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1 Abstract

Let G = (V, E) be a complete undirected graph where V' is a set of vertices on a grid and FE is
the set of edges, such that every edge e € E has a non-negative length measured by Manhattan
topology. The problem is to find a maximum perfect matching M, i.e., find vertex disjoint edges
that cover all vertices, such that the sum of the length of the edges in M is maximized. In our
work we will focus on the problem of perfect maximum matching. A maximum matching is perfect
when it is a full coverage of the graph vertices. We will deal with finding a maximum matching
on a non-directed graph whose vertices are arranged on a number of parallel lines called banks on
three dimensions grid.

TODO - Note (hand writing) to add vertex in wrong places.

2 Introduction

Let G = (V, E) be a complete undirected graph where V' is a set of vertices on a grid and FE is
the set of edges, such that every edge e € E has a non-negative length measured by Manhattan
topology. The problem is to find a maximum perfect matching M, i.e., find vertex disjoint edges
that cover all vertices, such that the sum of the length of the edges in M is maximized. In our work
we will focus on the problem of perfect maximum matching. Maximum matching is perfect when
matching M is full coverage of the graph vertices. We will deal with finding a maximum matching
on a non-directed graph whose vertices are arranged on a number of parallel lines called banks on
three dimensions grid. Since we focus on a restricted case with a specific topology, our algorithms
improve the complexity of the well known algorithms regarding maximum perfect matching.

Position each given vertex using coordinates (x,y, z). The distance function that defines the
distance from one vertex to another is calculated based on the Manhattan distance, that is, given
two vertices with coordinates v; = (x1,y1,21) and vy = (2,2, 22), the distance is calculated as
follows: d(v1,v2) = |x1 — xa| + |y1 — yo| + |21 — 22].

Our research introduces algorithms for three problems.
The first algorithm is an algorithm for finding a maximum matching on a graph with four balanced
banks in the three-dimensional Manhattan space. Through our work we assume that ) > Z where
Y banks values can be 0, ), or 2) and the Z banks values can be 0 or Z.
Balanced banks are defined to be a graph where the number of vertices is equal on each bank.
The algorithm and proof presents a unique approach for solving the maximum matching problem.
First the algorithm creates a matching which is optimal on the Y axis and on the Z axis and then
improves the matching only if the value that can be achieved on the X axis is greater than the
value that achieved on the Z axis, since we assume that Y > Z.
The second problem we introduce is an algorithm for finding a maximum matching on a graph with
four unbalanced banks in the three-dimensional Manhattan space. Unbalanced banks is defined to
be a graph where the number of vertices on each bank is not equal.
The third problem we introduce is an algorithm for finding a maximum matching on a graph with
six balanced banks in the three-dimensional Manhattan space. The six balanced graph is a combi-
nation of two Z planes and three Y planes, such that ) > Z, and the number of vertices on each
bank is equal. The algorithm finds a local maximum matching.



The problem of maximum matching is one of the classic problems of graph theory, and many
studies deal with this problem. Edmonds in [2] finds a polynomial algorithm for solving the problem
and thus proves that the problem is solvable in polynomial time. His work serves as a platform
for many studies even these days. There is a special interest in solving the problem on different
families of graphs, for which algorithms with better complexity have been found than the original
Edmonds general algorithm. Beyond academic research, the problem of maximum matching has
many applicative uses in the fields of engineering, such as image processing, design of printed cir-
cuits, and decoding of geographic information. Solving this problem is also relevant for another
research problem, which is the problem of harmful facilities. This problem deals with the loca-
tion of facilities as far away from each other as possible or from population centers, for example:
determining the location of nuclear facilities.

Our research is a follow-up to three previous studies. Schwartz introduces in [9] a number
of polynomial algorithms for finding a perfect maximum matching and a blocked maximum g-
matching. Schwartz solves these problems on a straight-line graph, a graph in which all vertices
are on one straight line, and on a two-dimensional two-bank Manhattan graph, a graph in which
all vertices are on two parallel lines.
Kostina introduces in [7] a polynomial time algorithm for finding a perfect maximum matching
on a two-dimensional Manhattan graph with n banks with equal distances, a graph in which all
vertices are on parallel n banks with equal distances.
Third, Berkowitz presents in [1] a polynomial algorithm for finding a perfect maximum matching
for the three banks on three dimensions with fixed distances and suggested some ideas towards
solutions for four banks on three dimensions. The results of this study are then extended to
four balanced banks and four unbalanced banks on the three-dimensional space. Furthermore, we
present interesting and fundamental results concerning the case where the vertices are arranged on
six balanced banks on three dimensions.

A significant and known result for a maximum matching on general graphs is by Edmonds. In
[2], Edmonds describes the Blossom Algorithm for finding the perfect matching on a general graph.
The main idea of the algorithm is to shrink odd-length circles to a single vertex while looking for
improving paths in the graph. Gabow in [3] improves the efficiency in the algorithm of Edmonds.
Hassin, Rubinstein and Tamir in [5] use the algorithm of Edmonds to find a maximum block g-
matching on a graph. They propose adding new vertices to the graph, connecting the new vertices
to each other in weightless edges, connecting the new vertices to existing vertices in "heavy” edges
weighing K = W (V') 4+ 1, i.e., a certain maximum weight in the graph. Next, run the algorithm
presented by Edmonds. The algorithm selects all the heavy edges we added and the maximum
edges in the original graph. Karp, Upfal and Wigderson in [6] present a random algorithm with a
polynomial run-time that uses a polynomial number of processors. Glover in [4] present an efficient
serial algorithm for finding maximum matching on a two-sided convex graph. This algorithm has
been improved in the work of Lipski and Preparata [8], in which they present an even more efficient
algorithm for finding maximum matching in these graphs.

Schwartz [9] presents in his work a number of algorithms for finding a perfect maximum matching
and a maximum g-matching. In his work, Schwartz deals with a straight line graph and with only
two banks with Manhattan topology. Schwartz proves that given a straight line graph, the matching
of the extreme vertices is a perfect maximum matching. The SLM A Straight Line Matching
Algorithm introduced by Schwartz finds a perfect maximum matching on a straight line graph
with time efficiency of O(|V|log|V]). The algorithm works so that in each iteration, a matching



is performed between the right extreme vertex, that has not yet been paired on the straight line
graph, with the left extreme vertex, that has not yet been paired. Further in his research, Schwartz
shows that the heaviest ¢ edges in the matching of the extreme vertices, performed by the above
algorithm, gives a maximum g-matching. In addition, Schwartz presents a solution for maximum
matching on two-banks Manhattan topology. The algorithm iteratively pairs the heaviest edges of
three options:

1. The edge that connects the left extreme vertex in the lower bank with the right extreme
vertex in the upper bank.

2. The edge that connects the left extreme vertex at the upper bank with the right extreme
vertex at the lower bank.

3. The edge that connects extreme vertices in the dense bank. In a graph where the number of
vertices is not equal between the banks, the dense bank is the bank with the largest number
of vertices.

The efficiency of all the algorithms presented by Schwartz in his work is O(|V|log|V|). Kostina in
[7] has extended the work, presenting a general algorithm for finding a perfect maximum matching
for parallel banks on a Manhattan graph with time efficiency of O(|V'|log|V]). The core idea of the
algorithm is that in order to solve the problem, the vertices can be compressed to one straight line,
i.e., to one dimension, and use the algorithm presented by Schwartz. After finding a maximum
matching on the straight line, the matching on the original graph can be updated by opening the
contruction, so that the sum of the distance values on the X-axis is maximum, and the distances of
the Y-axis are not effected. Kostina proved that in this way, a maximum matching for n banks on
two dimensions can be found. Berkowitz in [1], presents an algorithm for finding a perfect matching
for three banks. In his work, Berkowitz proves that for three banks located in the shape of a "right-
angled triangle,” the graph can be converted to a two-dimensional graph using Manhattan distances
and solved using the work of Kostina. In addition, Berkowitz in his work suggested idea for an
algorithm for perfect matching on the three-dimensional case, where there are four banks at equal
distances, and the banks are balanced, i.e., there is an equal number of vertices on each bank.

The work is organized as follows:
Section 3 introduces definitions that are crucial for our research.
Section 4 introduces basic lemmas and algorithms, focusing on algorithms for matching edges on
one and two banks.
Section 5 introduces general proofs for matching on four banks graph on three dimensions.
Section 6 introduces an algorithm and a proof for perfect maximum matching on four balanced
banks graph on three dimensions.
Section 7 introduces an algorithm and a proof for perfect maximum matching on four unbalanced
banks graph on three dimensions.
Section 8 introduces an algorithm and a proof for local maximum matching on six balanced banks
graph on three dimensions.
Section 9 summarizes our results and gives possible further directions of research.



3 Definitions

Throughout our work, we assume that the vertices of the graph are arranged on lines called banks.
For each bank, Y and Z coordinates are constants, and the vertices along the banks diverse ac-
cording to their X-coordinate. Also, assume that there are two possible values of Z, and without
loss of generality, the values are 0 and Z. The values of Y are 0,),2),...,n).

Notation 3.1 In the following discussions we always find prefect matching. For simplicity of
writing we will refer to them as matching.

Notation 3.2 All edges are ordered according to their X —value. So the edge between the vertices
v, u will be marked (v, u) if X[v] < X[u] and (u,v) otherwise.

Definition 3.3 Given a set of edges E on a set of vertices V that are arranged according to their
X-coordinate. v; is one of the vertices of edge e;.

Definition 3.4 For a vertex v = (vg, vy, v.) define X[v] = v, Y[v] = v, and Z[v]= v, to be the
X -coordinate, Y -coordinate and Z-coordinate, respectively. Furthermore, for an edge e = (v1,v2)
define Xle] = | X[vi] — X[va]|, Ye] = |Y[v1] — Yvo]| and Ze] = |Z[vi] — Z]v2]|.

Notation 3.5 Let By, z) be the bank whose Y-coordinate is Y and Z-coordinate is Z. For every
v € Biy,z), Y[v] =Y and Z[v] = Z.

Definition 3.6 For a set of edges F' = eq, ..., en, define the X-value of F, X[F] = Y"1" | Xle;],
the Y -value of F, Y[F| =3"1", Ye;] and the Z-value of F, Z[F| =", Z|e;]. Denote and define
the value of F as val(F) = X[F| 4+ Y[F] + Z[F].

Definition 3.7 Given a graph G = (V, E). Define:

Xopt = max{X[M]| M is a matching on G}, and let X — OPT be the set of matchings such
that for each matching M' € X — OPT, X[M'] = Xopt.

Y opt = max{Y[M]| M is a matching on G}, and let Y — OPT be the set of matchings such that
for each matching M' € Y — OPT, Y[M'] = Yopt.

Zopt = max{Z[M]| M is a matching on G}, and let Z — OPT be the set of matchings such that
for each matching M' € Z — OPT, Z|M'] = Zopt.

Define opt to be the value of a maximum matching on a graph G that is,

opt = max{val(M)|M is a matching on G}.

Definition 3.8 Given a graph G = (V, E). Define a maximum matchings value for each Y and Z
values:

For every 0 < i < p, opt; = max{val(M) | M is a matching on G, Y[M]| = Yopt, Z[M] =
Zopt — 21 Z}.

In addition, let OPT; be the corresponding set of matchings, that is

OPT; = {M| M is a matching on G, val(M) = opt;, Y[M] = Yopt, Z[M] = Zopt — 2iZ}.

For example,

optyg = max{val(M) | M is a matching on G, Y[M]=Yopt, Z[M]| = Zopt}.

opty = max{val(M) | M is a matching on G, Y[M]=Yopt, ZIM]| = Zopt —2Z}.

opt; = max{val(M) | M is a matching on G, Y[M| =Yopt, Z|M] = Zopt—2jZ}, for0 < j < p.



Definition 3.9 Two edges e = (v1,v2) and f = (u1,us) are X — disjoint if X[va] < X[u1] or
X[v1] > X[uz]. For example see Figure 1.

Vq Vs U Uy

Figure 1: X-disjoint edges

Definition 3.10 An edge e = (v1,v2) is X — contains an edge f = (u1,u2) if X[v1] < X[uq]
and X [va] > X[uz]. In this case we also say that edge f is X — contained in edge e. See Figure
2.

Vi Uy U V)

Figure 2: X — contained edges

Definition 3.11 Two edges e = (v1,v2) and f = (u1,u2) are X —intersect if X[v1] < X[uq] <
X[v2] < X[uzg]. See Figure 3.

Vi uq V2 up
Figure 3: X — intersect edges

Definition 3.12 We define X-distance between two vertices vi = (v}, fu;, vl) and v? = (v2, vi, v?)

to be |vl —v2|. The X-distance between two X — disjoint edges e; = (vi,v?) and ey = (v}, v3) is
equal to min{| X [v}] — X[vy]|, | X [v1] — X[v3]|, | X [v}] — X[vp]|, | X [v}] — X[v3][}.



Definition 3.13 Given a matching M, define Apg to be the X-distance between the two farthest
X — disjoint edges in M, and denote ea,, and e’AM to be the corresponding edges, that is, Ay =
maz{Xle,e']| e,e’ € M, e, e are X — disjoint}.

Definition 3.14 Define « to be the minimal index of opt; that provides a matching M with Y [M] =
Yopt, Z[M| = Zopt — 2aZ and Ay < Z. That is, « = min{i | IM matching on G, Y[M] =
Yopt, Z[M| = Zopt — 2iZ, Ay < Z}.

Definition 3.15 Define a swap between two edges e; = (vi,v2) and ex = (uj,uz) to be one of
the options of creating two new edges fi, fa or gi1,g2, where fi = (vi,u1) and fo = (vo,u2), or
g1 = (vi,u2) and g2 = (u1,v2).

Definition 3.16 Define X — Preserving swap to be a swap between two edges, such that
X —value is preserved or increased. That is, if f1, fo are the edges created by an X — Preserving
swap on ey, e, then Xley,es] < X|[f1, fol.

Y — Preserving swap defined as a swap between two edges such that Y — value is preserved or
increased.

Z — Preserving swap defined as a swap between two edges such that Z — value is preserved or
increased.

Definition 3.17 Define X — Improving and Y — Preserving swap to be a swap between two
edges such that X —wvalue is increased and Y —value is preserved or increased. That is, if f1, fo are
the edges created by an X — Improving Y — Preserving swap on ey, ez, then X|[e1,es] < X|[f1, fa],
Y[el, 62] = Y[fl, fg]

Definition 3.18 For U a set of vertices uq,...,u,, arranged according to their X-coordinate, we
define Xpmid to be the X-value which satisfies X[u1] < X[ug] < -+ < X[fu%] < Xpia < X[u%_H] <
<y,

Definition 3.19 Define X containment matching as a matching M which satisfies that, for
every two edges e, e’ € M, either e is X — contained in e’ or e’ is X — contained in e. See figure 4.

Figure 4: A matching which contains only X — contained edges

Definition 3.20 Given a matching M on a set of vertices V and U CV , define M [U] to contain
all the edges in M such that both vertices are in U. That is,
M[U] = {(u1,u2)|ui,uz € U, (u1,uz) € M}.



Definition 3.21 An edge (v,u) X — crosses a verter w if X[v] < X[w] < X[u], see Figure 5.
Otherwise, define the edge to be X — one — sided with respect to w. If (v,u) is X — one — sided
with respect to w, then either X[v] < X[u] < X[w], in this case we say that u is X — closer to w,
or X[w] < X[v] < X[u|, in this case we say that v is X — closer to w, see Figure 6.

Figure 5: An edge which X — crosses w

<
c
2

Figure 6: An edge which is X — one — sided with respect to w, where u is X — closer to w

Definition 3.22 Denote S’(M) to be the set of vertices which are X — closer to X,n;q where every
ve S (M), X[v] < Xnia-

Denote S”(M) to be the set of vertices which are X — closer to X,,;q where every v € S'(M),
X[’U] > Xonid-

Denote S(M) = S'(M) U S"(M). See Figure 7.

N [N

-
Vi V2 V3Vy V5 Vg - V7 Vg VgV Vg V12

5'(M) 5”(M)

Xmid

Figure 7: S’(M) and S”(M) of a matching M

4 Basic matching

In this section we consider matchings on one bank and two banks which contain t vertices on each
one of the banks. This section introduces basic lemmas and algorithm for maximum matching. In

addition this section contains basic lemmas and algorithm for match with respect to a point on one
bank.



4.1 Basic properties

Lemma 4.1 Every swap on two X — disjoint edges e = (v1,v2) and € = (u1,u2), with X[va] <
Xuq] provides two edges f and f” with X[f, f'| = X[e,€'] + 2(X[u1] — X[va]).

Proof: Denote a = X[v1,v2], b = X[va,u1], ¢ = XJui,va], see Figure 8. Since the edges are
X — disjoint b > 0. Using these notations, X[(v1,v2), (u1,u2)] = a + ¢, X[(vi,u1), (v2,u2)] =
a+2b+cand X[(v1,u2), (v2,u1)] = a+2b+c. Therefore, X[f, f'] = X[e, €] +2(X[u1] — X[v2]). =

Corollary 4.2 Every swap on two X — disjoint edges e, € provides two edges f and f' with
Xle, €'l < X[f, ['].

Figure 8: X — disjoint edges

Lemma 4.3 If edges (v1,v2), (u1,us) are X — intersect such that X[v1] < X[u1]. Then a swap
resulting X — contained edges (u1,v2) and (v1,us) is an X — Preserving swap.

Proof: Since (v1,v2), (u1,u2) are X — intersect then X[vi] < X[u1] < X[va] < X[ug], see Figure
9. The offered swap (v1,u2), (u1,v2) yields two X — contained edges, see Figure 10.

Denote a = X[v1,u1], b = X[u1,ve], ¢ = X[ve, ug]. Using these notations, X[(v1,v2), (u1,u2)] = a+
2b+cand X|[(v1,u2), (u1,v2)] = a+2b+c. Therefore we get X |[(v1, v2), (u1,u2)] = X[(v1, u2), (u1, v2)]

and the resulting X — contained edges is an X — Preserving swap. [
e f
Vi up Va u;
a T c
b

Figure 9: X — intersect edges
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Figure 10: X — contained edges

Lemma 4.4 Every swap on two X — disjoint edges e = (v1,v2) and € = (u1,us2), with X[vs] <
X[u1] provides two edges which are not X — disjoint.

Proof: Consider two X — disjoint edges e and €', see Figure 8. There are two possible swaps for
e and €. One possible swap f1 = (v1,u1) and f{ = (ve,ug2), which are X — intersect. Another
possible swap fao = (vi,u2) and f} = (vg,u1) which are X — contained. Therefore, every swap
provides edges which are not X — disjoint. [

Corollary 4.5 If a matching M contains two X — disjoint edges then it is not Xopt.

Proof: Suppose by a contradiction that M is Xopt and contains two X —disjoint edges, e = (v1,v2)
and f = (u1,u2). According to Corollary 4.2, a swap between those edges yields X [(v1, u1), (ve, uz)] >
X[(v1,v2), (ur,u2)] or X[(v1,uz2), (va,u1)] > X[(v1,v2), (u1, u2)], contradicting the assumption that
M is Xopt. [

Lemma 4.6 Given a matching M on vi,...,v,, for an even n, arranged according to their X-
coordinate. If M does not contain any X — disjoint edges, then for 1 < 1,5 < n, for every edge
e = (vi,vj) € M, X[vj] < Xinia < X[v;].

