Algorithm Implementation

.2 Booth-Lueker Algorithm for a Known End
of Path Implementation

This implementation is based on the Tyralgo library, and extends it to find
a feasible solution of FCTSP with a known cluster at an end of it, if such a
solution exists. The algorithm initializes a PQ-Tree with two P-Nodes. One
P-Node contains the vertices of a known endpoint, and the other P-Node
contains the rest of the vertices in the hypergraph. The reduce step is un-
changed, using the implementation in the Tryalgo library, but it is activated
on the updated PQ-Tree and only on the clusters which are not the known
endpoint.

#!/usr/bin/env python3
# —*— coding: utf—8 —x—
nmmny

c.dﬁrr, a.durr — 2017—2019

Solve the consecutive all ones column problem using PQ-trees

In short, a PQ-tree represents sets of total orders over a
ground set . The

leafs are the values of the ground set. Inner nodes are of
type P or Q. P

means all permutations of the children are allowed. Q means
only the left

to right or the right to left order of the children is
allowed .

The method restrict (S), changes the tree such that it
represents only

total orders which would leave the elements of the set S
consecutive. The

complexity of restrict is linear in the tree size.

References:

[W] https://en.wikipedia.org/wiki/PQ _tree
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https://tryalgo.org/code/

21

22 [L10] Richard Ladner, slides.

23 https://courses.cs.washington.edu/courses/cse421 /10au/
lectures /PQ. pdf

24

25 [HOO| Mohammad Taghi Hajiaghayi, notes.

26 http://www-math.mit.edu/  hajiagha /ppll.ps

27

28

29 Disclaimer: this implementation does not have the optimal
time complexity .

30 And also there are more recent and easier algorithms for this
problem .

31

30 nnn

33

34 #

35 # PQ-Tree Implementation for a Known Endpoint

36 F#

37 # This implementation is based on the tryalgo library , and
extends it to find a solution with a known cluster at an end
of the solution, if such a solution exists.

3s # The algorithm initializes a PQ-Tree with two P—Nodes. One P—
Node contains the vertices of a known endpoint, and the other
P—Node contains the rest of the vertices in the hypergraph.

39 # The reduce step is unchanged, using the implementation in the
tryalgo library , but it is activated on the updated PQ-Tree
and only on the clusters which are not the known endpoint.

10 #

41 # This implementation is based on the pg—tree module in the
tryalgo library , released under the MIT License.

12 # The extensions of the algorithm which are described above were
implemented by: Hadas Sayag

13 # Date: 08/06/2020

a4 F#

45

16 # pylint: disable=bad—whitespace, missing—docstring , len—as—
condition

47 # pylint: disable=too-—many-nested—blocks, no—else—raise , too—many
—branches

49 import os
50 from collections import deque
51 import itertools

53 # pylint: disable=unnecessary—pass
51 class IsNotClP (Exception):

5 """The given instance does not have the all consecutive ones
nmn

property
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56 pass

ss P shape = 0
50 Q_ shape = 1
60 L shape = 2
61

62 EMPTY = 0

63 FULL = 1

62 PARTIAL = 2

66 # automaton is used for pattern recognition when reducing a Q
node

67 # —1 represents the result of a forbidden transition

68 F E F P

6o automaton = [[1, 5, 4], # 0 initial state
70 (1, 2, 2], #1

71 [3, 2, 3], +# 2

72 [3,—1,—1], # 3

73 [6, 2, 3], # 4

74 [6, 5, 6], # 5

75 [6,—-1,—-1]] # 6

76

7

7s class PQ node:

79

80 def _ init _ (self, shape, value=None):
81 self .shape = shape

82 self.sons = []

83 self.parent = None

84 self .value = value

85 self.full leafs =0

86 self.processed sons = 0

87 self .mark = EMPTY

88

89 def add(self, node):

90 """Add one node as descendant

91 nnn

92 self.sons.append(node)

93 node . parent = self

94

95 def add all(self, L):

96 for x in L:

o7 self.add(x)

98

99 def add_group(self, L):

100 """Add elements of L as descendants of the node.
101 If there are several elements in L, group them in a P—

node first

102 nmnn
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103
104
105
106

107

109

143
144
145
146
147
148
149

150

if len(L) = 1:

self.add(L[0])

elif len (L) >= 2:

x = PQ_node(P shape)
x.add _all(L)
self.add(x)

# nothing to be done for an empty list L

def border(self, L):
""" Append to L the border of the subtree.

nmmnn

if

self.shape =— L shape:
L.append(self.value)

else:

for x in self.sons:

x.border (L)

# pylint: disable=no—else—return
def _ str (self):

if self.shape = L _shape:
return str(self.value)
for x in self.sons:
assert x.parent — self
if self.shape = P _shape:
return "(" + ",".join (map(str, self.sons)) + ")"
ellislel:
return "[" + " ".join (map(str, self.sons)) + "|"