Proof: Suppose by contradiction that M contains an edge f; = (u1, u2) such that X|[u;] < X[us] <
Xomiq- There are 5 vertices with X — value < X4, and 5 vertices with X — value > Xpq.
Therefore, by enumeration argument, M contains at least one edge fo = (w1, wz) with X0 <
X[wi] < X[ws]. In this case, fi and f; are X —disjoint, see Figure 11, contradicting the assumption

of the lemma.

Similarly, M does not contain an edge e = (u1,u2) such that X,,;q < X[ui] < X[ug). "
[\ A v[\v ; A
Vi Vs Uy U — W, W, A
Xmid

Figure 11: X — disjoint edges

Lemma 4.7 If there exist two edges e, f which X — cross X4, then they are not X — disjoint.

10



Proof: Let edge e = (v,v') which X — crosses X,,;q then X[v1] < Xpia < X[va]. Let edge
f = (u,u) which X — crosses X4, then X[uj] < X0 < X[ug]. Therefore, edges e and f are not
X — disjoint. [

Corollary 4.8 If two edges are X — disjoint, then both cannot be X — cross Xiq-

Lemma 4.9 Given a matching M on vi,...,v,, arranged according to their X-coordinate. If M
is an X — containment matching, then M contains edge (vi,vy).

Proof: Suppose by contradiction that M is X — containment matching that does not contain edge
e = (v1,vy). Therefore, in M there are two edges f = (vi,v;), f = (vj, v,,). There are two options,
either v; < v; < v; < v, or v1 < v; < v; < v,. Then edges f, f’ are either X — disjoint or
X —intersect, contradicting the assumption that M is an X — containment matchings. n

Lemma 4.10 If M and M’ are two X — containment matchings on the same set of vertices
V ={v1,...,0,}, for an even n, arranged according to their X-coordinate, then M = M’.

Proof: We prove this lemma by induction on n.

For n = 2, the correctness of the lemma is trivial.

Assume the lemma is correct for all £ < n and prove it for n.

According to Lemma 4.9 M and M’ contain edge (v1,vy,).

According to the induction assumption, for V' = Vv, ..., v,—1] the X — containment matchings
M[V'| = M'[V'].

Therefore, every X — containment matching on the same set of vertices satisfies M = M’. [

Lemma 4.11 If a matching M on v1,...,v,, arranged according to their X-coordinate, does not
contain edge (v1,vy,), then there is a matching M’ with X[M'] > X[M] such that M’ contains edge

(v1,n).

Proof: Since matching M does not contain edge (v1, vy, ), M contains two edges, e = (v1,v;), and e'=
(vj,vpn), where e and €' are X — intersect edges or X — disjoint edges.

Denote M’ = M\ {((v1,vi), (vj,vn))} U {(v1,0p), (vi,v5)}.

If edges e, ¢’ are X — disjoint edges, then according to lemma 4.1, X[M'] > X[M].

If edges e, €’ are X — intersect edges, then according to Lemma 4.3, M’ satisfies X[M'] = X[M].
Therefore, in any case, X[M'] > X [M]. n

Lemma 4.12 Given an X — containment matching M on V = {vi,...,v,}, for an even n,
arranged according to their X-coordinate, M is Xopt.

Proof: We prove this lemma by induction on n.

For n = 2, the correctness of the lemma is trivial.

Assume the lemma is correct for all even k < n and prove it for n.

According to Lemma 4.9 M contains edge (v1, vy,).

Next we prove that M is Xopt. Suppose by contradiction there exists a matching M’ with X [M'] >
X[M]. If M’ contains edge (v1,v,) then let M” = M’. Otherwise, according to Lemma 4.11,

11



there exist a matching M” with X[M"] > X[M'] such that M" contains edge (v1,v,). Therefore,
both M” and M contain edge (v1,vy,) and X[M"] > X[M]. In this case, X[M"[va, ..., vn_1]] >
X[M['I}Q, NN ,Un_l]].

Thus contradicting the induction hypothesis which states that Mvg,...,v,—1] is Xopt since it is
an X — containment matching on n — 2 edges. [

Lemma 4.13 Given a matching M on V = {vy,...,v,}, for an even n, arranged according to
their X-coordinate. If M does not contain X — disjoint edges, then M is Xopt.

Proof: Since the matching does not contain X — disjoint edges, then every two edges are in M,
e and €, e is X — contained in €’ or €’ is X — contained in e or e and ¢ X — intersect.

If M is an X — containment matching, then according to Lemma 4.12, M is Xopt.

Suppose M is not an X — containment matching. Assume M contains edges e and ¢ which
X — intersect. According to Lemma 4.3, there is X — Preserving swap which creates f, f' with
either f is X — contained in f’ or " is X — contained in f, such that Xle,e'] = X[f, f']. Denote
M’ = M\ {e, e’} U{f, f'}. This matching satisfies X [M'] = X[M].

Continue in this manner until there are no X — intersect edges. Denote the matching created by
M".

M" does not contain X —disjoint edges or X —intersect edges and is therefore an X —containment
matching. According to Lemma 4.12, M" is Xopt. Since X[M] = X[M"], therefore M is Xopt. =

Remark 4.14 Let V = {vy,...,v,} be a set of vertices, arranged according to their X-coordinate
and M a matching on V. For every 2 <1i,j < n—1 edge (v;,v;) is X — contained in edge (vi,vy).

Lemma 4.15 For two sets of vertices V = {v1,...,vn, } andU = {uq, ..., un, }, arranged according
to theirs X-coordinate and M a matching on V UU, edges (vi,Un,), (U1, vy, ) are not X — disjoint.

Proof: Without loss of generality, assume that X[v;] < X[uq].

Edge (vi,up,) satisfy X[vi] < X[u1] < Xlup,], and therefore edges (vi,up,), (u1,vy,) are not
X — disjoint. See Figure 12.

"

Lemma 4.16 For two sets of vertices, V.= {v1,...,vn, } and U = {uy, ..., un, } , arranged accord-
ing to their X-coordinate. For every 2 < ij,j1 <ni—1, 2 <9, jo <ng—1, edges (v1,uUn,), (U1, Vn,)
are not X — disjoint with any edge of the form (v, uj,) and (us,, v, ).

Proof: Without loss of generality, assume that X[vi] < X[u1].

For every 2 <'iy,j1 <ni—12<ig,jo <ng—1,edge (v, uj,) is X — contained in edge (v, un,)
since X[v;,] > X[v1], X[uj,] < X[uy]. Therefore these edges are not X — disjoint.

Similarly, edge (us,,vj,) is X — contained in edge (u1, vy, ), since X{us,] > X{ui], X[v;,] < Xvy).
Therefore these edges are not X — disjoint. See Figure 12. [
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Figure 12: Two banks perfect matching

4.2 One bank matching

Consider the following two equivalent algorithms:

Uio

Algorithm 1 One Bank Match:

A matching procedure for a set of vertices on one bank
function ONE-BANK-MATCH
Input:

Vertices v1, ..., v,, with an even n, which reside on one bank and are ordered according to their

X-coordinate.
Output:
A matching M on vy,...,v,
begin
Initialize an empty match M
fori=1,...,5:
M =M U{(vi,vn+1-:)}
end for
return M
end function

Lemma 4.17 For a set of vertices V.= {v1,...,v,}, with an even n, arranged according to their
X-coordinate on one bank, Algorithm One Bank Match Recursive provides a matching M on V that

is an X — containment matching.

Proof: We prove this lemma by induction on n.
For n = 2, the correctness of the lemma is trivial.
Assume the lemma is correct for all £ < n and prove it for n.

The algorithm is recursive. In every iteration of the recursive, we first call One Bank Match

Recursively algorithm on vs, ..., vp—1.

13



Algorithm 1.1 One Bank Match Recursive:
A matching procedure for a set of vertices on one bank
function ONE-BANK-MATCH-RECURSIVE

Input:
Vertices v1, ..., v,, with an even n, which reside on one bank and are ordered according to their
X-coordinate.
Output:
A matching M on vq,...,v,
begin

if n==

return

end if

return [OneBankMatchRecursive(va, ... ,vn—1)] U (v1,vy)
end function

According to the induction assumption, all edges in M|v,...,v,—1] are X — contained. Edge
(v1,vy,) contains all those edges. Therefore, all the edges in the matching are X — contained. =

Corollary 4.18 For a set of vertices V.= {v1,...,v,}, with an even n, arranged according to
their X-coordinate on one bank, according to Lemma 4.12, Algorithm One Bank Match provides a
matching M on V that is Xopt.

4.3 Two banks matching

Consider the following two equivalent algorithms

Algorithm 2 X-Diagonals:
A matching procedure for two sets of vertices on two different banks

function X-DIAGONALS

Input:
1. A bank where the vertices are ordered according to their X-coordinate V' = {v1, ..., vg, }.
2. A bank where the vertices are ordered according to their X-coordinate U = {uy, ..., ug, }-
Assumptions ki > ko , and kq, ko are even.
Output:
A matching Mp
begin
Initialize an empty match Mp
fori=1,..., %

)
Mp = Mp U (vi, upy11-—4)
Mp = Mp U (Vg +1-i, i)
end for
Mp = Mp U One — Bank — Match(V{[vk,  ,. . U, ky])
PR k-7
return Mp

end function
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Algorithm 2.1 X-Diagonals-Recursive:

A matching procedure for two sets of vertices on two different banks
function X-DIAGONALS

Input:
1. A bank where the vertices are ordered according to their X-coordinate V' = vy,..., v, .
2. A bank where the vertices are ordered according to their X-coordinate U = uyq, ..., ug,.
Assumptions k1 > ko, and ki, ko are even.
Output:
A matching Mp
begin
if ko ==0and k1 ==0: return ()
end if
if ko == 0 : return One-Bank-Match(V)
end if
return X — Diagonals — Recursive(V (v, ..., vk 1], Ulua, ..., uk,—1]) U{(v1, Uk, ), (g, u1)}

end function

Lemma 4.19 Given two sets of vertices V.= {v1,..., v, } and U = {u1,...,ug,}, for an even
k1, ko, arranged according to their X-coordinate. Algorithm X — Diagonals — Recursive returns a
matching Mp which does not contain X — disjoint edges.

Proof: Without the loss of generality, we assume that k1 > ko and we prove this lemma by
induction on k.

For k1 = 0, since k1 > ko then ko = 0, the correctness of the lemma is trivial.

For k1 > 0 and ke = 0 , the algorithm returns the output of One-Bank-Match, denoted by Mp.
According to Lemma 4.17, M is an X — containment matching and therefore does not contain
X — disjoint edges.

For k1 > 0 and ko > 0, assume the lemma is correct for all even k < k1 and prove it for kq.

Let M’ be the matching returned by Algorithm X — Diagonals— Recursive for k = k1 —2, such that
M’ = X — Diagonals — Recursivelva, ..., vk —1][ug, ..., uk,—1]. Let Mp be the matching returned
by the algorithm, Mp = M’ U (v1, ug, ), (Vg,, u1).

M’ is a matching on ky — 2 vertices in one bank and kg — 2 vertices on the other bank. Since ky > ko
it is also true that k; — 2 > ko — 2 and according to the induction hypothesis M’ does not contain
X — disjoint edges.

According to the induction assumption, in M’ there are no X —disjoint edges. According to Lemma
4.15, (v1, Uk, ), (Vg , u1) are not X —disjoint. Furthermore, according to Lemma 4.16, (v1, ug,) and
(vg,,u1) are not X — disjoint with any of the edges in M.

Therefore, the matching provided by the algorithm Mp does not contain X — disjoint edges. m

Theorem 4.20 Given two sets of vertices V.= {v1,...,vi, } and U = {uy,...,uk,}, arranged
according to their X-coordinate, Algorithm X — Diagonals — Recursive returns a matching Mp
which is Xopt.

Proof: According to Lemma 4.19, Mp which is the output of Algorithm X — Diagonals, does not
contain X — disjoint edges. Therefore, according to Lemma 4.13, Mp is Xopt. n
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Lemma 4.21 Given two sets of vertices V.= {v1,...,vg, } and U = {u1,...,uy,}, arranged ac-
cording to their X-coordinate. For Mp which is the output of Algorithm X — Diagonals— Recursive,
if k1 = ko then every edge contains one vertex from V and one vertex from U.

Proof: For the case where ki1 = ko, the algorithm does not call One-Bank-Match. Therefore, for
this case, in every iteration of Algorithm X — Diagonals, we match two vertices, one vertex from
V one vertex from U. Therefore, every edge in Mp contains one vertex from V and one vertex from
U. n

4.4 Match with respect to a point

This subsection introduces lemmas for edges and swaps of edges with respect to a point.

Lemma 4.22 Given e, € two edges which are X — intersect and let w be a point. Let f, f' be
two edges which are the result from a swap on e, €', such that f, f' are X — contained. Then the
swap does not change the number of edges which X — cross w.

Proof: Let e = (v1,v2) and € = (u1,u2) be X — intersect edges. Therefore, X[v1] < X[u] <
X[v2] < X[uz], see Figure 13.

Since f, f’ are a result from a swap, such that f and f’ are X — contained, then f = (v1,us2), f' =
(u1,v2), see Figure 14.

If both e, ¢/ X — cross w, then X[u1] < X[w] < X[uvg], and both f, f' X — cross w.

If e X — crosses w and €' does not X — cross w, then X[v1] < X[w] < X[uy]. In that case, f
X — crosses w and f’ does not X — cross w.

If neither of e and ¢ X — cross w then either w < X[vi] or X[ug] < w and f, f’ does not X —cross
w. Thus, the swap does not change the number of edges which X — cross w. [

e e’
Vi Uy w Vs u;

Figure 13: X — intersect edges

f

Vl U]_ Vz u2

w
Figure 14: X — contained edges
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Corollary 4.23 Given e, €' two edges which are X — one — sided edges with respect to a point w.
If e and €' are not X — disjoint, then they are on the same side of w.

Proof: Since e, €’ are not X — disjoint then they are X —intersect or X — contained. According
to Lemma 4.22, then number of edges which X — cross w is the same if e, ¢’ are X — intersect or
X — contained. Therefore, since e, €’ are X — one — sided edges with respect to w then they are
on the same side of w. n

Lemma 4.24 Let My and My be two matchings which are Xopt on the same set of vertices, and
let w be a point. Then the number of edges in My which X — cross w is equal to the number of
edges in M1 which X — cross w.

Proof: Since My and M; are Xopt then, according to Corollary 4.5, My and M; do not contain
X — disjoint edges. Therefore, My and M; contain only X — intersect and X — contained edges.
Denote e, e’ € My such that e, ¢ are X — intersect edges. According to Lemma 4.3, there is an
X — Preserving swap which creates f, f’ such that Xle,e'] = X|[f, f'] and f, f" are X —contained.
Denote My = My \ {e, €'} U{f, f'}, matching My satisfies X [My] = X[]\/fo].

According to Lemma 4.22, this swap does not change the number of edges which X — cross w in
My.

Continue in this manner until there are no X — intersect edges. Denote the matching created by
M. Mj is an X — containment matching that contains the same number of edges which X — cross
w as My and satisfies X[My] = X[M]].

Perform the same for My, resulting in M, such that X [M{] = X[M;] and M7 is an X —containment
matching that contains the same number of edges that X — cross w as M;.

Since Mg and M| are on the same set of vertices and both include only X — contained edges, then
according to Lemma 4.10, Mj = M;. Therefore, the number of edges which X — cross w in Mj
and in M7 is equal to the number of edges which X — cross w in My and equal to the number of
edges which X — cross w in M;. [

Lemma 4.25 Given M a matching which is Xopt, and let w be a point. All the edges in M that
are X — one — sided with respect to w are on the same side of w, such that this side is determined
by comparing the X — value of w in respect to X 4.

Proof: Since M is Xopt then, according to Lemma 4.5, M does not contain X — disjoint edges.
Denote e, e’ € M such that e, ¢ are X — one — sided with respect to w. According to Corollary
4.23, e and ¢’ are on the same side of w. Therefore, all the edges in M that are X — one — sided
with respect to w are on the same side of w.

Assume, without loss of generality, that all edges e in M are X — one — sided with respect to w
satisfy Xle| < Xw].

Let k1 be the number of edges in M which are X — one — sided with respect to w. There are
ke = § — k1 edges which X — cross w with %2 vertices with X-coordinate smaller than X [w] and
%2 vertices with X-coordinate bigger than X|[w]. Therefore X,,;q < X[w], see Figure 15.

Similarly, if all edges in M that are X — one — sided with respect to w satisfy X[e] > X[w], then

Xmid > X[w] ™
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Figure 15: Xopt matching with X — one — sided edges with respect to w

Corollary 4.26 Let My and My be two matchings which are Xopt on the same set of vertices, and
let w be a point. The number of edges which are X — one — sided with respect to w is equal in My
and My, and they are all on the same side of w.

Lemma 4.27 Given two X — intersect edges e, €' and two X — contained edges f, f', on the set
of vertices V.= {v1,v2,v3,v4}, arranged according to their X-coordinate, and a point w. The set of
vertices which are X — closer to w is the same set in e, ¢ and in f, f’.

Proof: Without loss of generality, e = (v1,v3) and € = (v, v4), f = (v1,v4) and [’ = (vg,v3).

If X[w] < X|[v1], see Figure 16, then vy, vy are the X — closer vertices to w in e, €' and in f, f’.
If X[v4] < X[w], see Figure 17, then vs, vy are the X — closer vertices to w in e, € and in f, f’.
If e is X — one — sided with respect to w and €/ X — crosses w, see Figure 18, then for both e, €’
and f, f', vertex vs is X — closer to w. Otherwise, ¢’ is X — one — sided to w and e is X — crosses
w, then for both e, ¢’ and f, f/, vertex vy is X — closer to w, see Figure 19 and Figure 20.

If both e and ¢’ are X — cross w, see Figure 21, then there are no X — closer vertices to w for both
e, ¢ and f, f'. "

e e’
A A Vs Vg

Figure 16: X — intersect edges where X [w] < X[v1]

e e’
A Vs v, Ww

Figure 17: X — intersect edges where X [v4] < X [w]

—

3
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e e’
Vl VZ V3 w V4

Figure 18: X —intersect edges where e is X — one — sided with respect to w and ¢ X — crosses w

e e’
vy w A V3 A

Figure 19: X — intersect edges where ¢’ is X — one — sided to w and e is X — crosses w

f

A w v,

V3 V4

Figure 20: X — contained edges with X — one — sided edges with respect to w

e e’
Vy Vv, w V3 A

Figure 21: X — intersect edges where both e and ¢’ are X — cross w

Lemma 4.28 Let My and My be two matchings which are Xopt on the same set of vertices, and
let w be a point. Then the sets of points which are X — closer to w in all the X — one — sided edges
is the same set in My and in M.

Proof: Since My and M; are Xopt then, according to Lemma 4.5, My and M; does not contain
X — disjoint edges. Therefore, My and M; contain only X — intersect and X — contained edges.
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Denote e, e’ € My such that e, ¢ are X — intersect edges. According to Lemma 4.3, there is an
X - Preservmg swap which creates f, f’ such that Xle,e'] = X[f, f'] and f, f’ are X — contained.
Denote My = M, \ {e, e’} U{f, f'}. Matching My satisfies X[My) = X[]\//fo].

According to Lemma 4.22, this swap does not change the number of edges which X — cross w in
My and does not change the number of edges which are X — one — sided to w in My. According to
Lemma 4.27, the same vertices are X — closer to w in e, ¢’ and in f, f’.

Continue until there are no X — intersect edges. Denote the matching created by Mg. Mgy is an
X — containment matching and M contains the same number of edges which X — cross w as M.
Furthermore, the same set of vertices of My and My are X — closer to w.

Perform the same for M, resulting in M such that X[M{] = X[M;], with the same number of
edges which X —cross w in M; and M7 . Furthermore, the same set of vertices which are X —closer
to w in M; and in M.

Since My and M7 are on the same set of vertices and both include only X — contained edges, then
according to Lemma 4.10, M5 = M7 . Therefore, the sets of points which are X — closer to w in
all the X — one — sided edges is the same set in M and in M. since the set is equal in M and
in My and is equal in M{ and in M; the claim of Lemma is proven. n

5 Four banks properties
This section introduces general proofs for matching on four banks graph.

Definition 5.1 G} = (V, E) is a four banks complete graph such that V = {vi, ... ,vtll,v%, R U?Q,

v{’,...,v%,vf, .., v, }. The vertices on bank i for i = 1,2,3,4, are v}, ..., v}, and are ordered

according to thew’ X-coordinate.

Definition 5.2 Define Py —q to be the plane that contains all the banks with Y — value = 0. For
four banks graph the plane contains B ) and B z)

Definition 5.3 Define Py—y to be the plane that contains all the banks with Y —value =Y. For
four banks graph the plane contains By o) and B(y z)

Definition 5.4 Define Pz—g to be the plane that contains all the banks with Z — value = 0. For
four banks graph the plane contains B ) and By )

Definition 5.5 Define Pz—z to be the plane that contains all the banks with Z — value = Z. For
four banks graph the plane contains B z) and By, z)

Definition 5.6 Define edge e to be Diagonal Edge if one endpoint of e is in B o) and the other
is in By, zy or if one endpoint of e is in By gy and the other is in B z).

Definition 5.7 Define edges whose both endpoints are on the same Y — Plane or whose both
endpoints are on the same Z — Plane to be One Plane Edges.

Definition 5.8 Define edges whose both endpoints are on the same bank to be One Bank Edges.

20



In the following we prove important properties regarding four banks.

Lemma 5.9 Given G a four unbalanced graph. Let M be a matching on the graph containing
two edges e, €', such that e is a Diagonal Edge and €' is a One Plane Edge. Then there exists a
swap on e, € resulted in f, f', which yields Ye,e'| = Y|[f, f'] and Zle,€'| = Z[f, f'].

Proof: Since G is a four banks graph, then e = (v1,v2) and €’ = (u1, uz) satisfy that one endpoint
of e and one endpoint of ¢ are on the same bank. Without the loss of generality, suppose these
endpoints are v; and uj, see Figure 22.

Swap f = (u1,v2) and f' = (v, ug) satisfy that f is a Diagonal Edge on the same Diagonal as e and
[’ is a One Plane Edge on the same plane as e’. Therefore, Ye,e'] = Y|[f, f'] and Z[e,€'| = Z[f, f'],
see Figure 23. [

B Bivz)

rD‘-
A J
—<

Vs
u;

« Bo.o) Bivo)

Figure 22: A Diagonal Edge and a One Plane Edge
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BIO,Z} B[Y,Z}

Vs
u;

B(O,DJ B(\r,o)

Figure 23: A Diagonal Edge and a One Plane Edge after a swap

Lemma 5.10 Given G a four unbalanced graph. Let M be a matching on the graph containing
two edges e, €', such that e is a Diagonal Edge and €' is a One Bank Edge. Then there exists a
swap on e, € resulted in f, f', which yields Ye,e'| =Y[f, f'] and Ze,€'| = Z[f, f'].

Proof: Let e = (v1,v2) be a Diagonal Edge and €' = (uj,us) be a One Bank Edge. Then there
are two possibilities. One possibility is for the case where the endpoints of e are on the same bank
as one of the endpoints of e, see Figure 24. Without the loss of generality, a swap f = (u1,v2)
and f’ = (v1,ug) satisfies that f is a Diagonal Edge on the same Diagonal as e and f’ is a One
Bank Edge on the same bank as ¢’. Therefore, Ye,e'] = Y|[f, f'] and Z[e,€'| = Z[f, f'], see Figure
25. Second possibility is for the case where the endpoints of ¢ are not on the same bank as one
of the endpoints of e, see Figure 26. Then any swap to f, f’ satisfy that one of the edges is a
One Plane Edge on the Y-Plane and the other is a One Plane Edge on the Z-Plane. Therefore,
Yie,e'| =Y =Y|f, f'] and Zle,e']| = Z = Z[f, f']. See Figure 27. n
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B Bivz)

A J
—<

Vs
B{O.O} B(Y,D)

X

Figure 24: A Diagonal Edge and a One Bank Edge

B Bivz)

A J
—<

Va2
X B[O,U} B[‘l';D}

Figure 25: A Diagonal Edge and a One Bank Edge after a swap
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B Bivz)

A J
—<

Vs

« Bo.o) Bivo)

Figure 26: A Diagonal Edge and a One Bank Edge

Z
F 3
BIO,Z} B[Y,Z}
Vi
f .y
U 1 f}' N
B(O,DJ B(\r,o)

X

Figure 27: A Diagonal Edge and a One Bank Edge after a swap

Lemma 5.11 Given G a four unbalanced graph. If e, €' satisfy that e is a One Plane Edge and
€’ is a One Bank Edge and one endpoint of e is on the same bank as the endpoints of €', then any
swap resulted in f, f' yields Yle,e'| =Y|[f, f'] and Zle,e'] = Z|f, f'].

Proof: Let e = (v1,v9) and €' = (u1,usg), such that, without the loss of generality, v; is on the
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same bank as u; and ug, see Figure 28. Swap f = (u1,v2) and f’ = (v, ug) satisfy that f is a One
Plane Edge on the same plane as e and f’ is a One Bank Edge on the same bank as ¢’. Therefore,

Yie,e'| =Y|[f, f'] and Zle,e'] = Z[f, f'], see Figure 29. n
z
A
Bz Biva)
Vi
[ J
U
u,
ef
e
> Y
Va
B B
X (0,0) (v,0)

Figure 28: A One Plane Edge and a One Bank Edge

B Bivz)

-
A J
—<

Vs

X B[O,U} B[‘l';D}

Figure 29: A One Plane Edge and a One Bank Edge after a swap

Lemma 5.12 Given G a four unbalanced graph. If e, € satisfy that e and €' are both One
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Plane Edges on the same plane, then any swap resulted in f, f' yields Y(e,e¢'| = Y[f, f'] and
Zle,e'l = ZI[f, f'].

Proof: Let ¢ = (v1,v2) and €' = (uj,uz). Without the loss of generality, since e, ¢’ are on the
same plane, v; is on the same bank as u; and vy is on the same bank as uo, see Figure 30. A swap
f = (u1,v2) and f' = (v1,u9) satisfy that f and f’ are both One Plane Edges on the same plane
as e, €, see Figure 31. Therefore, Yle,e'| = Y[f, f'] and Z[e,€'] = Z[f, f']. n

Lemma 5.13 Given G} a four unbalanced graph. If e, € are both One Plane Edges then any swap
resulted in f, f" yields Y]e,e'| <Y[f, f'] and Zle,e'] < Z[f, f'].

Proof: Let e = (v1,v2) and €’ = (uy, ug).

For case e and €’ are both on the same plane, follows from Lemma 5.12.

For case e and ¢’ are on different Y-planes, see Figure 32. Then swap f = (v1,u2) and [’ = (vg,u1)
vields Yle,¢'| = Y[f, f'], Zle,€'] < Z|f, ['], see Figure 33.

For case e and €’ are on different Z-planes, then swap f = (v1,u2) and f/ = (v, u1) yields Ye, e'] <
Y[f. [, Zle,e'] = Z[f. f'].

For case e is on Y-plane and €’ is on Z-plane, see Figure 34. Then swap f = (v1,uz2) and [’ = (vg, uy)

yields Ye, 'l = Y[f, '], Zle,€e'] = Z[f, f'], see Figure 35.

]
Z
A
Bioz) Biyz)
Vi
Uy
e
e’ » Y
Vi
Uz
B{O.O} B(Y,D)

X

Figure 30: Two One Plane Edges on the same plane
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Bioz) Bvz)

u
1.

\ 4
-

Vs

u;

X B{U,OJ B{Y,O}

Figure 31: Two One Plane Edges on the same plane after a swap

B Bivz)

Va

« Bo.o) Bivo)

Figure 32: Two One Plane Edges on different Y planes
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Bioz) Bivz)

f!

Vs

X B(U,OJ B(\r,o)

Figure 33: Two One Plane Edges on different Y planes after a swap

A J
—<

Va

« Bo.o) Bivo)

Figure 34: Two One Plane Edges one on Y plane and the other on Z plane
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F 3
Bioz) Bivz)
v, .Uz
[ ]
f}'
» Y
V2
Bio,0 B
X (0,0) (Y0

Figure 35: Two One Plane Edges one on Y plane and the other on Z plane after a swap

Lemma 5.14 Given G} a four unbalanced graph. If e, € are both One Bank Edges then there
exists a swap resulted in f, f' which yields Ye,e'| <Y|[f, f'] and Z[e,e'| < Z[f, f].

Proof: Let e = (v1,v2) and €’ = (ug, ug).

For case e, ¢’ are on the same bank, see Figure 36. Then a swap f = (v1,u1) and [’ = (ve,u3)
yields Yle, 'l =Y[f, f']l, Zle,€'| = Z[f, '], see Figure 37.

For case e, ¢’ are on different banks, see Figure 38. Then a swap f = (v1,u1) and f = (v, u3)
and the swap is Y — Improving or Z — Improving or both, and therefore, Yle,e'] < Y|[f, f] and
Zle, €'l < Z[f, f'], see Figure 39. n
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v; 1Bz Bvz)

A J
—<

« Bo.o) Bivo)

Figure 36: Two One Bank Edges on the same bank

v Bz Biyz)

f}'

A J
<

X B(U,OJ B(\r,o)

Figure 37: Two One Bank Edges on the same bank after a swap
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v; 1Bz Bvz)

A\ J
—<

Uy

b

« Bo.o) Bivo)

Figure 38: Two One Bank Edges on different banks

Z
A
Bio.2) B 2)
Vy
Vo
f
f > Y
U,
U
Bo,0) By

X

Figure 39: Two One Bank Edges on different banks after a swap

6 Four Balanced Banks Matching

In this section we consider matchings on a graph which contains t vertices on each one of the four
banks. In the beginning of this section we introduce basic properties concerning this case, followed
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by an algorithms which finds a maximum matching. The section continues by a set of definitions
regarding the algorithm. Finally we prove the correctness of the algorithm.

In all the algorithms we assume that ) > Z, otherwise, change the roles of Y axis and Z axis.

Definition 6.1 G4 = (V, E) is a four balanced graph with t vertices, therefore, V.= {vi,... v}, v3,..

Z
A
B 0,7 Bz
V3 (0.2) ot (Y.2)
» »
- [
- -
vg. V?.
L > Y
Vi U]Z‘
[
1 »
Vi vE..
B{O.O} B(Y,D)

X
Figure 40: Four Balanced Banks

Lemma 6.2 Given G4 a four balanced graph with t vertices on each bank. A matching M on Gy
is Yopt if Y[M] = 2Yt. Furthermore, if M is Yopt, then M does not contain any edge e with
Ye] =0.

Proof: In G4, the maximal Y — value for each edge is ). In G4, there are 4t vertices. Therefore, a
full matching contains 2t edges. For M a Y opt matching, which contains 2¢ edges with the maximal
Y —wvalue = Y, then Y[M] = 2Yt. therefore, for every edge e € M, Y[e] = Y and M does not
contain edge e with Y[e] = 0. "

Notation 6.3 For every M§ € OPTy, according to Definition 3.8, and Lemma 6.2, Y[M§] =
Yopt = 2tY, and Z[M§] = Zopt = 2tZ.

Therefore, all the edges in OPTy are on the diagonals, so Mg is composed from two matchings
M(‘)" containing only edges with one vertex in By and the other vertex in By zy. And Mg"
containing only edges with one vertex in By gy and the other vertez in B z).

Lemma 6.4 Given Gy a four balanced graph with t vertices on each bank. A matching M on Gy
is Zopt if Z|M]| = 2Zt. Furthermore, if M is Zopt, then M does not contain any edge e with
Ze] = 0.
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Proof: In G4, the maximal Z — value for each edge is Z. In G4, there are 4t vertices. Therefore a
full matching contains 2t edges. For M a Zopt matching, which contains 2t edges with the maximal
Z-value= Z, then Z[M] = 22Zt. therefore, for every edge e € M, Z[e] = Z and M does not contain
edge with Z — value = 0. n

Corollary 6.5 Given G4 a four balanced graph with t vertices on each bank and let M be a matching
on Gy4. The number of edges with Z — value = 0 in M is even.

Lemma 6.6 Given G4 a four balanced graph with t vertices on each bank and let M be a matching
on Gy. If M contains edge e with Y[e] =0 on a Y-plane, then it contains another edge €' such that
Y[e'] =0 on the other Y plane.

Proof: Since in G4 there are two banks on each plane, there are 2¢ vertices on each Y plane with
Py:(), PY:y.

For each edge f, if Y[f] = ) then f connects vertices on two different planes and if Y[f] = 0 then
f connects vertices on the same plane.

Given an edge e with Y[e] = 0, without loss of generality, e € Py, then there are at most 2¢t — 2
vertices on Py—g which are matched to vertices on Py—y.

Since there are 2t vertices on each plane, there are at least two vertices on plane Py—y, which are
matched together. Therefore, there is another edge e’ such that Y[e'] = 0 on the other Y plane. m

Lemma 6.7 Given G4 a four balanced graph. If Y > Z then every mazximum matching M € OPT
is Yopt.

Proof: Suppose by contradiction that M is a maximum matching on a balanced graph which is
not Yopt. Then according to Lemma 6.2, M contains at least one edge e such that Y[e] = 0.
Furthermore, according to Lemma 6.6, M contains another edge €’ such that Y[e/] = 0.

Let f1, f1 and fa, f5 be the two possible sets of edges created by Y — Improving swap on e and €'.
At least one pair of edges fi, f] or f2, f5 does not contain X — disjoint edges, denote those edges
by f, f'.

Let M' = M\ {e,e’} U{f, f'}. For matching M’, since edges f, f’ are crossing Y-plane, Y[M'] =
Y[M]+2Y, Z[M'] > Z[M] — 2Z. Since f, f" are not X — disjoint, then according to Lemma 4.2,
X[M'] > X[M]. Since Y > Z, then opt = val(M) < val(M’), contradicting the assumption that
M is a maximum matching. n

Lemma 6.8 Given G4 a four balanced graph. There exists 0 < i* < p such that opt = opt;.

Proof: According to Lemma 6.7, every M € OPT on G4 is Yopt. Since G4 is a balanced graph,
then the number of edges with Z — value = 0 in M is even, denote this number by 2i*. Giving
that, Y[M] = Yopt, Z[M| = Zopt — 2i*Z. Therefore, M € OPT;» and val(M) = opt;x = opt. m
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Algorithm 3 X DZ4:
Finds a maximum perfect matching.
function XDZ4()

Input:
A graph G = (V, E) with four balanced banks.
On each bank i there are t vertices fui, ..., v} ordered according to their X-coordinate
Assumptions ) > Z.
Output:
A maximum perfect matching M
begin
Phase 1:

Initialize an empty match M
M = M U X — Diagonals(B ), B(y,z))
M = M U X — Diagonals(By .o, B(o,z))
Phase 2:
while M contains X — disjoint edges :
Find ea,,, €}, (see Definition 3.13)
while Ay > Z
Let f, f’ be the edges created by Y — Preserving and X —Improving swap on ea,, , e’AM
M =M\ {EAM’GIAM} u{f. f'}
Find ea,,,€}y,, (see Definition 3.13)
end while
end while
return M
end function

Example 6.9 Consider a graph G = (V, E) with four vertices on each bank, see Figure 41. Assume
that the order of all vertices in V' is demonstrated in Figure 42.

For example, X[v1] < X[va] < X[w1]. Also assume that Y > Z.

Phase 1 of Algorithm X DZ4 yields an M which is a perfect matching satisfying that all vertices of
bank Byg) are matched to all vertices of bank By z), and all vertices of bank By o) are matched
to all vertices of bank B z), each according to X — Diagonal Algorithm, see Figure 43 and Figure
44-

As can be seen in Figure 45, the matching contains X —disjoint edges e = (s2,v3) and €' = (u1,wy).
If we assume that X[ui] — X[vs] > Z, a Y — Preserving and X — Improving swap on e, e’ yields
f=(v3,u1) and ' = (s2,ws).

Thus, after one iteration of phase 2, there are no more X — disjoint edges and the matching M,
which is the result of the algorithm is a perfect matching. See Figure 46 and Figure 47, which
demonstrate this matching.
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Figure 43: G after phase 1 of XDZ4 Algorithm
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Figure 44: G after phase 1 of X DZ4 Algorithm, a view on the X-coordinate
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Figure 45: X-disjoint edges on G

Figure 46: G after phase 2 of X DZ4 Algorithm
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Figure 47: G after phase 2 of X DZ4 Algorithm, a view on the X-coordinate

Definition 6.10 For Algorithm XDZ4, define XDZ4 — No — Delta to be the Algorithm in
the case that Algorithm X DZ4 would not stop according to the stopping condition Ay > Z, and
finitely determined when M does not contain X — disjoint edges.

Remark 6.11 Given G4 a four balanced graph. All the matchings created by Algorithm X DZ4
and the match created by Algorithm X DZ4 — No — Delta before the stopping condition Ay > Z
is activated, are the same matches.

Definition 6.12 Given G4 a four balanced graph and let M be the matching created by Algorithm
XDZ4A. Denote a to be the number of swaps performed in Phase 2 of Algorithm X DZ4, and p be
the number of iterations in Algorithm X DZ4 — No — Delta.

Definition 6.13 For 0 < j < p, denote Mj as the matching provided by Algorithm XDZ4— No—
Delta in the j iteration of Phase 2 of Algorithm X DZ4. Furthermore, define:

For every 0 <i < p, xdz4; = val(M;).

For example:

xdz49 = val(My).

xdz4, = val(My).

xdz4, = val(M,).

Definition 6.14 Given G4 a four balanced graph, define Apg, to be Ay, where M is the matching
in Algorithm X DZ4 in the i iteration, 0 < i < p.

Remark 6.15 Given G4 a four balanced graph. For 0 <i <p, ifi < a, then Ay, > Z.
Ifi > «, then Ay, < Z.

Definition 6.16 Given G4 a four balanced graph. For My a matching resulted after Phase 1 of
Algorithm X DZ4, denote:

Mg = X — Diagonals(B 0, By,z)),

Mg = X — Diagonals(By,o), B(o,z))-

Therefore, Mo = M} U Mg
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Definition 6.17 Given G4 a four balanced graph. For every matching M on Gy,
Denote by M’ the set of edges on the diagonal B(0,0), By,z)-
Denote by M" the set of edges on the diagonal By o), B(o,z)-

Lemma 6.18 Given G4 a four balanced graph and let M be the matching which is a result of Algo-
rithm XDZ4. In every iteration of Algorithm X DZ4, edges en,,, e’AM are on different diagonals.