# pylint: disable=too—many—statements
class PQ _tree:

def _ init _ (self, endpoint cluster, universe):

self.tree = PQ_node(P _shape)
self . leafs = |[]

# Initialize a PQ-Tree with an appropriate

find ’a feasible solution with a known endpoint
endpoint pnode = PQ node(P _shape)
self.tree.add(endpoint_ pnode)

for

i in endpoint cluster:

x = PQ node(L shape, value=i)
endpoint pnode.add(x)
self.leafs .append(x)

universe pnode = PQ_node(P _shape)
self . tree.add(universe pnode)

for

i in universe:
x = PQ node(L shape, value=i)
universe pnode.add(x)
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151

152
153
154
155
156
157
158
159
160
161

162
163
164
165
166
167

168

169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197

198

self.leafs .append(x)

def  str  (self):
returns a string representation ,

nmnn
() for P nodes and [| for Q nodes

nmnn

return str(self.tree)

def border(self):

nmmnn
nmmnn
L=

self . tree.border (L)
return L

def reduce(self, S):
queue = deque(self.leafs)

returns the list of the leafs in order

cleanup = [] # we don’t need to

cleanup leafs
is_key mnode = False

# while there are nodes to be processed

while queue and not is key node:
X = queue.popleft ()

is _key mnode = (x.full leafs = len(S))

to marks

x.mark = PARTIAL # default mark
if x.shape = P _shape:

# group descendants according

E =[]

F— ]

P — ]

for y in x.sons:

if y.mark =— EMPTY:
E.append(y)
elif y.mark — FULL:
F.append(y)
else:
P.append(y)
if len(P) = 0: # start
if len(E) = 0:
x.mark = FULL
else:
if len(F) = 0:
# template P1
x.mark = EMPTY
else:
if is key mnode:
# template P2
x.sons = E
x.add group (F)
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199 else: # is not

root

200 # template P3

201 x.shape = Q shape

202 x.sons = |]

203 x.add_group (E)

204 x.add group (F)

205 elif len(P) = 1:

206 assert P[0].shape = Q_shape

207 if is_key node:

208 # template P4

209 x.sons = E + [P[0]]

210 P[0].add group(F)

211 else: # is not root

212 # template P5

213 x.shape = Q_shape

214 x.sons = []

215 x.add group(E)

216 x.add all(P[0].sons)

217 x.add group(F)

218 elif len(P) — 2:

219 if is_key node:

220 # template P6

221 x.sons = E

222 z = P[0]

223 z.add_group (F)

224 z.add all(reversed (P[1].sons))

225 # POSSIBLE BUG IN TRY ALGO — z was not
added as a son to the root of the tree.

226 # This line was added to solve this bug

227 x.add(z)

228 else:

229 raise IsNotC1P

230 else: # more than 2 partial
descendants

231 raise IsNotC1P

232 elif x.shape = Q_shape:

233 state = 0

234 L =]

235 for y in x.sons:

236 previous = state

237 state = automaton|state ||y.mark]

238 if state — —1:

239 raise IsNotC1P

240 elif (state in (3, 6)) and y.mark — PARTIAL:

241 assert y.shape =— Q_shape

242 L 4= reversed (y.sons)

243 elif state = 6 and previous =— 4:

244 L =1L[::—1]
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280

L.append(y)
elif y.mark =— PARTIAL:
L += y.sons
else:
L.append(y)
if state = 3 and not is_key node:
raise IsNotC1P
elif state = 5:
x.mark = FULL
x.sons = []
if state =— 6:
x.add all(reversed (L))
else:
x.add all(L)
else: # x is a leaf
if x.value in S:
x.mark = FULL
x.full leafs =1
else:
x.mark = EMPTY
x.full leafs =0
# propagate node processing
if not is key mnode:
Z X.parent
# cumulate bottom up full leaf numbers
z.full leafs += x.full leafs
if z.processed sons — O:
# first time considered
cleanup .append(z)
z.processed sons 4= 1
if z.processed sons =— len(z.sons):
# otherwise prune tree at z
queue . append (z)
for x in cleanup:
x. full leafs = 0
x.processed sons = 0
x.mark = EMPTY

def consecutive ones property(endpoint cluster, other sets,

universe=None) :
" Check the consecutive ones property.

:param list sets: is a list of subsets of the ground set.
:param groundset: is the set of all elements,
by default it is the union of the given sets
:returns: returns a list of the ordered ground set where
every given set is consecutive,
or None if there is no solution.
:complexity: O(len (groundset) * len(sets))
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293 :disclaimer: an optimal implementation would have complexity

294 O(len (groundset) + len(sets) + sum(map(len ,sets)
))7

295 and there are more recent easier algorithms for
this problem.