Proof: By definition, edges ea,, e’AMO are X —disjoint. According to Lemma 4.19, Since M and

M{ are all Diagonal Edges created by algorithm X — Diagonals then M), and M|/ do not contain
X —disjoint edges. Therefore, one of them is in M) and the other in M{/, and thus are on different
diagonals. n

Lemma 6.19 Given G4 a four balanced graph. Let M be a matching obtained during the process of
Algorithm X DZ4. FEvery two edges en,,, e’AM that are being swapped to f, f' in Phase 2 of Algorithm
X DZ4 satisfy that X[f, f'] = Xleay, €x,, ]+ 280, Yieay ex, I =Y, [ =2V, Zleay, en,,] =
2Z, Z|f, f']=0.

Proof: Let f1, f{ and fo, f5 be the two possible sets of edges created by a Y — Preserving and
X — Improving swap on ea,, and e’AM.

According to Lemma 6.18, eAM,e’AM are on different diagonals, then either Y[fi, fi] = 2),
Z[f1, f1] = 0 and Y[fo, f3] =0, Z[fa, f3] = 2Z or the opposite.

The algorithm chooses the swap that preserve Y, denote these edges by f, f.

By definition, ea,,, e’AM are the farthest X — disjoint edges. Then according to Lemma 4.1, the
swapped edges satisty X[f, f'] = X[ea,,, e’AM] + 2A .

Therefore, by Algorithm X DZ4 the swap results X[f, f'] = X[ea,, en,, ] + 280, Yeay, €x,,] =
Y[f? f/]7

Zleay,en,, | =22, ZIf, f]=0. n

Lemma 6.20 Given G4 a four balanced graph with t vertices on each bank. My is Yopt and Zopt.

Proof: For every edge e € M either e € M) or e € M. In both cases Y[e] = Y, Z[e] = Z.

Since there are t vertices on each bank, then there are 2t vertices in M{ and 2t vertices in M.
Therefore, Y[ M| = 2tY, Z[My] = 2tZ. According to Lemma 6.2, Y [My] = Yopt, and according to
Lemma 6.4, Z[My| = Zopt. "

Lemma 6.21 For every 0 < j < p:
X[Mj1] = X[M;] + 24,
Y[Mjn] =Y[M].

Z[Mjn] = Z[M;] - 2Z.

Proof: In every iteration in Phase 2 of Algorithm XDZ4 — No — Delta, the algorithm swaps
two X — disjoint edges AN, > e’AM, using a Y — Preserving and X — Improving swap such that
J

f, " are the edges created by the swap. According to Lemma 6.19, these edges satisfy X|[f, f/] =
Xle, €| + 20, Ye, el =YIf, f'] =2V, Zle, e =22, Z[f, f'] =0.,.
Therefore, X[M]q_ﬂ = X[M]] + 2AMJ-> Y[Mj+1] = Y[M]], Z[Mj+1] = Z[MJ] —2Z. |
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Corollary 6.22 For every 0 < j < p:
X[Mj] = X[Mo] + Y420 28w,

Y[M;] =Y [Mo].

Z[M;] = Z[My] — 25 Z.

Therefore, xdz4ji1 = xdzd; + 2Ap; — 25 2.
xdz4, = xdz4o + Zi;é 20, — 2pZ2.

Lemma 6.23 xdz4, = Xopt + Yopt + Zopt - 2pZ.

Proof: According to Lemma 6.20, Y[My] = Yopt and Z[My] = Zopt. According to Definition
6.12, p is the number of swaps until there is no X — disjoint edges in the matching. Since in M,
there are no X — disjoint edges, then, according to Lemma 4.13, X [M,] = Xopt.

According to Corollary 6.22, Y'[M,| = Y [My] = Yopt, and Z[M,| = Z[My] — 2pZ = Zopt — 2pZ.
Therefore, xdz4, = Xopt + Yopt + Zopt - 2pZ. n

Lemma 6.24 zdz4, = max{zdz4dy, ..., xdz4,}.

Proof: According to Corollary 6.22, for 0 < j < p, xdz4; = xdz4;11 — 2A6; + 22,

Therefore, for ¢ < «, it holds that xdz4;,1 > xdz4;.

For i > «, it holds that xdz4;11 < xzdz4;.

Hence, xdz4, = maz{xdz4o, ..., xdz4,}. n

Lemma 6.25 Let M be a matching obtained during the process of Algorithm X DZA4. For every
e, € that are X — disjoint edges in M, without loss of generality, one of the vertices of e is in
S'(M) and one of the vertices of € is in S”(M).

Proof: By Definition 3.22, all the vertices in S’(M) are in M’, and all the vertices in S”(M) are
in M".

According to Lemma 6.18, e and ¢’ are X — disjoint edges and on different diagonals. Therefore,
without loss of generality, e is in S’(M) and € is in S”(M). "

Lemma 6.26 For every 0 < j < p, the number of vertices in S'(M;) is equal to the number of
vertices in S"(Mj).

Proof: There must be an equal number of X — one — sided edges on both sides of X,,;4, and by
definition, S"(M;) and S”(M;) are on different sides of X,,;4. Therefore, the number of vertices in
S'(Mj) is equal to the number of vertices in S”(M}). n

Lemma 6.27 Given G4 a four balanced graph. For M;, the matching resulting in Phase 2 of
Algorithm XDZ4 in the j iteration, AN, and ey, ~ contains the minimal X — value vertex in

S'(M) and the mazimal X — value vertex in S”(M).J

Proof: Since €A, and e’AM' are X — disjoint, then according to Lemma 6.25, without loss of
J

generality, one of the vertices of ea,, is in S"(M;) and one of the vertices of €y is in S”(Mj).
: ,

Since Ay, is the maximum distance between two vertices, one in S’(M;) and the other in S”(M;),
then those vertices must be the minimal X — value vertex in S'(M) and the maximal X — value
vertex in S” (M), see Figure 64. "
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S’ (M) S”(M;)

Figure 48: A matching with the farthest X — disjoint e and €’

Lemma 6.28 Given G4 a four balanced graph. For M;, the matching resulting in Phase 2 of
Algorithm X DZ4 in the j iteration, a Y — Preserving and X — Improving swap performed on
€A, > e'AM_ results in f, f', that are not X — disjoint with any other edge in M;.

J

Proof: Denote €Ay, = (01,02),€'AM_ = (u1,u2). According to Lemma 6.27, without loss of

generality, v is the minimal vertex in S’(M;) and u; is the maximal vertex in S”(M;).

The possible swaps are f1, f| = (v1,u2), (v2,u1) or fa, f§ = (vi,u1), (v2, u2). Since both options are
X — Improving, choose f, f' to be the X — Improving and Y — Preserving swap, see Figure 49.
Hence edges f, f’ satisfy that X — cross all the vertices in S’(M;) and S”(M;), and are not
X — disjoint with any edge which contains vertices from S(Mj;). Since f, f' X — cross Xpq and
thus, according to Lemma 4.7, f, f’ are not X — disjoint with any edge that X — cross X,iq-.

Therefore, f, f’ are not X — disjoint with any edge in M;. n
f,
Vi Vo — Ug Uz
R Xmid YT
s’ (M) " S”(M)

Figure 49: A matching after swapping to f and f’

Lemma 6.29 For every two matchings M and M’ on G4 a four balanced graph, if S'(M) = S'(M’)
and S"(M) = S"(M'), the distance between the farthest X — disjoint edges satisfies Ay = Apypr.

Proof: Aj; and Ay are the distances on the X-axis between the farthest X — disjoint edges.
Therefore, Ay is the distance between the minimal X — value vertex in S'(M) and the maximal
X —value vertex in S” (M) and Ay is the distance between the minimal X —value vertex in S'(M')
and the maximal X — value vertex in S”(M’). Since S'(M) = S'(M’) and S”"(M) = S"(M'), it
follows Ay = Ay n

Lemma 6.30 For every 0 < j < p and for every M7 € OPT}j, Y[M?] = Y[M;] and Z[M?] =
Z[M;].

40



Proof: For every j, M7 is a matching with the maximum value with exactly 2j edges with Z —
value = 0, and zero edges with Y —value = 0. Therefore, Z[M?] = Zopt —2j2Z and Y [M?] = Yopt.
According to Corollary 6.22, Z[M;] = Z[My] — 2jZ, and Y[M;] = Y [My]. According to Lemma
6.20, Z[My] = Zopt, and Y[My] = Yopt.

Therefore, Z[M;| = Zopt — 2jZ = Z[M?] and Y[M;] = Yopt = Y[M?]. "

Lemma 6.31 For every M§ € OPTy, X[M§] = X[Mo] and opty = xdz4p.

Proof: X-Diagonals Algorithm returns, according to Lemma 4.20, a matching which is optimal
with respect to X-coordinate. Therefore, X [M{] is optimal on the X-coordinate for the set of ver-
tices Bg0)UB(y, z), and X [M[/] is optimal on the X-coordinate for the set of vertices By,0)UB,z)-
Therefore, X[M§'] < X[M[] and X[M§"] < X[M{/]. Furthermore, since M§ € OPT), then
X[Mp] < X[M§]. Summing these inequalities yields that X[M§] = X[My] and opty = zdz4p.
]

Lemma 6.32 For every matching M§ € OPTy, S'(My) = S'(M§) and S"(My) = S"(Mg).

Proof: According to Definition 6.16 and Notation 6.3, matchings M) and Mé’/ are Xopt on the
diagonals. Therefore, according to Lemma 4.28, S'(My) = S'(Mg). Similarly, S”(My) = S”(Mg).
[

Corollary 6.33 If e and €' are X — disjoint edges in My or in M§ € OPTy, then the vertices of
e and € which are X — closer to Xyiq are in S'(My) = S'(M§) and in S"(My) = S"(Mg).

Lemma 6.34 Any matching M{ € OPT) satisfies S'(My) = S"(M?), S”(My) = S”(M?).

Proof: According to Definition 3.8, M{ contains exactly two edges e and €’ whose Z — value is
zero with Ye] = Y[e¢/] = Y. Perform a Y — Preserving Z — Improving swap on e and ¢, and let
f and f’ be the resulting edges. Since Z[f] = Z[f'] = Z and Y[f] = Y[f'] = ) then f and [’ are
Diagonal Edges.

Denote ]\//[? = M \{e,}U{f, f'}. In ]\/4? there are zero edges with Z — value = 0 and zero edges
with Y — value = 0.

Suppose that ]\/4? ¢ OPT). Perform a swap which improves X — value without changing Y —value
or Z — value. But, in this case, we could have performed a similar swap in M{ and improve
X — value, contradicting the assumption that My € OPT;. Hence ]\/4? € OPTy.

According to Lemma 6.32, S'(My) = S’(M?) and S"(Mp) = S”(M?). Therefore, Ayy, is between
the farthest vertices in S'(My) = S’(M?) and S"(My) = S”(]\//[?).

AJ\/@ is between f and f’ and is also between the farthest vertices in S’ (W) and S” (]\/4?) Since
S'(Mo) = S'(M?) and §"(Moy) = S”(M?) these are the same vertices, denote these vertices by v/
and v”.

According to Algorithm X DZ4, S'(My) = S (M) \ v' and S"(M;) = S"(Mp) \ v".

Since MY is achieved by replacing f and f’ in ]\//[? by e and €', then S'(M?) = S’(ﬁf) \ v and
S"(MP) = 8"(M7) \ v".

Therefore, S’ (M) = S"(M?) and S”(My) = S"(M?). "
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Lemma 6.35 For every 0 < j < p, any matching M € OPTj provides that S'(M;) = S'(M?) and
S"(Mj) = S"(M?).

Proof: We prove this lemma by induction on j.
For j = 0, according to Lemma 6.32, S'(My) = S"(M§) and S”(My) = S"(MY).
For j = 1, according to Lemma 6.34, S'(M;) = S'(M?) and S”(M;) = S”(M?).
Assume the lemma is correct for all k¥ < j and prove it for j.
According to Definition 3.8, M 7 contains exactly 2j edges whose Z —wvalue is zero with Y —value =
Y. Choose e, €’ such that their X distance is the minimal.
Perform a Z — Improving and Y — Preserving swap on e and €', and let f, f’ be the resulting
edges. Since Z[f] = Z[f'] = Z and Y[f] = Y[f'] =) then f and f’ are Diagonal Edges.
Denote M9 = M?\ {e,e'} U{f, f'}. In M there are 2(j — 1) edges with Z — value = 0 and zero
edges with Y — value = 0.
Suppose that M ]O ¢ OPT;_;. Perform a swap which improves X —value without changing Y —value
or Z—value. But, in this case, we could have performed a similar swap in M7 and improve X —value,
contradicting the assumption that M? € OPT}. Hence M? € OPT;_4.
According to the induction assumption, S’(ﬁj‘?) = S'(M;_1) and S”(]\/I?) = S"(M;_1). Therefore,
Apg;_, is between the farthest vertices in S’(@) = S'(M;_1) and S”(M?) = S"(M;_1).
A4z is between f and f’ and is also between the farthest vertices in S’ (ﬁ]") and S” (]\/4?)

J
Since S'(M¢) = S'(M;_1) and S"(M¢) = S"(M;—1) these are the same vertices, denote these
vertices as v’ and v”.
According to Algorithm XDZ4, S'(M;) = S'(M;_1) \ v and S"(M;) = S"(M;—1) \ v".
Since MY is achieved by replacing f and f’ in MY by e and €', then §'(M7) = S'(M¢) \ v' and
S"(MP) = S"(MP)\ v".
Therefore, S'(M;) = S'(M¢) and S"(M;) = S"(M3). n

Lemma 6.36 For every index 0 < j < p, opt; = xdz4;.

Proof: We prove this lemma by induction on j.
For j=0, according to Lemma 6.31, opty = xdz4y.
Assume the lemma is correct for all k < j and prove it for j.
For any matching M? € OPT}, chose the two edges e and ¢/ with Z — value = 0 such that the
X — value of those edges is minimal. Let f, f’ be the resulting edges. Since Z[f] = Z[f'] = Z and
Y[f]=Y[f'] =Y, then f and f’ are Diagonal Edges.
Denote M¢ = M; \ {e,e’} U{f, f'}. In My there are 2(j — 1) edges with Z — value = 0 and zero
edges with Y — value = 0.
Suppose that M? ¢ OPTj_y. Perform a swap which improves X —value without changing Y —value
or Z—wvalue. But, in this case, we could have performed a similar swap in M JO and improve X —value,
contradicting the assumption that M7 € OPTj. Hence M? € OPT;_;.
According to Lemma 6.35, S"(M;_1) = S’(@) and S"(M;_;) = S”(M?). Therefore, according to
Lemma 6.29, Ayy,_, = A, and X[M9] = X[M?]+2Ay,_,.

J
According to Lemma 6.21, X[M;] = X[M;_1] + 2Ap;_,. Therefore, X[M?] = X[M;].
According to Lemma 6.30, Y[M;] = Y[M?] and Z[M;] = Z[M7].
Therefore, zdz4; = opt; and opt; = optj—1 +2An;_, —2(j — 1)Z. n
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Lemma 6.37 opt, = max{opty,...,opt,}.

Proof: According to Lemma 6.36 for every index 0 < j < p, opt; = xdz4;. According to Lemma
6.24, xdz4, = max{zdzdo, ..., xdz4y,}. Therefore, opt, = maz{opty, ..., opty}. n

Theorem 6.38 Given G4, a four balanced graph with t vertices on each bank. Algorithm X DZ4
on Gy is finitely determined and returns a maximum matching.

Proof: According to Definition 6.10, Algorithm X DZ4 finitely determined, and the result of the
algorithm is a matching M which satisfies val(M) = xzdz4,,.

According to Lemma 6.36, xdz, = opt, and according to Lemma 6.37, opt = opt,,.

Hence Algorithm X DZ4 returns a maximum value matching. L]

7 Four Unbalanced Banks Matching

In this section we consider matchings on a graph with four unbalanced banks where the core
idea of the algorithm is similar to the four balanced graph. In the beginning of this section we
introduce basic properties concerning this case, followed by an algorithms which finds a maximum
matching. The section continues by a set of definitions regarding the algorithm. Finally we prove
the correctness of the algorithm.

In all our discussion and algorithms we assume that ) > Z. Otherwise, change the roles of Y
axis and Z axis.

Z
A
B 0,2 B Y.z
V3 (0.2) Vf; (¥.2)
~ -
Ut33. - én
L > Y
Vi U]Z‘
[
Ug' vg »
e
B{O.O} B(Y,D)

Figure 50: Four Unbalanced Banks
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7.1 Definitions

Property 7.1 Given G}, a four unbalanced banks graph. For 0 < j < p, the number of edges with
Y —walue = 0 in opt; is ly and the number of edges with Z — value = 0 is Iz + 2j.

Remark 7.2 For every M§ € OPTy, according to Definition 7.1, Y[M§] = Yopt, and Z[M§] =
Zopt.

Property 7.3 In order for an edge e = (v,u) to have a vertex in S’'(M), both sides of the edge
must be on the same side of X,niq- In addition, if two edges e, f are X — disjoint, then each is on
a different side of Xpiq and therefore one touches S’ (M) and the other touches S”(M).

Definition 7.4 Given G] = (V, E), a four unbalanced banks graph, and V' € V. Define By, .)[V']
to be the set of vertices in V' on By, .y bank.

Definition 7.5 Given G a four unbalanced banks graph. For 1 <i < n, for e; on S(M) where
there are n wvertices in S(M) that are arranged according to their X-coordinate where one of the
vertices of e; is in the i-th place.

7.2 Basic claims

Lemma 7.6 Given G}, a four unbalanced banks graph with 0,00, t(¥,0)s t(0,2), L(y,z) vertices on
four banks. Yopt = min{(t,0) + t0,2)) (ty,0) +t,2)}Y-

Proof: The maximum Y — value for an edge e is ), which happens if one vertex of e is on Py_g
and the other vertex of e is on Py—y. Since on Py—o there are t(g o) + t(,z) vertices, and on
Py_y there are t(y o) + t(y z) vertices, then the maximum number of edges with ¥ — value =) is
min{t() + to,2): o) T H.2)}-

Therefore, Yopt = min{(to0) + t(0,2)), (ty,0) +t,z2) V. =

Lemma 7.7 Given G}, a four unbalanced banks graph with 0,00, t(v,0): t(0,2), t(y,z) vertices on
four banks. Zopt = mz’n{(t(op) +ty,0)s (to,z) + t(yz))}Z.

Proof: The maximum Z — value for an edge e is Z, which happens if one vertex of e is on Pz_g
and the other vertex of e is on Pz_z. Since on Pz_q there are t0,0) + t(y,0) vertices, and on
Pz_z there are ¢(g z) + {(y,z) vertices, then the maximum number of edges with Z — value = Z is
min{t(,0) + o), to.z) iz}

Therefore, Zopt = min{(t(,0) + ty,0)) (to,z) +ty,.2))}Z. n

Definition 7.8 Define ly to be the minimum number of edges with Y — value = 0 in a Y opt
matching.

ly = [(t(0,0) + t0,2)) — (t(y,0) +t,2))l-
Define lz to be the minimum number of edges with Z — value = 0 in a Zopt matching.

lz = |(t0,0) + t,0) — (to,2) +t@.2))|
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Lemma 7.9 Given Gy, a four unbalanced banks graph. If a matching M is not Yopt, then there
exists © > 1 such that M contains ly + 2i edges with Y — value = 0 with at least one edge on Py—_q
and at least one edge on Py—y.

Proof: Denote by I the number of edges whose ¥ — value = 0.

For each edge e, Y[e] = ) if and only if e connects vertices on two different planes. Assume,
without loss of generality, that in G the number of vertices on plane Py_g is bigger than the
number of vertices on plane Py—y. In that case, {0y + t(0,2z) > {(y,0) * t(y,z). Since M is not
Yopt, the number of edges whose Y —wvalue = Y is smaller than both ¢y o) +t(y,z) and t(99) +¢(0,z)-
Therefore, there is at least one edge e on plane Py and one edge €’ on plane Py_y. Furthermore,
Yle,e'] = 0.

A'Y — Improving swap on e and € yields f, f’ such that Y[f, f] =2) and in the new matching
the number of edges whose Y — value = 0 is Ipy — 2. We can continue in this manner until we
reach ly edges with Y — value = 0. If we perform i swaps we resulted in lp; — 2i = ly edges with
Y —value = 0. Hence Iy = ly + 2i. n

Corollary 7.10 Given G}, a four unbalanced banks graph. If a matching M is not Zopt, fori > 1,
then M contains lz + 2i edges with Z — value = 0.

Proof: Similar to the proof of 7.9. [

Lemma 7.11 Given G}, a four unbalanced banks graph. If Y > Z, then every mazimum matching
M € OPT is Yopt.

Proof: Suppose by contradiction that M is a maximum matching on an unbalanced graph which
is not Yopt. According to Lemma 7.9, it contains at least ly + 2 edges with Y — value = 0.
Furthermore, there exist e and e’ such that Y]e] = Y[e/] = 0 with e € Py—o and ¢’ € Py_y.

Let f1, f1 and fa2, f5 be the two possible sets of edges created by Y — Improving swap on e and ¢’.
At least one pair of edges from fi, f{ or fa, fi does not contain X — disjoint edges, denote those
edges by f, f'.

Let M' = M\ {e, '} U{f, f'}. Y[M'| =Y[M]|+2Y, ZIM'| > Z[M] —2Z. Since f, f" are not
X —disjoint then according to Lemma 4.2, X[M'] > X[M]. Since Y > Z, the value of the matching
satisfies val(M) < val(M’), contradicting the assumption that M is a maximum matching. n

Lemma 7.12 Given G}, a four unbalanced banks graph. If Y > Z, then there exists 0 < i* < p
such that opt = opt;«.

Proof: According to Lemma 7.11, every M € OPT on G} is Yopt. According to Corollary 7.10,
there is an index ¢* such that there are [z +2i* edges with Z —value = 0. Therefore, Y[M] = Yopt,
Z[M] = Zopt — 2(i*)Z. Hence, M € OPT;j+ and val(M) = opt;+ = opt. "

Lemma 7.13 Given G}, a four unbalanced banks graph, and let M be a matching on the graph.
The number of vertices in S’ (M) is equal to the number of vertices in S"(M).

Proof: According to Definition 3.18, there is an equal number of X — one — sided edges on both

sides of X,,;4. By Definition 3.22, S’(M) and S”(M) are on different sides of X,,,;4. Therefore, the
number of vertices in S’(M) is equal to the number of vertices in S”(M). "
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7.3 The Algorithm

Algorithm 4 XDZ4 — UN: Finds a maximum perfect matching,
function XDZ4-UN()
Input:
A graph G = (V, ) with four unbalanced banks graph with (o o), (y,0), t(0,2), t(y,z) vertices on
the banks. for each bank the vertices are ordered according to the X-coordinate v, ..., vs;
Output:
Return matching M

begin
Phase 1:
Initialize an empty match M
F(lo,o),(y,z) =X — Diagonals(B(o,O), B(y,z))7 F(ly,o),(o,z) = X — Diagonals(Byg), B(QZ))

_ 1 1
B = Fg o) v.2) Y Fv.0).0.2)
M=MUF,
Phase 2:

For V’ V\V (M), perform:
(mn o) = X-Diagonals(B(o,0)[V'], By,0)[V'])

(0 2),V,2) — = X- DlagonaIS(B(O 2) [V’L B(y72) [V/])
(0 0),(0,2) = = X-Diagonals(Bg o) [V"], B(o,z) V']

(y 002 = = X-Diagonals(B(y o) [V'], By z)[V'])

2
Fy = F 0,30 Y Fo.2.0.2) Y Foono.z Y Fe.o.e)
M=MUE,
Phase 3:

For V’ V\ V(M), perform:

= One-Bank-Match(B g0\ [V']), F; = One-Bank-Match(By )[V'])

(0 0) ( 0)
(0 z) = One-Bank-Match(Bo,z) V'), F, (yz = One-Bank-Match(By z)[V'])
&—ﬂmuﬁ>uﬁ>u%m
M = MU F3
Phase 4:
L = All the edges touching S(M) (see Definition 3.22). n = |L|
fori=1,...,5:

e; and e,_;11 defined on S(M) (according to Definition 7.5)
if e; and e,_;4+1 are not both Diagonal Edges :
Let f, f' be the edges created by Y — Preserving, Z — Preserving and X — Improving
swap on e;, en—i+1 (Such a swap exists according to Lemma 7.26)
M =M\ {ei,en—it1} U{S, '}
end if
end for
Phase 5:
while M contains X — disjoint edges :
Find ea,,, €y, (see Definition 3.13)
while Ay > Z -
Let f,f" be the edges created by Y — Preserving and X — Improving swap on
€Ans GIAM
M =M\ {eﬁMve/AM} u{/, f,}
Find {ea,,, €, } (see Definition 3.13)
end while 46
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Definition 7.14 Define XDZ4 — UN — No — Delta to be a variation of Algorithm XDZ4—UN
which does mot stop according to the stopping condition Ay > Z, and stops when M does not
contain X — disjoint edges.

Remark 7.15 Given Gy a four unbalanced banks graph. All matchings created by Algorithm
XDZ4 — UN and the matchings created by Algorithm XDZ4 — UN — No — Delta, before the
stopping condition Apr > Z is activated, are the same matchings.

Definition 7.16 Given G a four unbalanced banks graph. Let M be the matching created by
Algorithm XDZ4 — UN. Denote o to be the number of swaps performed in Phase & of Algorithm
XDZA4—UN and p to be the number of iterations in Phase 5 of Algorithm X DZ4—UN —No— Delta.

Definition 7.17 Given G a four unbalanced banks graph. Suppose this graph is the input to
Algorithm XDZ4 — UN. Denote:

Let M& be the matching after Phase 1.

Let Mg be the matching after Phase 2.

Let Mg be the matching after Phase 3.

Let M(‘)1 be the matching after Phase 4.

Definition 7.18 For 0 < j < p, Denote M; as the matching provided by Algorithm XDZ4—UN —
No — Delta in the j iteration of Phase 5. Define:

For every 0 < j < p, a:dz4jv. = val(Mj).

For example:

xdz4y = val(M).

xdz4] = val(M,).

zdz4,;) = val(Mp).

Definition 7.19 Given G} a four unbalanced banks graph. Define Ay to be Ay where M is the
matching at the j iteration of Phase 5 of Algorithm XDZ4 — UN — No — Delta, 0 < j < p.

Remark 7.20 M& is combined from two sets of edges, the Diagonal Edges in F\ and the

(0,0),(¥,2)
Diagonal Edges in F(1y70)’(072). M& =I.

Since G is a four unbalanced banks graph, by enumeration argument, in G there are two banks
where all vertices on the bank are matched in M} and two banks which are on the same plane that
may contain vertices that are not matched. Denote these banks as B', B".

For example, if t(0,0) > t(y,z) and t(y ) > t(0,z), then all vertices in By z) and By, z) are matched,
but there are t o) — t(y z) vertices on By and t(y o) — t,z) vertices on By gy which are not
matched in Phase 1.

Mg is the union of edges in Mg and edges returned by Fo = X — Diagonals(B', B"). In Phase 3,
the matching is performed either on vertices from B(g ) or on vertices from By ). Denote this
bank as B.

Mg is the union of edges in MZ and F3 = One — Bank — Match(B). Mg = Fy U Fy U F.
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7.4 Phase 3

Lemma 7.21 Given Gy a four unbalanced banks graph. Y [M3] = Y opt.

Proof: First we note that, in Phase 3 of Algorithm XDZ4 — UN, all the edges in F3 are on the
same bank, therefore Y [F3] = 0.
Consider the first two stages of the algorithm, there are two options:

1. Suppose t(0) < t(y,z) and t(g z) < {y,0),
(A similar proof holds for the case () > t(y z) and t( z) > t(y0))-
According to Lemma 7.6, Yopt = (t(0,0) + t(0,2))Y. In Phase 1, Y[F

Y[F(ly 0),(0, Z)] Vit (0,2)-
In Phase 2, all the vertices of the edges in Fy are on Py—_y. Therefore, Y [F»] = 0.
Therefore, Y[Mg’] = Y[F(lo 0,0, )] + Y[F(1y70)7(072)] = V(t0,0) +to0,z)) = Yopt.

(0,0), (y,Z)] = Vt(0,0) and

2. Suppose t(070) < t(y,z) and t(y,()) < t(O,Z)a
(A similar proof holds for the case t( ) > t(y z) and t(y,0) > t(0,z))-

_ 1 _
In Phase 1, Y[F( ) y 2] = Vt0,0), YIEY 0 0.2)] = VE.0)-
In Phase 2, all the Vertlces of the edges in Fy are on B(y z) and on B(gz). Therefore,

Y [Fy] = min{ty z) — t0,0) t0,2) — t,0)}-

* itz —to0 <toz —two
then ty,z) T 1,0 <toz) +too):-
According to Lemma 7.6, Yopt = V(ty.0) +t(y,z))-
In this case, it is also true that Y[MJ] = Y| (10 0.z Tt Y[F(ly,o),(o,Z)] + Y[F] =

V(to,0) +t,0 Ttz —too) = V(Ewe) +ty,z) = Yopt.

o If t(y7g) — t(070) > t(07g) — t(y,o)
then ¢y z) +t(y.0) > t0,2) + t(0,0)-
According to Lemma 7.6, Yopt = V(t(,0) + (o, Z))
In this case, it is also true that Y[MJ] = Y[F} 0.0.0.2)] T Y[F(ly,o),(o,Z)] + Y[F] =

V(to,0) +t,o0 +to,z) —two) =Yt +toz) = YOPt'

Lemma 7.22 Given G a four unbalanced banks graph. Z[Mg’] = Zopt.
Proof: Similar to the proof of Lemma 7.21. [
Corollary 7.23 Given G a four unbalanced banks graph. Y[M$] = Yopt and Z[MJ] = Zopt.

Property 7.24 There exists a four unbalanced banks graph G which satisfies that val(M3) < opty.
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Proof: We prove that by presenting an example.
Consider the graph presented in Figure 51. According to Algorithm X DZ4 — U N, using the nota-

tions of the Algorithm, F(lo,o) .2) = = (v, v}), (vd,v3), (v}, 03), (vi,v}).

F(ly,o),(o,z) = (vf,v), (v, 7).

Fy =

And F3 (vg,v3)

In that case, M0 = (1070)7(3773)UF(37 0,00, Z)UFgqu = (v%,vﬁ), (U%,Uél), (v§,v§) (vi,vl) (vl, ) (112,7)1) (v%,vg).
Therefore, Y [Mg] = 6Y, Z[M] = 6Z. According to Lemma 7.6, Y opt = min{(t(,0)+t(0,2)), (t(y

t,z))}Y. Then Yopt = 6Y. Furthermore, according to Lemma 7.7, Zopt = mm{(t 00) +

t,0), (t (0 z) Ty, Z))}Z Then Zopt = 6Z. Therefore, Y[MO] Yopt and Z[Mg] = Zopt.

If edge e = (vg,vg’) is X — disjoint with edge ¢’ = (vi,v3), there are two possible swaps f, f’

where f = (v3,v3), f' = (vi,v3) or f = (v3,vd), f/ = (v3,v3). In both cases, X[e,e'] < X[f, f'],

Y[7 ] [f)f] y,Z[ee] [f?f]_Z

Therefore M is not the maximum matching although it has the optimal Y and Z values. [
zZ
A
. A{Bon %
Vi vy
vi » vy *
v * v
4 W
v p * 15'4.
L > Y
Vi vz
vi »
v3
1
1y v% .
B0, B
x 00 (%,0)

Figure 51: G} for example

Corollary 7.25 Given G} a four unbalanced banks graph. F(lo,o),(y,z)’F(ly,o),(o,z , Fy, F3 are each
Xopt on the corresponding sets of vertices, and therefore do not contain a set of two edges which
are X — disjoint and are not on the same bank.

7.5 Phase 4

Lemma 7.26 Given G} a four unbalanced banks graph. In Phase 4 of Algorithm XDZ4—UN. Let
e, ¢ be a X — disjoint edges. Every f, [’ created from a swapped e, €' satisfy X[e,e'] < X[f, f'],
Yie,e'| = Y|f, f'], Zle,e'] = Z|[f,f']. Thus this is a Y — Preserving, Z — Preserving and
X — Improving swap.
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Proof: According to Lemma 4.19, F(lo,o),(y,z) and F(1)770)7(07Z) do not contain X — disjoint edges.
According to Remark 7.20, F5 is combined of a set of edges which is a result of Algorithm
X — Diagonals on two banks on one plane. Then, according to Lemma 4.19, F, does not contain
X — disjoint edges.

Furthermore, according to Remark 7.20, F3 is combined from a set of edges which is a result of
Algorithm One-Bank-Match on one bank. Therefore, according to Lemma 4.18 and Lemma 4.13,
F35 does not contain X — disjoint edges.

Therefore, X — disjoint edges may exist only between edges from two different sets of edges among

1 1

F(O,O),(y}zy F(y,0)7(072)7 Fy and Fs.

Let e = €;, € =en_it1. Since e, ¢’ are X — disjoint, then for any swap Xle,e'] < X[f, f'].

In Phase 4 of Algorithm XDZ4 — UN, every e, ¢ which are being swapped are not both of the

big diagonals. Therefore e, ¢’ satisfy one of the followings:

e eisin F(lo,o),(y,Z) or F(ly,o),(o,Z) and edge €’ is in Fy. In this case, according to Lemma 5.9,
there exists a swap f, f’ such that Ye,¢/| = Y|[f, f'] and Z[e,e'] = Z[f, f'].

e eisin F(lo,o),(y,Z) or F(ly,o),((),z) and edge ¢’ is in F3. In this case, according to Lemma 5.10,
there exists a swap f, f’ such that Ye,e'] = Y|[f, f/] and Zle,€'| = Z[f, f'].

e eisin Fy and edge €' is in F3. In this case, according to Lemma 5.11, there exists a swap
f, f'such that Ye,e'| = Y|f, f'] and Zle,€'] = Z|[f, f'].

Therefore, in Phase 4 of Algorithm XDZ4 — UN, every f, f' created from a swap on e, €', satisfy
Xle, el < X[f, ], Ye, '] =YIf, f'], Zle,e'] = Z|f, f']. "

Corollary 7.27 Given GY a four unbalanced banks graph. Y[M{] = Yopt.

Proof: According to Lemma 7.21, Y[Mg] = Yopt. Since in Phase 4 of Algorithm XDZ4 — UN,
all the swaps are Y — Preserving swaps, then for each f, f’ a resulted edges of such a swap
Y[f, f'] = 0. Therefore, Y[M{] = Yopt. "

Corollary 7.28 Given G a four unbalanced banks graph. Z[M{] = Zopt.
Corollary 7.29 Given G a four unbalanced banks graph. Y[M{] = Yopt and Z[Mg] = Zopt.

7.6 Phase 5

Lemma 7.30 Given G a four unbalanced banks graph. Let M be the matching which is a result

of Algorithm XDZ4 — UN. In every iteration 0 < j < p of Phase 5 of Algorithm XDZ4 — UN,

edges eAMj,e’AM' are on different diagonals. The vertices of one of the edges are on Bgg) and
J

B(y,z), and the vertices of the second edge are on By gy and B, z)-.
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Proof: In Phase 4 of Algorithm XDZ4 — UN, all the edges which are X — disjoint and not both
on the diagonals are swapped. Therefore, in Phase 5 of Algorithm XDZ4 — UN, all the edges
which are X — disjoint are both on different diagonals. [

Lemma 7.31 Given G a four unbalanced banks graph. Let M be a matching obtained during the
process of Algorithm XDZ4 — UN. Every two edges ea,,, e’AM that are being swapped to f, f' in
Phase 5 of Algorithm XDZ4 — UN satisfy that both are big-Diagonal edges, otherwise the edges
have been swapped in Phase 4.

Furthermore, e, €' satisfy Yle,€'| = Y|[f, f'] = 2, Zle,e'] = 2Z, Z[f, '] =0, and X[f, ] =
X[e, 6’] + QAM.

Proof: Let f1, f{ and fa, f} be the two possible sets of edges created by an X — Improving swap
on ea,,, €x, - Therefore, one of the two possible swaps, denoted by f, f’, yields Y[f1, fi] = 2V
and Z[f1, fi] = 0.

By definition, ea,,, e’AM are the farthest X — disjoint edges and according to Lemma 4.1, the
swapped edges satisfy X[f, f] = X[ea,, €x,,] +2Aum.

Therefore, the Y — Preserving swap satisfies that Ye, e'| = Y|[f, f'| =2Y, Zle,e'| =2Z, Z|f, '] =
0, and X[f, f'] = Xle, €] +2A ). n

Lemma 7.32 Given G a four unbalanced banks graph. For every 0 < j < p,
X[Mjn] = X[M;] +2A;.

Y[Mjn] =Y[M].

Z[Mj] = Z[M;] - 2Z.

Proof: In every iteration in Phase 5 of Algorithm XDZ4 — UN — No — Delta, the algorithm
swaps two X — disjoint edges eAMj,e’AMj using a Y — Preserving and X — Improving swap,
Denote that f, f’ the edges created by the swap. These edges satisfy, according to Lemma 7.31,
Yie,e'| =Y[f, f'| =2V, Zle,e'| =2Z, Z[f, f']| =0, X[f, f'] = X[e, €] + 2Ay,.

Therefore, considering iteration j + 1, X[M; 1] = X[M;] + 20y, YMj] = Y[M;], Z[M;1] =
Z|M;] —-2Z. L]

Corollary 7.33 Given G a four unbalanced banks graph. For every 0 < j < p,
j—1

X[M;] = X [M§] + ko0 280,

Y[M;] =Y [Mq].

ZIM;j) = Z[M{] — 25 Z.

Corollary 7.34 Given G a four unbalanced banks graph. For every 0 < j < p,
xdz4] ) = xdz4] + 200, — 252,
xdzd, = xdzdg + SPL2A0, — 2pZ.

Lemma 7.35 Given G a four unbalanced banks graph. xdz4g = Xopt + Yopt + Zopt - 2pZ.

Proof: According to Corollary 7.29, Y[M3] = Yopt and Z[M{] = Zopt. According to Definition
7.16, in M, there are no X — disjoint edges. Therefore, according to Lemma 4.13, X [M,] = Xopt.
According to Corollary 7.33, Y[M,] = Y[M{] = Yopt, and Z[M,) = Z[M{] — 2pZ = Zopt — 2pZ.

Therefore, xdz4,) = Xopt + Yopt + Zopt - 2pZ. "
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Remark 7.36 Given G a four unbalanced banks graph. For 0 < j <p,
If j <, then Ay, > Z.
If j > a, then Ay < Z.