206 nnn

297 if universe is None:

298 universe = set ()

299 for S in other sets:

300 for leaf in S:

301 if leaf not in endpoint cluster:

302 universe.add(leaf)

303 tree = PQ_tree(endpoint cluster , universe)

304

305 print ("Original Tree = ", tree, "\t() = P node, [|] = Q node")

306

307 isFeasibleSolution = True

308

309 # Process all the clusters except for the known endpoint

310 for 1 in range(len(other sets)):

311 try:

312 tree.reduce (other sets[i])

313 # If there is an exception there is no feasible solution

314 except:

315 isFeasibleSolution = False

316 break

317

318 if (isFeasibleSolution):

319 print ("Tree after Reduce ", tree, "\t() = P node, [|] =
Q node")

320 return tree.border ()

321 else:

322 print ("There is no feasible solution!")

323 return None

324

325 F#

326 # Test Implementation — My Test Cases

M

328

320 def runTest(endpointCluster , testSetOtherClusters):
330 print ()

331 print ("=" % 70)

332 print ("Endpoint = ", endpointCluster)

333 print ("Other Clusters = ", testSetOtherClusters)
334 print ("=" x 70)

335 treeBorder = consecutive ones property (

336 endpointCluster , testSetOtherClusters)

337 print ("Path = ", treeBorder)

338
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339 0s.system (' cls’)

340

3a1 # Test 1.1

312 testSet = [{1,2,3}, {3.,4,5}, {5,6,7}]

313 testSetOtherClusters = [{3,4,5}, {5.,6,7}]

314 endpointCluster = {1,2,3}

315 runTest (endpointCluster , testSetOtherClusters)

346

sar # Test 2.1

s1s #testSet = [{1,2,3,4)}, {3.,4,5,6,7,8}, {7,8,9,10,11,12},
{11,12,13,14}]

319 #testSetOtherClusters = [{3,4,5,6,7,8}, {7,8,9,10,11,12},
{11,12,13,14}]

350 #endpointCluster = {1,2,3,4}

351 #runTest (endpointCluster , testSetOtherClusters)

352

353 # Test 2.2

351 #testSet = [{1,2,3,4}, {3,4,5,6,7,8}, {7,8,9,10,11,12},
{11,12,13,14}]

355 #testSetOtherClusters = [{1,2,3,4}, {7.,8,9,10,11,12},
{11,12,13,14}]

356 #endpointCluster = {3,4,5,6,7,8}

357 #runTest (endpointCluster , testSetOtherClusters)

358

350 # Test 3.1

a0 #testSet = [{1,2,3,4,5,6}, {1,2,3,4}, {1,2,3}, {3,4,5,6,7,8,9},
{9,10,11}]

361 #testSetOtherClusters = [{1,2,3,4}, {1,2,3}, {3,4,5,6,7,8,9},
{9,10,11}]

362 #endpointCluster = {1,2,3,4,5,6}

363 #runTest (endpointCluster , testSetOtherClusters)

364

365 # Test 3.2

s #testSet = [{1,2,3,4,5,6}, {1,2.3,4}, {1,2,3}, {3.,4,5,6,7,8,9},
{9,10,11}]

367 #testSetOtherClusters = [{1,2,3,4,5,6}, {1,2,3}, {3,4,5,6,7,8,9},
{9,10,11}]

s6s #endpointCluster = {1,2,3,4}

369 #runTest (endpointCluster , testSetOtherClusters)

370

31 # Test 3.3

s72 #testSet = [{1,2,3,4,5,6}, {1,2,3,4}, {1,2,3}, {3,4,5,6,7,8,9},
{9,10,11}]

373 #testSetOtherClusters = [{1,2,3,4,5,6}, {1,2,3,4},
(3,4,5,6,7,8,9}, {9,10,11}]

372 #endpointCluster = {1,2,3}

375 #runTest (endpointCluster , testSetOtherClusters)

376

37 # Test 3.4
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s #testSet = [{1,2,3,4,5,6}, {1,2,3,4}, {1,2,3}, {3,4,5,6,7,8,9},
{9,10,11}]

379 #testSetOtherClusters
{9.10,11}]

3s0 #endpointCluster = {3,4,5,6,7,8,9}

351 #runTest (endpointCluster , testSetOtherClusters)

382

383 # Test 3.5

sse #testSet = [{1,2,3,4,5,6}, {1,2,3,4}, {1,2,3}, {3.,4,5,6,7,8,9},
{9,10,11}]

385 ##testSetOtherClusters
{3,4,5,6,7,8,9}]

3s6 #endpointCluster = {9,10,11}

3s7 #runTest (endpointCluster , testSetOtherClusters)

[{172’3747576}7 {17273’4}’ {17273}7

[{1,2,3,4,5,6}, {1,2,3,4}, {1,2,3},

Listing 2: Booth-Lueker Algorithm for a Known End of Path Implementation
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