Lemma 7.37 xdz4] = max{rdz4y, ... xvdz4)]}.

Proof: According to Corollary 7.34, for 0 < j < p, zdz4],, = vdz4] + 2Ap; — 2jZ. T herefore,
vdz4] = wdzd] | — 200, +2j 2.

Therefore, for j < a, since by Remark 7.36, Ay, > Z, it holds that zdz4],, > zdz4].
And for j > a, since Ay, < Z, it holds that ZL'dZ4JV+1 < xdz4jv.

Hence, xdz4;, = max{xdzdy, ..., xdz4, }. n

Lemma 7.38 For every 0 < j < p, and for every M7 € OPT}, Y[M?] = Y[M;] and Z|M7] =
Z|M;j].

Proof: For every j, M7 is a maximum matching with exactly [z 4 2j edges with Z — value = 0,
and ly edges with Y — value = 0. Therefore, Z[M?] = Zopt —2jZ and Y[M?] = Yopt.

According to Corollary 7.33, Z[M;] = Z[M{] — 2§ Z, and Y [M;] = Y[M{]. Furthermore, according
to Corollary 7.29, Z[M{] = Zopt, and Y [M{] = Yopt.

Therefore, Z[M;| = Zopt — 2jZ = Z[M{] and Y[M;] = Yopt = Y [M7]. "

Lemma 7.39 For every e, €', X — disjoint edges in Mé, without loss of generality, one of the
vertices of e is on one diagonal and in S'(M{) and one of the vertices of €' is on the other diagonal
and in S"(M).

Proof: According to Lemma 7.30, e and ¢’ are X — disjoint edges on different diagonals. All
the edges on the diagonals created by Algorithm XDZ4 — UN are in F(l0 0),(,2) and F, (13) 0),(0,2)"

According to Corollary 7.25, there are no X — disjoint edges in F(l0 0),(,2) and there are no
X — disjoint edges in F(ly 0),(0,2)" Therefore, all the edges with one vertex in S’(M) are either
in F(lo,o),(y,z) or in F(ly,o),(o,Z) and all the edges with one vertex in S”(Mg) are in the matching.

Without loss of generality, e is in S'(M;) and on one diagonal, ¢’ is in S”(Mg) and on the other
diagonal. -

Lemma 7.40 Given G} a four unbalanced banks graph. For every 0 < j < p, edges INYS and

e’AM_ contain the minimum X — value vertex in S'(M;) and the mazimum X — value vertex in

§"(M;).

Proof: Since ea,, and e’AM are X — disjoint, then according to Lemma 7.39, without loss of
: ,
generality, v; one of the vertices of ea,,  is in S’(Mj) and vj one of the vertices of €} is in S”(Mj).

J
Since Ay, is the maximum distance between two vertices, one in S’(M;) and the other in S” (M),
v; and v; must be the vertices with the minimum X — value vertex in S"(M;) and the maximum
X —value vertex in S”(M;). For example, see Figure 52. n
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v, - vy
! ; ! Xmid '—l—” !
s'(M,) /(M)

Figure 52: A matching with the farthest X — disjoint e and €’

Lemma 7.41 Given G} a four unbalanced banks graph. Let M be the matching returned by
Algorithm XDZ4 — UN — No — Delta. Let M’ be the matching returned by the algorithm if we
skip Phase 4 in Algorithm XDZ4 — UN — No — Delta. Then M = M’'.

Proof: Denote by n the number of vertices in S(M) for both Algorithm X DZ4—UN — No— Delta
and Algorithm XDZ4 — UN.

Denote by Ey € Mg the set of pairs of edges (ei,en—i+1),1 < i < n on S(MJ). According to
Definition 7.5, not both (e;, e,—i+1) are Diagonal Edges. Denote Ey the rest of edges in MS’, which
are both Diagonal Edges.

For M returned by Algorithm XDZ4 — UN — No — Delta, the algorithm swaps first the edges in
E; and in the next phase swaps all the edges in Fj».

For M’ returned by Algorithm X DZ4—U N — No— Delta where skipping Phase 4, since according to
Lemma 7.40, €Ay and e’AMg contain the minimum X — value vertex in S’'(Mg) and the maximum

X — value vertex in S”(Mg’), then the algorithm swaps every two edges e;, €,—jt1-
Therefore, the exact same edges are swapped in £ and in Fs, although in different order.
Therefore, M = M’, such that all edges of M and M’ are the same edges. n

Lemma 7.42 Given G a four unbalanced banks graph. During Phase 4 and 5 of Algorithm
XDZ4—UN, every pair of edges e, € that are being swapped in these phases , the edges after the
swap cross Xmid-

Proof: Consider edges e = (v1,v2) with X[v1] < X[ve] and €' = (uy,uz) with X[u1] < X[usz]. In
every iteration of Phase 4 of Algorithm XDZ4 — UN, it follows that v € S'(M) and u; € S”(M).
Since v1 and vo are on one side of X,,,;4 and u; and uy are on the other side, then the two possible
swaps f1 = (vi,u1), f] = (v2,u2) and fo = (v1,u2), f5 = (v2,u1) cross Xpiq. n

Lemma 7.43 Given G} a four unbalanced banks graph. For every two matchings M and M’ on
Gy, with 8" (M) = S"(M") and S"(M) = S"(M’), the distance between the farthest X — disjoint
edges satisfies Ay = Ay

Proof: Ajp; and Aj; are the distances on the X axis between the farthest X — disjoint edges.
Therefore, Ajy is the distance between the minimum X — value vertex in S’(M) and the maximum
X — value vertex in S”(M). Furthermore, Ay is the distance between the minimum X — value
vertex in S'(M’) and the maximum X — value vertex in S”(M’). Since S'(M) = S’'(M’) and
S”(M) = S”(M/), then Ay = Ay [
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Lemma 7.44 Given GJ a four unbalanced banks graph. For every 0 < j < p, for matching M;, a
Y — Preserving and X — Improving swap performed on N elAM» results in edges that are not
J

X — disjoint with any other edge in M;.

Proof: Denote CAy, = (v1,v2), €p,, = (u1,u2). According to Lemma 7.40, without loss of
J

generality, we can assume that vy is the minimum X — value vertex in S’(M;) and w; is the
maximum X — value vertex in S”(Mj).

The possible swaps are fi = (v1,u1) and f] = (va, u2) or fo = (v1,u2) and f5 = (v2,u1). Since both
options are X — I'mproving, choose f, f’ to be the X — Improving and Y — Preserving swap, see
Figure 53.

Hence, edges f, f' X — cross all the vertices in S’(M;) and S”(M;), and thus they are not X —
disjoint with any edge which contains vertices from S(Af;). Since edges f, f' X — cross Xpmid,
according to Lemma 4.7, edges f, f’ are not X — disjoint with any edge that X — cross X,iq-

Therefore, edges f, f’ are not X — disjoint with any other edge in M;. [
f,f
— < s o . 4 i
A A — u; Uy
._ : _. Xy —
S'(M) " S”(M;)

Figure 53: A matching after swapping to f and f’

Lemma 7.45 For every matching M7 € OP1Ty, every pair of X — disjoint edges reside on two
Diagonal Edges on different diagonals.

Proof: Since M§ € OPTy, M§ has the maximum X — value, where Y[M§] = Yopt and Z[M] =
Zopt.

On a four banks graph there are Diagonal Edges, One Plane Edges and One Bank Edges. Assume
by contradiction, that there are two X — disjoint edges f, f' € Mg, where f and f” are not both
Diagonal Edges. The possible locations for f and f’ are:

1. Edge f is a Diagonal Edge and edge f’ is a One Plane Edge. According to Lemma 5.9,
there exits a swap between Diagonal Edge and One Plane Edge that preserves Y — value and
Z —value. Since edges f, f’ are X — disjoint, according to Lemma 4.4, any swap on these
edges improves X — value and yields two edges which are not X — disjoint.

2. Edge f is a Diagonal Edge and edge f’ is One Bank Edge. According to Lemma 5.10, there
exits a swap between Diagonal Edge and One Bank Edge that preserves Y — value and
Z — value. Since edges f, [’ are X — disjoint, any swap on these edges improves X — value
and yields two edges which are not X — disjoint.

3. Edge f and edge f’ are both One Plane Edges. According to Lemma 5.13, there exits a swap
between two One Plane Edges that preserves or improves Y — value and Z — value. Since
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edges f, f' are X — disjoint, according to Lemma 4.4, any swap on these edges improves
X — walue and yields two edges which are not X — disjoint.

4. Edge f is a One Plane Edge and edge f’ is One Bank Edge. According to Lemma 5.11, there
exits a swap between One Plane Edge and One Bank Edge that preserves Y — value and
Z — value. Since edges f, f' are X — disjoint, according to Lemma 4.4, any swap on these
edges improves X — value and yields two edges which are not X — disjoint.

5. Edge f and edge f’ are both One Bank Edges. According to Lemma 5.14, there exits a swap
between two One Bank Edges that preserves or improves Y — value and Z — value. Since
edges f, f' are X — disjoint, according to Lemma 4.4, any swap on these edges improves
X —value and yields two edges which are not X — disjoint.

For all possible locations for f and f’, after the swap we have a matching with a Y — Preserving,
Z — Preserving and X — Improving swap, contradicting the assumption that M§ € OPTj.
Therefore, in M{ there are only X — disjoint edges between Diagonal Edges on different diagonals.
[

Definition 7.46 Given G} a four unbalanced banks graph, and a matching M on G . For S'(M) =
V1O, S (M) =, ..., up, define A(S"(M),S"(M)) =30 2(X[up—iy1] — X[vi]).

Lemma 7.47 Given G a four unbalanced banks graph, and a matching M on GY. X[M] =
Xopt — A(S" (M), S"(M)).

Proof: S(M) contains all X — disjoint edges in M. All X — disjoint edges in M are with one
vertex in S’(M) or in S”(M). Performing all the swaps for all X — disjoint edges in M, will result
M’ with no X — disjoint edges and X[M'] = Xopt.

Each swap of two X — disjoint edges in M, one with a vertex in S’(M) and the other with a vertex
in S”(M), results in two edges which are both crossing X,,,;4. Therefore, according to Lemma 4.7,
they are not X — disjoint. Each swap provides, for 1 <1i,5 < p, X — value of 2(X[u;] — X[v;]).
Therefore, X[M] = Xopt — >0, 2(X[up—it1] — X[vi]) = Xopt — A(S" (M), S"(M)). n

Lemma 7.48 For every matching M§ € OPTy, S'(M§) = S'(Mg) and S"(Mg) = S"(Mg).

Proof: Since M§ € OPT,, Mg has the maximum X — value such that Y [M§] = Yopt and
Z[M§] = Zopt. According to Lemma 7.45, in Mg every pair of X — disjoint edges reside on Di-
agonal Edges and on different diagonals. Therefore, one vertex is in S’(Mg) and on one diagonal
and the other vertex is in S”(M§) and on the other diagonal.

For Mél, according to Corollary 7.25, F(lo,o),(y,z) and F(ly,o),(o,z) are Xopt. According to Lemma

7.39, every pair of X — disjoint edges has one edge in F(1070)7(y72) and the other edge in F(1y70)7(072)
with one vertex in S’(M{) and on one diagonal and the other vertex is in S”(M{) and on the other
diagonal.

According to Lemma 7.47, X [Mg] = Xopt—A(S'(Mg), S"(MY)) and X [M] = Xopt—A(S"(Mg), S" (MS)).
By the way Algorithm X DZ4—UN is performed, Mg has a minimum value of A(S'(Mg), S” (M)),

since the X — disjoint edges are the inner edges on the diagonals.

Since X [M{] has the maximum X —value for matching with Y —value = Yopt and Z—value = Zopt,

then A(S"(Mg),S"(Mg)) = A(S'(ME), S"(Mg)) and therefore S'(Mg) = S'(M§) and S" (M) =
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S"(Mg).

Lemma 7.49 For every Mg € OPTy, X[Mg] = X[M{] and xdz4§ = opto.

Proof: According to Lemma 7.47, X[Mg] = Xopt — A(S'(Mg), S"(Mg)) and X[M{] = Xopt —
A(S'(M§), S"(Mg)). According to Lemma 7.48, S'(Mg) = S'(M§) and S”(Mg) = S"(MgS) and
therefore X [Mg] = X[ M.

According to Lemma 7.27, Y [M{] = Yopt and according to Lemma 7.28, Z[M{] = Zopt.
Therefore, zdz4§ = opto. "

Lemma 7.50 For every 0 < j < p, any matching My € OPT; satisfies S'(M;) = S’(Mjo) and
S"(Mj) = S"(M¢).

Proof: The proof of this lemma is by induction on j.

For j = 0, according to Lemma 7.48, S'(Mg) = S'(Mg) and S”(Mg) = S"(Mg).

Assume the lemma is correct for all k& < j and prove it for j.

Consider M? € OPTj. According to Definition 7.1, M? contains exactly Iz + 2j edges with
Z — value = 0, and those 2j edges are the swapped edges in the algorithm.

Since there are [z 4+ 25 edges with Z — value = 0, then by enumeration argument there exist edges
with Z — value = 0 on both Z-planes. Choose from the edges with Z — value = 0 two edges e, €/,
such that their X-distance is the minimum and e, ¢’ are on different Z-planes.

Perform a Z — Improving and Y — Preserving swap on e and ¢/, and let f, f’ be the resulting
edges. Denote the vertices of f = (v,v'), f' = (u,u’). Since f, f’" are X — disjoint edges then
X[v] < X[V] < X[u] < X[].

Since Z[f] = Z[f'] = Z and Y[f] = Y[f'] =Y then f and [’ are Diagonal Edges.

Denote M? = M; \ {e,¢'} U {f, f'}. Therefore, §'(M?) = S'(M;)\ v’ and S"(M?) = S"(M;) \ u.
In M? there are 7 +2(j — 1) edges with Z — value = 0 and ly edges with Y — value = 0.

M? is in OPTj_, otherwise we can perform a swap which improves its X —value without changing
its Y — walue or Z — value. But in this case, performing a similar swap in M ]" which improves its
X —value without changing its Y —wvalue or Z—wvalue, contradicts the assumption that My e OPT;.

Hence M? € OPT;_,.

According to the induction assumption, S’(]\//[?) = S'(M;_1) and S”(]\/4\°) = S"(M;_1). Therefore,

according to Lemma 7.43, Ay, = Aqr. By definition, Ay, | = Agp is the X-distance between
J .7

f and f” and is also the X-distance between the vertices in S’(M;_1) and S”(M;_;) which are

farthest from X,,;4. According to Algorithm XDZ4 —UN, S'(M;) = S'(M;-1)\ v and S"(M;) =

S"(Mj-1) \ u. Therefore, S'(M;) = S'(M¢) and S"(M;) = S"(M3). "

Lemma 7.51 For every index 0 < j < p, opt; = l‘dZ4JV.

Proof: Let M? € OPTj. According to Lemma 7.50, S'(M;) = S'(M¢) and S”(M;) = S"(M?). Ac-
cording to Lemma 7.47, X [M;] = Xopt—A(S"(M;), S”( )) and X[M"] Xopt—A(S"(My), S"(M?)).
Therefore, X[M;] = X[M?].

According to Lemma 7. 38 Y[M;] =Y [M?] and Z[M;]

J

= Z[M7).
Therefore, X [M;] + Y [M;] + Z[M;] = X[M¢] + Y[M?] +

Z
Z[M?], and thus xdz4) = opt;. =
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Lemma 7.52 opt, = max{opty,...,opt,}.

Proof: According to Lemma 7.51, for every index 0 < j < p, opt; = a:dz4]V. According to Lemma
7.37, xdz4y = max{xdz4y, . .., xdz4, }. Therefore, opto = mazx{opto,...,opty}. "

Lemma 7.53 Given G a four unbalanced banks graph. Algorithm XDZ4—UN on G is finitely
determined.

Proof: Since Algorithm XDZ4 — UN — No — Delta is finitely determined after p iterations, and
according to Remark 7.15, all the operations of Algorithm XDZ4 — UN are contained in the first
operations of Algorithm XDZ4 — UN — No — Delta, then Algorithm XDZ4 — UN is finitely
determined. [

Theorem 7.54 Given G a four unbalanced banks graph. Algorithm X DZ4—UN on G is finitely
determined and returns a mazrimum matching.

Proof: According to Lemma 7.53, Algorithm XDZ4 — UN finitely determined. According to
Definition 7.16, the result of the algorithm is a matching M which satisfies val(M) = xdz4.
According to Lemma 7.51, xdz4, = opt, and according to Lemma 7.52, opt = opt,. Hence, the
algorithm returns a maximum value matching. L]

8 Six Balanced Banks Matching

In this section we consider matchings on a graph which contains t vertices on each one of the six
banks. We introduce basic properties concerning this case, followed by an algorithm which finds a
local maximum matching so that the algorithm is finitely determined and there is no simple swap
for two edges that can improve its value.

In all the algorithms assume the graph has two Z planes, Pz—g, P;—z, and three Y planes,
Py_o, Py—y, Py—2y, and Y > Z. Otherwise, change the roles of Y axis and Z axis.
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Figure 54: six balanced banks graph

Definition 8.1 G = (V,E) is a six balanced banks graph with ¢t vertices on each bank.

11 11,12 12 .13 13 ,.21 21,22 22 , 23 23
[ S R O O O L R 1 7 SN i v R i B S S T8
The vertices on bank B;; are v\, ... v and ordered according to their X-coordinate.
J 1o Y

Definition 8.2 Define Py —g to be the plane that contains all the banks with Y — value = 0. For
siz balanced banks graph the plane Py—o contains By and B z)

Definition 8.3 Define Py—y to be the plane that contains all the banks with Y —value =Y. For
siz balanced banks graph the plane Py—y contains By ) and By z)

Definition 8.4 Define Py—2y to be the plane that contains all the banks with Y — value = 2).
For siz balanced banks graph the plane Py—gy contains By o) and B2y z).

Definition 8.5 Define Pz—q to be the plane that contains all the banks with Z — value = 0. For
siz balanced banks graph the plane Pz—o contains B ), By and Boy o)-

Definition 8.6 Define Pz—z to be the plane that contains all the banks with Z — value = Z. For
siz balanced banks graph the plane Pz—z contains B z), B(y z) and B3y z).

Definition 8.7 Define edge e to be a Big-Diagonal Edge if one vertex of e is in B and the
other is in Byy z) or if one vertex of e is in By o) and the other is in B z). For example, see
Figure 55.
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Figure 55: Big Diagonal edge example

Definition 8.8 For an edge e = (v,u) and a set of vertices U, define that e touches U if v e U
oruelU.

8.1 Good Swaps

Definition 8.9 Define a conjoint-edges to be a set of four edges (e1, ez, e3,e4) such that
= (v1,v1), v1 € Byy), v1 € By z), and satisfies v1 < Xppig < 0.
= (v2,v3), va € B(y), vy € By z), and satisfies vy < Xpiq < va.
(123, Ué) V3 € B (0,0)> Ué S B(2y7z).
es = (v4,v}), v4 € Biayg), Vi € B z)-
Such that es and eq are X-disjoint and on different sides in respect of Xy.q. see Figures 56, 57.
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Figure 56: e1, ea, e3, ey
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Figure 57: e, e2, e3, eq on X-axis

Definition 8.10 Define a conjoint-swap to be a swap of four conjoint-edges ey = (v1,v}), ez =
(v2,vh), ez = (v3,vs), es = (va,v)) using the notation of Definition 8.9, the edges are defined to be
1= (v3,v]), fo=(ve,vy), f3=(v3,v}), fa = (va,v}). See Figures 58, 59.
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Figure 58: f1, fa, f3, fa

Figure 59: f1, fo, f3, fi1 on X-axis

Lemma 8.11 A conjoint-swap exists such that the swap is Y — Preserving, Z — Preserving and
X — Improving.

Proof: The set of the conjoint-edges e1,e9,e3,e4 and the set of the swapped edges fi, fo, f3, f4
provide the values such that:

The Y — value of ey, e9,e3,e4 is Yer] = 0, Y]ea] = 0, Y[es] = 2), Y]es] = 2) and in total,
Ye1,ea,es3,e4] = 4Y. The Y — value of the swapped edges is Y[fi] = Y, Y|[f2] = Y, Y[fs] = ),
Y[f4] = Y and in total Y[f1, fo, f3, fa] = 4. Therefore, the conjoint-swap which is Y —preserving.
The Z — value of ej,eq,es,eq is Zle1] = Z, Zles] = Z, Zles]) = Z, Zle4] = Z and in total,
Zley,e9,e3,e4] = 4Z. The Z — value of the swapped edges is Z[f1] = Z, Z[f2] = Z, Z|f3] = Z,
Z[f4] = Z and in total Z[f1, fo, f3, fa] = 4Z. Therefore, there exist a conjoint-swap which is
Z — Preserving.

Concerning the X — value, since e, es cross X,u;q and es, eq are X-disjoint and on different sides
in respect to X,,;q and since f1, f2, f3, f1 are all crossing X,,,;4 then the swap is X — Improving. =
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Lemma 8.12 Given Gg a siz balanced banks graph and a set of four conjoint-edges e1,es, €3, €e4.
There exists a conjoint-swap which yields f1, fao, fs, fa suchthatYei ,eq,es3,eq4] =Y[f1, fo, f3, fa

and Zlei,ea, es,eq| = Z[f1, fa, f3, fa].

Proof: Given conjoint-edges e1, e2, €3, e4, see Figure 56, a conjoint-swap can be perform on all
four edges such that f; = (v}, v3), fo = (v, v4), f3 = (v1,v)), f1 = (vy,vs), see Figure 58.

In that case, Y]e; ,es ,e3 ,eq] = 4Y = Y[f1, fo, f3, fa] and Ze1 ,es ,e3 ,eq] = 4Z =
Zlfr, f2, f3, fal- .

Lemma 8.13 Given Gg a siz balanced banks graph. For a set of four conjoint-edges eq,eo,e3,¢eq4.
A conjoint-swap yields f1, fo, f3, fa such that f1, fo, f3, fa X —cross Xmiq.

Proof: Given the conjoint-edges ey, e2, e3, e4, see Figure 56, a conjoint-swap performed on all
four edges satisfies f1 = (’Ui,’Ug), fa = (UQaUé)v J3= (’Ulafuz/l)v Ja= (Ué,U4).
In that case, the edges f1, fo, f3, f1 all X — cross X,,;4, see Figure 59. [

Lemma 8.14 Given Gg a siz balanced banks graph. For two edges e = (v1,v3), € = (u1,us) that
satisfy v1 € By0), v2 € B(y, z), w1 € B(o0), u2 € B2y z). There exists a swap which yields edges
f, f" such that Ye, €| =YIf, f'] and Zle, €| = Z[f, f'].

B,z ) By 7

V2 U,

Uy
V1 o

x_ B0 By,0 B(av.0)

Figure 60: e and €’ of Lemma 8.14

Proof: Choose f = (vi,uz) and f' = (u1,vs). These edges satisfy Y[f, f'] = Ye, €] = 2),
Z[f, '] = Zle, €] =22, see Figure 61. "
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Figure 61: f and f’

Corollary 8.15 Given Gg a siz balanced banks graph. For two edges e = (v1,v2), € = (u1,u2)
that satisfy vi € By, v2 € By z), w1 € Bay), u2 € B(g,z). There exists a swap which yields
f, [ such that Yle, €| =Y|[f, f'] and Zle, €| = Z[f, f'].

B,z ) By 7

Uy !

Uy
174
1 o ™

x_ B0 B(y,0 B(av.0)

Figure 62: e and ¢’ of Corollary 8.15
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Figure 63: f and f’ of Corollary 8.15

Corollary 8.16 Given Gg a siz balanced banks graph. For two edges e = (vi,v2), € = (uy,u2)
that satisfy vi € B(y,0), va € By, z), w1 € B(o0), u2 € By, z). There exists a swap which yields
f, f" such that Ye, €| =YIf, f'] and Zle, €| = Z[f, f'].

Corollary 8.17 Given Gg a siz balanced banks graph. For two edges e = (v1,v2), € = (u1,u2)
that satisfy vi € B(y0), v2 € B(o,z), u1 € Bay), u2 € By z). There exists a swap which yields
f, f such that Yle, €| =Y|[f, f'] and Zle, €| = Z[f, f'].

Corollary 8.18 Given G¢ a six balanced banks graph. For two X —disjoint edges e, €' such that e €
B(y.0): B(y,z) and e’ is either in B(0,0), Bi2y,z) or in B2y 0y, B(o,z), there exists a Y — Preserving,
Z — Preserving and X — Improving swap.

Corollary 8.19 Given Gg a siz balanced banks graph. For two X — disjoint edges e, €', if e, e’
are not both Big-Diagonals Edges on different diagonals, then there exists a Y — Preserving,
Z — Preserving and X — Improving swap.

8.2 Optimal Values

Lemma 8.20 Given Gg a siz balanced banks graph with t vertices on each bank. If a matching M
on Gg is Yopt then Y[M| = 4Yt. Furthermore, if M is Yopt then M contains at most t edges e,
such that Ye] = 0 and all those edges are on Py—y.

Proof: Suppose by contradiction there is a matching M which is Yopt and contains an edge e with
Y[e] = 0 on a plane which is not Py —y, without loss of generality, suppose edge e is on plane Py _.
By enumeration argument, there is at least one other edge ¢’ not on plane Py—g.

There are three options for edge €’:
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1. € € Py:y.
2. € € Pyzgy

3. €’ is connecting a vertex from Py_y and a vertex from Py_oy

In all three cases, there is a swap of e, €’ that improves the Y —wvalue, contradicting the assumption
that M is Yopt. Therefore all the edges with Y — value = 0 are on plane Py—y.

Since plane Py—y contains 2t vertices there are at most ¢ edges with ¥ — value = 0.

Let [; to be the number of edges with ¥ — value = 0 on plane Py_y.

Let I to be the number of edges with Y —wvalue = ) with one vertex on plane Py_y and one vertex
on plane Py_y.

Let I3 to be the number of edges with Y — value = ) with one vertex on plane Py—y and one
vertex on plane Py—sy.

The rest of the edges are with one vertex on Py—y and the other vertex on Py—sy, denote their
number as l4.

Since there are 2t vertices on Py—aoy, 2t = I3 + l4.

Since there are 2t vertices on Py—q, 2t = [y + I4.

Therefore, o = I3 and Iy = 2t — 9.

Hence, Y[M] = 0y + V(la +13) + 2V (2t — lo) = 212 + 4tY — 21 = 4tY. n

Corollary 8.21 Given Gg a six balanced banks graph with t vertices on each bank. A matching M
with Y[M] = 4tY is Yopt.

Lemma 8.22 Given Gg a sixz balanced banks graph with t vertices on each bank and let M be a
matching on Gg. If a matching M is not Yopt then there is at least one edge e with Y[e] =0 on
Py_g or on Py—gy.

Proof: In Gg there are two banks on each Y plane, and therefore, there are 2t vertices on each Y
plane Py:(), F)y:y7 and Pyzgy.

Let {1 be the number of edges with Y — value = 0 on plane Py—y.

Let I5 be the number of edges with Y — value = Y with one vertex on plane Py_g and one vertex
on plane Py_y.

Let I3 be the number of edges with Y — value = 2)) with one vertex on plane Py_y and one vertex
on plane Py—ay.

Let l4 be the number of edges with Y — value = ) with one vertex on plane Py—_y and one vertex
on plane Py—ay.

Without loss of generality suppose that all the edges in M whose Y — value = 0 are only on plane
Py:y.

Since there are 2t vertices on plane Py —sy, then there are 2t — I3 edges with one vertex on plane
Py_sy and the other vertex on plane Py—y and since l; + Iy = 2t then Y[M] =11 - 0+ 20y + (2t —
[9)2Y = 4tY.

According to Lemma 8.20, the Y — value of a Yopt matching is 4t)), in contradiction to the
assumption of the lemma that M is not Y opt.

L]

Lemma 8.23 Given Gg a siz balanced banks graph with t vertices on each bank. If a matching M
on Gg is Zopt then Z[M] = 3Zt. Furthermore, if M is Zopt then M does not contain any edge e
with Z[e] = 0.

65



Proof: In Gg, the maximal Z — value for each edge is Z. Since Gg contains 6t vertices, a full
matching contains 3t edges. Therefore, Zopt matching contains 3t edges even with the maximum
Z — value = Z, connecting a vertex from Pz_y and a vertex from Py_z, giving that Z[M] = 3Zt.
n

Corollary 8.24 Given Gg a six balanced banks graph with t vertices on each bank. A matching M
with Z[M] = 3tZ is Zopt.

Lemma 8.25 Given Gg a siz balanced banks graph with t vertices on each bank and let M be a
matching on Gg. The number of edges with Z — value = 0 in M 1is even.

Proof: In GG4 there are two Z-planes, with 3t vertices on each Z-plane.

For each edge f, if Z[f] = Z then f connects vertices on two different Z-planes and if Z[f] = 0
then f connects vertices on the same Z-plane.

Suppose there are [ edges with Z — value = 0, on plane Pz_g. In this case, there are 3t — 2] vertices
on Py_g which are matched to vertices on Pyz_z.

Since there are 3t vertices on each Z-plane, there are 2l vertices on plane Pz_z, which are matched
together, creating [ edges on plane Pz_z with Z — value = 0.

All together, there are 2l edges with Z — value = 0. [ on plane Pz_y and [ on plane Py_z. n

Lemma 8.26 Given Gg a siz balanced banks graph. If Y > Z then every maximum matching
M € OPT is Yopt.

Proof: Suppose by contradiction that M is a maximum matching on a six balanced banks graph
which is not Yopt, then according to Lemma 8.22, it contains at least one edge e such that Y]e] =0
and e is on plane Py—( or on plane Py—sy, without loss of generality, suppose that e € Py—g.

By enumeration argument, there is another edge e’ which satisfies exactly one of the following
possibilities: €’ is on Py—y or €’ is on Py_gy or €' has one vertex on Py—_y and another vertex on
Pyzgy.

There is a swap on e, ¢ which yields edges f, f’ which are not X — disjoint. Giving that,
X|[f, f'] > X[e, €']. According to their location on the Y-planes, Y[f, f'] > Yle, €] + 2.

Note that it is possible that Z[f, f'] = Zl[e, €| — 2Z.

Let M' =M\ {e, €YU{f, f'}. Y[M'|>Y[M]+2Y, ZIM'] > Z[M] — 2Z and X[M'] > X[M].
Since Y > Z, val(M) < val(M’), contradicting the assumption that M is a maximum matching.
L]

Lemma 8.27 Given Gg a six balanced banks graph. There exists 0 < i* < p such that opt = opt;~.

Proof: According to Lemma 8.26, every M € OPT on Gg is Yopt. According to Corollary 8.25,
the number of edges with Z — value = 0 in M is even, denote this number by 2:*.
Giving that, Y[M] = Yopt, Z[M] = Zopt—2i* Z. Therefore, M € OPT;+ and val(M) = opt;» = opt.
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Algorithm 5 XDZ6:
Finds a maximum perfect matching.
function XDZ6()
Input:
A graph G = (V, F) with six balanced banks graph.
On bank ¢ there are t vertices 1221', ..., v} ordered according to their X-coordinate
Assumptions ) > Z.
Output:
A maximum perfect matching M

begin
Phase 1:
F(IO,O),(QJAZ) = X — Diagonals(Bo,), B2y, z))

F(12y,0),(0,2) = X — Diagonals(B(2y,0); B(o,z))
F(ly,o),(y,z) = X — Diagonals(By .0, By, z))
nitialize M = Fo ) (53, 2) U Fay,0,0.2) Y F(vo).0.2)
Phase 2:
L = All the edges which touch S(M)
L'=Ln F(lyp),(yz) [Either all the edges in L’ touch S’(M) or all touch S”(M), (See
Corollary 8.40)].
Order the edges in L' e1,...,e,, according to the order of the vertices in S’(M) or S”(M).
fori=1...n:
Let €’ be the farthest X — disjoint edge from e;.
Let f, f’ be the edges created by a Y — Preserving, Z — Preserving and X — Improving
swap on e;, € [According to Corollary 8.18 such a swap exists, and according to Corollary 8.19,
e, €’ are not both X-Diagonals Edges].
M = M\{e;, eYU{f, [’}
end for
Phase 3:
while M contains four conjoint-edges e, €/, ea,,, e’AM such that Aj; is the maximum in
M [see Definitions 8.9, 3.13].
Let f1, fa, f3, fa be the edges created by a conjoint-swap on e, €, ea,,, e’AM, [see
Definition 8.10].
M =M\ {e, e, CAns e/AM}U{fI; f2, f3, fa}
end while
Phase 4:
while M contains X — disjoint edges :
Find ea,,, €j,, (see Definition 3.13)
while Ay > Z -
Let f, f' be the edges created by Y — Preserving and X — Improving swap
on ea,, €,
M =M\ {ea,, e/AM} u{f, f'}
Find {ea,,, €, } [see Definition 3.13].
end while
end while return M
end function
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Definition 8.28 For Algorithm X DZ6, define XDZ6-No-Delta to be the algorithm in the case
that Algorithm X DZ6 would not stop according to the stopping condition Ay > Z in Phase 4, and
finitely determined when M does not contain X — disjoint edges.

Remark 8.29 Given Gg a siz balanced banks graph. All the matchings created by Algorithm X DZ6
and the matching created by Algorithm X DZ6 — No— Delta before the stopping condition Ay > Z
in Phase / is activated, are the same matches.

Definition 8.30 Given Gg a siz balanced banks graph and let M be the matching created by
Algorithm X DZ6. Denote ac to be the number of swaps performed in Phase 4 of Algorithm X DZ6,
and p be the number of iterations in Algorithm X DZ6 — No — Delta.

Definition 8.31 Given G¢ a six balanced banks graph. Denote:

Let M(:)l be the matching after Phase 1 of Algorithm X DZ6 when the input is Gg.
Let Mg be the matching after Phase 2 of Algorithm X DZ6 when the input is Gg.
Let Mg’ be the matching after Phase 8 of Algorithm X DZ6 when the input is Gg.

Definition 8.32 For 0 < j <p, denote Mj; as the matching provided by Algorithm XDZ6— No —
Delta in the j iteration of Phase 4 of the algorithm. Furthermore, define:

For every 0 < j < p, xdz6; = val(M;).

For example:

xdz6¢ = val(M).

mdz61 = val(Ml).

xdz6, = val(M,).

Definition 8.33 Given G¢ a siz balanced banks graph, define Apng, to be Apr where M is the
matching in Phase 4 of Algorithm X DZ6 — No — Delta in the i iteration, 0 < i < p.

Remark 8.34 Given Gg a siz balanced banks graph. For 0 <i <p, if i < o, then Ay, > Z.
If i > a, then Ay, < 2.

Lemma 8.35 Given Gg a six balanced banks graph, Algorithm X DZ6 on Gg is finitely determined.

Proof: Since Algorithm X DZ6 — No — Delta is finitely determined after p swaps, and according
to Remark 8.29, all the operations of Algorithm X DZ6 are contained in Algorithm XDZ6 — No —
Delta, Algorithm X DZ6 is finitely determined. L]

8.3 Phase 1

Lemma 8.36 Given Gg a siz balanced banks graph. M}, the matching created by Phase 1 of
Algorithm XDZ6 on Gg satisfies Y[M3] = Yopt.
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Proof: M} is combined of three sets of edges which are F(l0 0),2),2)> F(lw 0),(0,2) and F(ly 0),(,2)"
Which satisfy Y[F(l0 0),(2) Z)] = 2tY, since it contains t edges, each with value Y — value = 2).
Y[F(lw 0),(0 2)] = 2tY), since it contains ¢ edges, each with value Y — value = 2.

and Y[F(ly 0),(¥ 2)] = 0, since it contains ¢ edges, each with value Y — value = 0.

Therefore, Y[M}] = Y[F(lo,o),(2y,2)]+Y[F(12y,0),(0,z)]+y[F(ly,o),(y,z)] = 4tY and according to Lemma

8.21, Y[M}] = 4tY = Yopt. u

Lemma 8.37 Given Gg a six balanced banks graph. M&, the matching created by Phase 1 of
Algorithm XDZ6 on Gg satisfies that Z[M}] = Zopt.

Proof: M} is combined of three sets of edges which are F(l0 0),(2),2)’ F(lw 0),(0,2) and F(ly 0),(,2)"
Which satisfy Z[F(IO 0).(2 Z)] = tZ, since it contains ¢ edges with Z — value = Z.
Z[F(12y70)7(0’2)] =tZ, , since it contains ¢ edges with Z — value = Z.

Z[F(ly 0.y Z)] = tZ, since it contains ¢ edges with Z — value = Z.
Therefore, Z[M}] = Z[F(lo,o),(2y,2)] + Z[F(IQy,o),(o,Z)] + Z[F(ly,o),(y,zﬂ = 3tY then according to
Lemma 8.24, Z[M}] = 3tY = Zopt. "

8.4 Phase 2

Lemma 8.38 If there exists an edge e € F(lo,o),(zy,z) which touches S’(M(}), then every edge

fe F(lo 0),(2).2) either touches S'(M) or X — crosses Xpd-

Proof: Since F(lo 0),(2),2) is a result of Algorithm X — Diagonals on two banks, according to Lemma

4.20, F(1070)7(2y72) is Xopt on the vertices of B(g ) and B(zy, z) and does not contain X — disjoint
edges.

Assume by contradiction that there exists an edge which touches S” (M&) In this case, e and f are
X —disjoint. Contradicting the assumption that F(l0 0),2),2) does not contain X — disjoint edges.
n

Corollary 8.39 If there exist an edge e € F(lzy 0),(0,2) which touches S'(M), then every edge
fe F(12y 0),(0,2) either touches S'(M) or X — crosses Xpd-

Corollary 8.40 If there exist an edge e € F(ly,o),(y,Z) which touches S'(M), then every edge

VS F(ly 0),(0,2) either touches S'(M) or X — crosses Xpqd-

Lemma 8.41 Given Gg a siz balanced banks graph. Every two edges e;, € that are swapped in

. . 1 1 1
Phase 2 of Algorithm X DZ6, satisfy that e; € EFy 0, v,2) ond e e Flo.0),2v.2) T e e Floy 0),0.2)-

Proof: In Phase 2 of Algorithm X DZ6, we swap edge e; € L' and € which are X — disjoint.
According to the way L’ was defined, e; either touches S’(M) or S”(M). without loss of generality
suppose that e touches S’(M). Since ¢’ and e; are X — disjoint then €' touches S”(M).

According to Corollary 8.40, if e touches S’(M) then every edge in F(1y70)’(y72) either touches S’ (M)
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or X — crosses Xmid-

1 . e 1
Therefore ¢’ ¢ Fy0),(v,z) and it must satisfy e e Flo.0).(

/ 1
(2v,2) O € e F
(]

(2Y,0),(0,2)

Corollary 8.42 Given G¢ a six balanced banks graph. Every two edges e;, €' that are swapped in
Phase 2 of Algorithm X DZ6 satisfy that one of them touches S'(M) and the other touches S” (M).

Lemma 8.43 Given Gg a siz balanced banks graph. Every two edges f, f’, which are the result of
a swap in Phase 2 of Algorithm XDZ6, X — cross Xmid-

Proof: Let e and €’ be two edges which are swapped in Phase 2 of Algorithm X DZ6. According
to Corollary 8.42, one of them touches S’'(M) and the other touches S”(M). Therefore, e and €’
are X — disjoint and each on different side of X,,,;4.

The result of the swap between such edges yields two edges which are not X — disjoint and both
X —cross X,id- [

Corollary 8.44 Given Gg a siz balanced banks graph. In Mg, the result of Phase 2 of Algorithm
XDZ6, all the edges on plane Py—y are X — cross Xpiq.

Lemma 8.45 Given Gg a siz balanced banks graph. Mg, the matching created at the end of Phase
2 of Algorithm XDZ6 on Gg, satisfies that Y [MZ] = Yopt and Z[ME) = Zopt.

Proof: According to Lemma 8.41, in Phase 2 of Algorithm X DZ6, every two edges e, ¢ that
are swapped in Phase 2 of Algorithm X DZ6 satisfy that e € F(ly 0),(0,2) and € € F(l0 0),(2y,2) Or

1
¢ € Fiayo,0.2)

If ¢ € F(lo,o),(2y,2)’ according to Lemma 8.14, there exists a swap which yields f, f’ such that
Yle, €)= Y[f, /'] and Zle, €| = ZIf. [

If e € F(12y,0),(0, 2y according to Corollary 8.15, there exists a swap which yields f, f’ such that
Yie, ] = Y[f, £ and Z[e, ¢') = Z[f, f')

Since e and €’ are X — disjoint edges then any swap is X — Improving.

Therefore, Y[MZ] = Y[MJ] and Z[MZ] = Z[M}]. According to Lemma 8.36, Y[MZ] = Y[M{}] =
Yopt and according to Lemma 8.37, Z[Mg] = Z[M}] = Zopt. "

8.5 Phase 3

Lemma 8.46 Given Gg a siz balanced banks graph. Every four edges e, €', ea,,, e’AM that

are swapped in Phase 3 of Algorithm XDZG6, satisfy that e, € € F(ly 0,0, 2) and either ea,, €
1 1 1 1

Flo0),ev,2) 9 €, € Flay o) 0,2) O €y € Flo0),20,2) 91 €ans € Foy),0,2)-

Proof: In Phase 2 of Algorithm X DZ6 we swapped every edge in L’ with another edge which is
X — disjoint.

According to Lemma 8.43, the result of this swap are two edges f and f’ which X — cross X,iq.
Therefore, in the end of Phase 2, there are no edges in F(lo,z),(y,z) that are X — disjoint, and

therefore there are no edges in F(ly,o),(y,z) which touches S(M).
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Consequently, in the beginning of Phase 3 of Algorithm X DZ6, all the edges which touches S’'(M)

1 1
and S” (M) are from Flo.0,2v.2) ° Foy.0).0.2)
According to Lemmas 8.38, 8.39, either all the edges which touches S’(M) are from F(l0 0),(2.2)

and all the edges which touch S”(M) are from F, (12)) 0),(0,2) ©T vise versa.
Hence, either ea,, touches S'(M) and e = touches S”(M) and in this case ea,, € F}

(0,0),(2¥,2)

anld €n,, € F(12y70)7(0’2) o; ea,, touches S”(M) and e}~ touches S'(M) and in this case ea,, €
/

Foy.0)0.2) 20 €a,, € Fop),2v.2) .

Corollary 8.47 Given G¢ a siz balanced banks graph. Every two edges ea,,, e’AM, that are

swapped in Phase 4 of Algorithm X DZ6, satisfy that one of them is in F(l0 0),(2),2) and the other

is in Fiyy o) 0,2)-

Lemma 8.48 Given Gg a siz balanced banks graph. Mg, the matching created by Phase 3 of
Algorithm XDZ6 on Gg, satisfies that Y[M3] = Yopt and Z[M§] = Zopt.

Proof: According to Lemma 8.46, in Phase 3 of Algorithm X DZ6, every four edges satisfy that
e, € € F(ly,o),(yz)v and without loss of generality, ea,, € F(lo,o),(w,Z) and €, =€ F(12y,0),(0,2)'
According to Lemma 8.12, the edges created by the swap in Phase 3 of Algorithm X DZ6 f1, fo, f3, f4
satisfy that Ye, ¢/, eay, e€x, | =Y[f1, f2, f3, fa] and Z[e, €, en,,, €x,,] = Z[f1, f2, f3, fa].
Therefore, Y[M3] = Y[MZ] and Z[Mg] = Z[Mg]. According to Lemma 8.45, Y[M] = Y[M3] =
Yopt and Z[M3] = Z[MZ] = Zopt. "

Lemma 8.49 Given G¢ a siz balanced banks graph. Every four conjoint-edges e, €', ea,,, e’AM,
that are swapped in Phase 3 of Algorithm XDZ6 to f1, fo, f3, fa satisfy that fi, fo, f3, fa,
X —cross X,id.

Proof: According to Lemma 8.13, there exists a conjoint swap on a set of four conjoint-edges that
satisfies f1, fo, f3, fa X — cross Xmid- [

Lemma 8.50 Mg contains only X — disjoint edges, such that one is on (B(o,o)vB(zy,z)) and the
other is on (B(2y .0y, B(o,z))-

U FL

(22,0),(0,2) such that

Proof: Mg is combined from three sets of edges F(lo,o),(Qy,z)
every set is Xopt.

According to Lemma 8.43, Every two edges e, €’ that are swapped in Phase 2 of Algorithm X DZ6
to f, f’ satisfy that f and f' X — cross X,,q. According to Lemma 8.49, Every four edges
e, €,en,, €x, that are swapped in Phase 3 of Algorithm XDZ6 to f1, f2, f3, fa satisfy that
f1s fo2s f3, fa X —cross Xopia.

Therefore, in MS’, X — disjoint edges exist only if the edges are big-Diagonal Edges. That means

that all the rest of the edges are not X — disjoint and therefore they are Xopt. [

1
ULy 0,w.2)

Lemma 8.51 For every matching Mg € OPTy, S"(M3) = S"(Mg§) and S"(M3) = S"(Mg).
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Proof: Since M§ € OPTy, Mg has the maximal X — value such that Y[Mg] = Yopt and Z[M§] =
Zopt.

According to Lemma 7.45, in Mg every pair of X — disjoint edges e, ¢’ satisfy one of the three
possibilities:

1. e € (B0, Bay,z)) and ¢’ € (B(ay,0), B(o,z))
2. e € (B(oo), By.z)) and ¢ € (By.0), Bo.2))

3. e € (By,): Bay,z)) and €' € (Bay), By,z))

According to Lemma 8.50, Mg contains only X —disjoint edges such that one is on (B,0)> B2y,z))

and the other is on (B(2y.0), B(o,z)) -

According to Lemma 8.64, X [Mg] = Xopt—A(S'(Mg), S"(Mg)) and X [MJ] = Xopt—A(S"(M3), S"(Mg3)).
By the way Algorithm X DZ6 works, M§ has a minimum value of A(S’(Mg),S”(Mg)), since the

X — disjoint edges are the inner edges on the big-diagonals.

Since X [M{] has the higher X — value for matching with Y — value = Yopt and Z — value =

Zopt, A(S"(Mg),S"(Mg)) = A(S'(M3),S"(M3)) and therefore S'(M3) = S'(M§) and S”(Mg) =
S"(M).

"

Lemma 8.52 For every M§ € OPTy, X[M§] = X[M§] and opty = xdz6y.

Proof: M& is combined from three sets of edges F(1070)7(2y72) U F(12y70)7(072) U F(ly,o),(y,z) such that
every set is Xopt.

According to Lemma 8.43, Every two edges e, €’ that are swapped in Phase 2 of Algorithm X DZ6
to f1, fo satisfy that f and f’ X — cross X,,q. According to Lemma 8.49, Every four edges
e, €,en,, €y, that are swapped in Phase 3 of Algorithm XDZ6 to f1, f2, f3, fa satisfy that
J1, fo, f3, fa X —cross Xpq.

Therefore, in Mg’, X — disjoint edges exist only if the edges are big-Diagonal Edges. That means
that all the rest of the edges are not X — disjoint and therefore they are Xopt.

According to Definition 8.30, there are p vertices in S'(MJ) and p vertices in S”(MY), therefore
according to Lemma 8.64, X [M§] = Xopt — A(S' (M), S" (Mg)).

According to Lemma 8.51, S'(M3) = S'(M§) and S"(MJ) = S"(Mg) and therefore X[Mg] =

X[M3).

According to Lemma 8.48, Y[Mg] = Yopt and Z[MJ] = Zopt.

Therefore, xdz69 = opty. [
8.6 Phase 4

Lemma 8.53 Given Gg a six balanced banks graph. Let M be a matching obtained during the
process of Algorithm X DZ6. Every two edges ea,,, e’AM, that are swapped in Phase 4 of algorithm
XDZ6 to f, f', satisfy that X[f, f'] = Xleay, €n,] +28um, Yieay, el = YIf, f1 =
4Y, Zlea,, en,,l =22, Z[f, f]=0.

Proof: Let f1, f{ and fo, f5 be the two possible sets of edges created by a Y — Preserving and
X — Improving swap on ea,, and e’AM.
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A(lzcording to Lemma 8.47, ea,,, e’AM satisfy that one of then is in F(l()’o)7(2y’z) and the other in
Fioy.0,02)

Therefore, a Y — Preserving swap yields Y — value = 4)Y and Z — value = 0.

The Algorithm chooses the swap that preserve Y, denote these edges by f, f’.

By definition, ea,,, e’AM are the farthest X —disjoint edges. According to Lemma 4.1, the swapped
edges satisfy X[f, f'] = X[ea,,, €n,,] +20um.

Therefore, Algorithm XDZ6 satisfy that X[f, f'] = Xea,, €x,, ]+ 2Am, Yiea,, €x, ] =

YIf, ['l, Zleay, €n,,) =22, Z[f, f'l=Zleay, €,,] —22=0. ]

Lemma 8.54 For every 0 < j < p:
X[Mj] = X[M;] + 24,
Y[Mjn] =Y[M].

Z[Mjn] = Z[M;] - 2Z.

Proof: In every iteration in Phase 4 of Algorithm XDZ6 — No — Delta, the algorithm swaps

two X — disjoint edges AN, > e’AM, using a Y — Preserving and X — Improving swap such that
J

f, f' are the edges created by the swap. According to Lemma 8.53, these edges satisfy Y[e, €] =

Y(f, f'1=4Y, Ze, '] =2Z, Z[f, f'] =0, X[f, f'] = X[e, €] +2A.

Therefore, X[M]q_ﬂ = X[M]] + 2AMJ-> Y[Mj+1] = Y[M]], Z[Mj+1] = Z[MJ] —2Z. |

Corollary 8.55 For every 0 < j < p:
j—1
X[M;] = X[M§’] + Lkmo 280,
YM;] = Y[My].
Z|Mj| = Z[M3) — 2§ Z.
Therefore, xdz6;11 = xdz6; + 2Ap;, — 25 2.
zd26, = xd=60 + >_h_y 20, — 2pZ.

Lemma 8.56 zdz6, = max{zdz6y,...,xdz6,}.

Proof: According to Corollary 8.55, for 0 < j < p, xdz6; = ©d26;11 — 24y, + 22,

Therefore, for i < a, it holds that xdz6;+1 > xdz6;.

For i > «, it holds that xdz6;11 < zdz6;.

Hence, xdz6, = max{xdz6q,...,2dz6,}. n

Lemma 8.57 Given Gg¢ a siz balanced banks graph. For M;, the matching obtained in the j
iteration of Phase 4 of Algorithm X DZ6, AN, and e’AM contains the minimal X — value vertex
J

in S"(M) and the mazimal X — value vertex in S”(M).

Proof: Since ea w and e’AM_ are X — disjoint, then without loss of generality, one of the vertices
J
of en,,, is in S’(M;) and one of the vertices of e’AMj is in S”(M;).

Since Ayy; is the maximum distance between two vertices, such that one in S’(M;) and the other
in S”(M;), and these vertices must be the minimal X — value vertex in S'(M) and the maximal
X — value vertex in S” (M), see Figure 64. "

73



’ : med I—”|—'
S’ (M) S”(M;)

Figure 64: A matching with the farthest X — disjoint e and €’

Lemma 8.58 Given Gg a siz balanced banks graph. For M;, the matching obtained in the j
iteration of Phase 4 of Algorithm XDZ6, a Y — Preserving and X — I'mproving swap performed
On €Ay s e'AM_ results in f, f', that are not X — disjoint with any other edge in M;.

J

Proof: Denote €Ay, = (v2,v3),€p,, = (u2,u4). According to Lemma 8.57, without loss of

generality, v is the minimal vertex in S’(M;) and uy4 is the maximal vertex in S”(M;).

The possible swaps are f1, f| = (v2,u2), (vs, us) or fo, f§ = (ve,us), (v3,u2). Since both options are
X — Improving, choose f, f' to be the X — Improving and Y — Preserving swap, see Figure 65.
Hence f, f' X — cross all the vertices in S’(M;) and S”(M;), and are not X — disjoint with any
edge which contains vertices from S(M;). Since f, f' X — cross X4, according to Lemma 4.7,
f, f"is not X —disjoint with any edge that X —cross X,,;q. All the edges before the swap crossed

Xomid, therefore, f, f’ are not X — disjoint with any edge in M;. n
f f
Vi \p) — up u;
R Xmid YT
s’ (M) " S”(M)

Figure 65: A matching after swapping to f and f’

Lemma 8.59 For every two matchings M and M’ on Gg a six balanced banks graph, if S'(M) =
S'(M") and S" (M) = S"(M'), the distance between the farthest X — disjoint edges satisfies Apr =
Ay

Proof: Ajp; and Aj are the distances on the X axis between the farthest X — disjoint edges.
Therefore, Apy is the distance between the minimal X — value vertex in S'(M) and the maximal
X —value vertex in S” (M) since S"(M) = S'(M') and 8" (M) = S"(M"), Ay = App. Ay is also
the distance between these two vertices. L]

Lemma 8.60 The number of vertices in S'(Mj) is equal to the number of vertices in S”(M;).
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Proof: By enumeration argument, there must be an equal number of X — one — sided edges on
both sides of X,,;q, and by definition, S’(M;) and S”(M;) are on different sides of X,,;4, then the
number of vertices in S’(M;) is equal to the number of vertices in S”(1;). n

Lemma 8.61 For every 0 < j <p, for every My € OPT}, Y[M?| =Y [M;] and Z[M?] = Z[M;].

Proof: For every j, M7 is a matching with the maximum value with exactly 2j edges with Z —
value = 0, and t edges with Y — value = 0 therefore, Z[Mjo] = Zopt — 25 Z and Y[Mjo] = Yopt.
According to Corollary 8.55, Z[M;] = Z[MJ] — 2jZ, and Y[M,] = Y[MJ]. And, according to
Lemma 8.48, Z[MJ] = Zopt, and Y [M] = Yopt.

Therefore, Z[M;| = Zopt — 2jZ = Z[M?] and Y[M;] = Yopt = Y[M?]. "

Definition 8.62 Given Gg a six balanced banks graph, and a matching M on Gg.
Let vy, ..., vy, be the vertices in S'(M) ordered according to their X — value.

Let uy, ..., up be the vertices in S” (M) ordered according to their X — value.
Denote A(S'(M), 8"(M)) = S 2(X [up-i41] — X [vr).

Lemma 8.63 Given G¢ a siz balanced banks graph, and a matching M on Gg. X[M] = Xopt —
A(S(M), S"(M)).

Proof: Each swap of two X — disjoint edges in M, one with a vertex in S’(M) and the other with

a vertex in S”(M), results in two edges which both X — cross X,,iq, and therefore according to
Lemma 4.7, they are not X — disjoint.

S(M) contains all the X — disjoint edges in M. Performing all the swaps for all the X — disjoint
edges in M, will result in M’ with no X — disjoint edges and X[M'] = Xopt.

Each swap the algorithm matches the edges that touches vq,u, that will add to the matching the

X —value X[up) — X[v1] and in the next iteration swaps the vertices vg, u,—1 and so on.

Therefore, for 1 < 4,5 < p, X —value of 2(X[uj]— X [v;]). Therefore, X[M] = Xopt—>"_; 2(X [up—it1]—
X[v4]). "

Lemma 8.64 Given Gg a siz balanced banks graph, and a matching M on Gg. All X — disjoint
edges in M satisfy that one touches S'(M) and other touches S"(M). Then X[M]| = Xopt —
A(S'(M), S"(M)).

Proof: S(M) contains all the X — disjoint edges in M. Performing all the swaps for all the
X —disjoint edges in M, results in a matching M’ with no X —disjoint edges and X [M'] = Xopt.
Each swap of two X —disjoint edges in M, one touches S’(M) and the other touches S” (M), results
in two edges which both cross X,,;4, therefore according to Lemma 4.7, they are not X — disjoint.
Each swap provides for 1 <14, j < p, an X — value of 2(X[u;] — X[v;]).

Therefore, X[M] = Xopt — >0 2(X[up—iy1] — X [vi]). "

Lemma 8.65 Given Gg a siz balanced banks graph with t vertices on each bank. Algorithm X DZ6
on Gg is finitely determined and returns a matching M, such that if e, ¢/ € M are X — disjoint
edges then both are Big-Diagonal Edges.
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Proof: In phase 2 of Algorithm XDZ6 all the X — disjoint edges that are not both are Big-
Diagonals Edges are swapped. Therefore, e, ¢ are both Big-Diagonal Edges. n

Lemma 8.66 Given Gg a six balanced banks graph with t vertices on each bank. Algorithm X DZ6
on Gg is finitely determined and returns a matching M, such that there is no possible swap for two
edges that improves the matching.

Proof: According to Lemma 8.35, Algorithm X DZ6 finitely determined, and according to Defini-
tion 8.30, the result of the algorithm is a matching M which satisfies val(M) = zdz6,.

For e,/ € M X — disjoint edges, according to Lemma 8.65, since e, €' are X — disjoint edges
then both Big-Diagonal Edges. In Phase 4 of Algorithm XDZ6, e, ¢ have not been swapped.
Therefore, Ay < Z then a swap provides M’ such that val(M) > val(M').

Since all the other edges are not X — disjoint then there is no possible swap for two edges that
improves the X — value and preserve Y — value and Z — value. Therefore, there is no possible
swap for two edges that improves the matching. [

9 Summary and further research

In this paper we introduce algorithms for solving maximum matching on four balanced graph,
maximum matching on four unbalanced graph, and local maximum matching on six balanced
graph, we used Manhattan topology. Our proofs are based on matching pairs with maximum Y
and Z values, then performing swaps to improve the overall sum of the matching, when the X-value
is greater than the Y or Z values.

Further research should be to generalize our algorithms for solving maximum matching for 2n
balanced graph and 2n unbalanced graph.
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